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Abstract

We propose a new formulation of the Support Vector Ma-
chine (SVM) for classifying genetic data. It is based on the
development of ideas from the method of total least squares,
in which assumed error in measured data are incorporated
in the model design. For genetic data the number of features
is always far greater than the sample size. Consequently, in
our method, we introduce Lagrange multipliers and solve
for the dual variables. Instead of finding the minimum value
of the Lagrangian function, we solve the nonlinear system
of equations obtained from the Karush-Kuhn-Tucker condi-
tions. We also implement complementarity constraints and
incorporate weighting of the linear system by the inverse
covariance matrix of the measured data. The proposed al-
gorithm gives improved results and higher sensitivity for
classifying a set of Alzheimer’s Disease Positron Emission
Tomography images as compared with SVM. It is also more
robust to noise than SVM.

1. Introduction

There has been recently increased interest in algorithms
based on the Support Vector Machine (SVM), [17], as pro-
viding efficient data mining classification. They have been
found to be useful in many applications including pattern
recognition, image, and text categorization [2], etc [18].In
the analysis of genome function, microarray data, which are
obtained as a gene expression matrix, may be analysed us-
ing the SVM, [10, 3, 6, 16]. Chen et al, [5], propose a ge-
netic fuzzy classification fusion model to combine multiple
SVM classifiers. The experimental results obtained when
applying this multiple SVM classifier to biomedical data
demonstrate that it is more robust and reliable than using
individual SVMs for classification. Medical images, such
as Magnetic Resonance Imaging (MRI) and Positron Emis-
sion Tomography (PET), may also be classified directly by
treating the voxel data as features, or indirectly by using a
regional feature extraction method [8].

In this paper we first present a brief overview of standard

formulations for the SVM. Many references exist which
provide more details and an overview of recent develop-
ments, [11, 4, 18, 14, 1]. Then we remodel the soft mar-
gin SVM by anerrors-in-features model [13]. The ba-
sic premise of the new model is to recognize that feature
data are prone to error in the measurements, and thus er-
rors can be treated accordingly. Dependent on whether the
constraints, that define the classification of each data pair
(feature space and its class), are imposed as equality or in-
equality constraints, different models result. Here we fo-
cus on the constraints imposed as inequalities, which intro-
duces a Karush-Kuhn-Tucker (KKT) system and yields an
algorithm in which we need to solve a nonlinear system of
equations.

In Section 2 we present the existing and newly devel-
oped formulations. A numerical algorithm is developed in
Secion 3. The proposed algorithm is validated in Section 4
with conclusions in Section 5.

2. Methods

Given a training set{xm, tm}M
m=1 with input dataxm ∈

RN and class labelstm ∈ {−1, +1}, the purpose of the
SVM is to find a decision function (classifier)

f(x) = wT φ(x) + b, (1)

which separates the data into two classes, according to the
sign of f . The hyperplane, given byf(x) = 0, separates
the two classes of data, assuming that they are separable,
and is determined by maximizing the margin2/‖w‖2

2 be-
tween the two sets of points lying on the planes given by
f(x) = ±1, [17]. Functionφ(x) can be a suitably cho-
sen nonlinear function which maps the input space into a
higher-dimensional space, although here we will primarily
focus on the linear SVM in whichφ(x) = x. In this case,
the classification of the training data provides the linear con-
straint equations

tm[wT φ(xm) + b] = tm[wT xm + b] ≥ 1.

Dependent on how the constraints for the training data are
imposed, whether the data are separable or not, different



SVMs can be derived. We first review the standard ap-
proach and then consider an extension in which measure-
ment errors are considered.

2.1. Hard Margin SVM

Suppose that we seek to find the optimal separating hy-
perplane by solving the following optimization problem

min
w,b

1

2
‖w‖2

2, subject to

tm[wT φ(xm) + b] ≥ 1, m = 1, · · · , M. (2)

We introduce the matrices

A(m, :) = T (m, m)(φT (xm)), T = diag(t1, t2, . . . , tm),

whereA(m, :) is themth row of A ∈ RM×N ,

and the vectors of lengthM

e = [1, · · · , 1]T , α = [α1, · · · , αM ]T .

Then the hard Margin SVM solves the following dual prob-
lem, which is a quadratic programming (QP) problem:

α∗ = argmin
α

1

2
‖AT α‖2

2 − eT α,

subject to αT t = 0 andα ≥ 0. (3)

The positive entries ofα correspond to constraints in (2)
which areactive and are chosen as thesupport vectors
for the classification. Zero Lagrange multipliers,αm = 0,
correspond to theinactiveconstraints, those which are only
satisfied as inequalities. The primal variables are obtained
from KKT conditions

w = AT α, (4)

with, generally, the intercept given as the average over the
nonzero support vectors,

b = av(tm − wT φ(xm)), (5)

whereav(x) for vectorx is the average of its components
taken only over values for whichαm > 0. Future data may
be classified using (1), although this classification is typi-
cally written in terms of the dual variables

f(x) =

M
∑

m=1

αmtmφ(xm)T φ(x) + b. (6)

It is immediate from the definition of the matrix A that

‖AT α‖2
2 =

N
∑

n=1

M
∑

m=1

tntmαnαmφ(xm)T φ(xn).

Thus introducing the kernel functionk(xn,xm) =
φ(xm)T φ(xn), it is immediate to see that objective function
(3) can be written entirely in terms of the kernel function.
The kernel values need only be calculated initially hence
avoiding the need to store the feature vectorsφ(xm). When
we use the linear mapφ(xm) = xm the kernel is referred to
as the dot product. Indeed the use of the kernel, commonly
called thekernel trick, is one of the major advantages of the
SVM, particularly for its inherent ability to reduce the di-
mension of the problem and thus to reduce computational
complexity and cost.

2.2. Soft Margin SVM

In general the data are not linearly separable and there is
no feasible solution to the Hard Margin SVM. Slack vari-
ablesξ introduced in the constraints (2) measure the classi-
fication error which leads to the Soft Margin SVM

min
w,b,ξ

1

2
‖w‖2

2 + λ

M
∑

m=1

‖ξm‖p, (7)

subject to Aw + bt ≥ e− ξ andξ ≥ 0.

Hereλ is a real positive number which trades off between
the size of the margin and the total classification error.
When p = 1(2) we obtain the L1(2) Soft Margin SVM,
resp, either of which lead to a convex QP problem [1, 4].

As for the Soft Margin SVM, the solution of (7) is found
by first forming its Lagrangian, and then solving the KKT
conditions for the primal variables, yielding a maximization
for the dual problem. The Lagrangian for (7) is

LPS(w, b, α, β) =
1

2
‖w‖2

2 + λeT ξ

−αT [Aw + bt + ξ − e] − βT ξ,

whereβ ≥ 0 is a new set of Lagrange multipliers intro-
duced to enforce the positivity of slack variablesξ. For this
Lagrangian the KKT conditions are augmented by the equa-
tions

α + β = λe, β ≥ 0, ξ ≥ 0, βmξm = 0, m = 1, . . .M,

and the constraints are modified to

αm[Aw + bt + ξ − e]m = 0, m = 1, . . .M.

Thus the Soft Margin SVM is obtained by solving the
convex QP (3), again the kernel is used, with additional
upper bound constraints imposed on the support vectors,
0 ≤ α ≤ λ. Data are still classified by (6) using (4) and (5)
for calculatingw and the intercept.



2.3. Development of the Errors in Features Model

Notice now that matrixA = TΦT , whereΦ is the
mapped feature matrix. In the soft formulation of the SVM
some misclassification is permitted. Indeed the soft SVM
can be reformulated in terms of aloss+ penaltyfunctional

min
w,b

M
∑

m=1

[1 − tmf(xm)]+ +
µ

2
‖w‖2

2,

where (η)+ = η if η > 0 otherwise(η)+ = 0, and
µ = 1/λ. This shows specifically that the slack variablesξ
account in (7) for the potential misclassification error, per-
haps due to the evaluation ofΦ. Now consider the case in
whichΦ = X , i.e. the linear mapping. Then instead of in-
troducing slack variables, we can account directly for error
in the feature space by a matrixE, yielding the linear SVM
with error in data modeled as follows

min
w,b,E

1

2
‖E‖2

F +
µ

2
‖w‖2

2,

subject to (A + E)w + bt ≥ e. (8)

Here‖ · ‖F denotes the Frobenious norm. If we replace the
inequality constraints by equalities, the formulation would
yield a “so-called” regularized mixed LS-TLS problem, see
[13]. Instead of the slack variables accounting for misclas-
sification in (7), the errors-in-features SVM (EFSVM) very
specifically measures the total feature space error.

The Lagrangian for (8) is given by

LEF(w, b, E, α) =
1

2
‖E‖2

F +
µ

2
‖w‖2

2

−αT [(A + E)w − e + bt], α ≥ 0. (9)

The KKT conditions are

∇ELEF = E − αwT = 0,

∇wLEF = µw − (A + E)T α = 0,

∂LEF

∂b
= αT t = 0, (10)

Dα((A + E)w − e + bt) = 0, (11)

(A + E)w − e + bt ≥ 0,

α ≥ 0, whereDα = diag(α).

These yield immediatelyE = αwT , w = µ−1(A + E)T α

and for‖α‖2
2 6= µ,

w =
1

µ − ‖α‖2
2

AT α,

E =
1

µ − ‖α‖2
2

ααT A,

αT t = 0.

Notice here the expression forE, for which the derivation
is provided in the Appendix, replaces the more computa-
tionally expensive expression(µI − ααT )−1ααT A. The
derivation is provided in the Appendix. Substituting forE
andw in (10) and (11) we see that an approach to findα is
to solve the nonlinear system of equations given by

h(α, b) =

(

αT t

Dαg(α, b)

)

= 0,

in the regionα ≥ 0,g(α, b) ≥ 0, where

g(α, b) = qAAT α + αT AAT α · α + q2(bt− e)

andq(α) = µ − ‖α‖2

2
6= 0. (12)

This is a nonlinear system withM + 1 equations and vari-
ables and can be further reduced by introducing the comple-
mentarity condition. Specifically, from (12), we know that
eitherα or g should be zero, and because of the nonnega-
tivity conditions, (12) can be reduced to

{

αT t = 0
αTg = 0

in the regionα ≥ 0,g ≥ 0,

where

αTg = q · αT AAT α + αT AAT α · αT α + q2(bαT t − αTe).

BecauseαT AAT α = ‖AT α‖2
2, q = µ−‖α‖2

2 andαT t =
0,

αT g = q‖AT α‖2
2 + ‖AT α‖2

2 · ‖α‖2
2 − q2αTe

= ‖AT α‖2
2(q + ‖α‖2

2) − q2αTe

= ‖AT α‖2
2 · µ − q2αT e.

Thus solving (12) is equivalent to finding the solution of

F(α, b) =

{

αT t = 0
‖AT α‖2

2 · µ − q2αTe = 0
(13)

in the regionα ≥ 0,g(α, b) ≥ 0.

This is a typical nonlinear system of equations and can be
solved by using Newton’s method. We discuss the details
of the chosen Newton algorithm in the next section, but first
we note that other approaches might have been chosen for
finding α. For example, substituting KKT conditions into
(9) would lead to a difficult nonlinear optimization problem.
On the other hand, instead of seeking to solve the nonlinear
system of equations directly one might solve the equivalent
nonlinear least squares minimization using a Gauss-Newton
(GN) method. Our experience with the GN algorithm for
this problem suggests that difficulties arise due to severe
ill-conditioning of the Jacobian. We therefore present our
approach for the direct solution of the nonlinear equations
by Newton’s method, with linearization ofh(α, b).



3. The numerical algorithm

In computing the Newton step for the solution of (13) we
linearizeh(α, b) and obtain the following linear system

„

diag(g) + DαG(α) q2Dαt

tT 0

« „

∆α

∆b

«

=

„

−Dαg

−α
T t

«

,

(14)

whereG(α) = qAAT − 2AAT ααT + αT AAT α · I +
2ααT AAT + 4qeαT , and use a line search update

(

α(k+1)

b(k+1)

)

=

(

α(k)

b(k)

)

+ ω

(

∆α

∆b

)

.

The line search parameterω ∈ [0, 1] is used to adjust the
step length such that the new solution decreases sufficiently
according to the Armijo rule

‖F(α + ω∆α)‖ < (1 − τω)‖F(α)‖,

whereτ ∈ [0, 1]. Here we useτ = 10−4 as suggested in
Kelly [15].

3.1. Regularization

In solving the nonlinear system of equations (13) by
Newton’s method, we realize that the linear system (14)
is always ill-posed and can not be solved directly. In or-
der to deal with the ill-posedness, we introduce, as in the
Levenberg-Marquardtalgorithm for nonlinear least squares,
a regularization term. Specifically, suppose we have an ill-
posed systemAx = b and want to find the solution, after
introducing the regularization parameterλ > 0, the system
becomes(AT A+λI)x = ATb [7] and the solution is given
by

x∗ = argmin
x

‖Ax− b‖2
2 + λ‖x‖2

2

= (AT A + λI)−1ATb.

The parameterλ is changed at each Newton iteration. In our
implementation we find that the iterative Tikhonov regular-
ization initialized withλ(0) = 10−5σ

(0)
0 , whereσ

(0)
0 is the

largest singular value of the initial matrix A, and subsequent

values decreased according toλ(k) = λ(k−1)

2 is suitable.

3.2. Initial point

The initial point must be chosen in order to satisfy the
constraints in (13). To generate a nonnegative vectorα(0)

is an easy task, but to make sureg(α(0), b(0)) ≥ 0 is
more subtle. Nonnegativeα(0) can only guarantee that
the second term ofg(α(0), b(0)), αT AAT α · α, is posi-
tive. By settingq(α(0)) to be a small number, i.e. depends

on the data scale, andb(0) = 0, the third term is a nega-
tive vector smaller than the sum of the previous two, and
this yields a valid initial point for the system. It follows
thatµ ≈ ‖α(0)‖2

2, so a suitable choice is the normalization
α(0) =

√
µ|α(0)|/‖α(0)‖2.

3.3. Covariance matrix

We first suppose that all the features are equally signifi-
cant, so the solution can be found as addressed so far. But,
especially for biological data sets, different genes (features),
affect specific pathways at different levels, and some are
totally irrelevant. Weighting the data by the inverse vari-
ance for each feature places least weight on data with very
high variance. After introducing the feature covariance ma-
trix F , generallyF = diag(σ2

1 , σ2
2 , σ

2
3 , . . . , σ2

N) andσ2
i the

variance in featurei, the nonlinear system of equations is
exactly the same as in (13) except we replaceA everywhere
by Ã = AF− 1

2 . On the other hand, features with very
small variance are less likely to contribute to the classifi-
cation. We thus prune the data in advance by removing fea-
tures with low variance, eg variance< 10−3. This choice is
problem dependent. We note also that greater impact may
be achieved by forming the complete covariance matrix and
then using its Cholesky factorization to find weighting ma-
trix F

1
2 = L, whereF = LLT is the Cholesky factoriza-

tion. This is a topic for future research.

3.4. Pseudo Code

The overall algorithm is summarized below
Outline for EFSVM algorithm
Setα(0), b(0) and check forα(0) ≥ 0, g(0) ≥ 0
Do until convergence or the max step exceeded

Solve∇h · ∆(α, b) = −h

Find step lengthω s.t.α(k+1) > 0, g(k+1) > 0
and updateα(k+1) = α(k) + ω∆α

andb(k+1) = b(k) + ω∆b
End

4. Data Sets and Experiments

4.1. Data Set

We test our method using Positron Emission Tomogra-
phy (PET) data for Alzheimer’s disease classification.

The PET image data sets are obtained from the ADNI
[19] website and prepossessed (normalization, registration,
etc.) at Banner Alzheimer’s Institute. The dot product ker-
nel function is generated using the Statistical Parametric
Mapping (SPM) [9] software. 97 subjects are grouped into
Alzheimer’s disease (AD) patients (44 samples) and Nor-
mal Controls (53 samples). We also use 159 subjects from



a data set of subjects with mild cognitive impairment (MCI)
which is a transition state from NC to AD. For this data set
we demonstrate our ability to distinguish from among the
MCI subjects those that convert from NC to AD. Such sub-
jects are denoted asconverters. All PET images were taken
at baseline (month 0) and month 12.

4.2. Experimental Setup

In order to validate the EFSVM, we compare our re-
sults with a standard SVM (MathWorks) using leave one
out cross validation. To choose aµ > 0 to trade off be-
tween the size of the margin and the error in feature space,
µ = 10 is used on all the data sets in this paper.

In order to assess the impact of error in measurements,
we perturbed the data sets by different levels of noise. Given
a data setX , the new data set̃X with perturbation, i.e.ǫ,
will be X̃ = (1+ ǫ · randn)X whererandn is a matrix with
values drawn from a normal distribution with mean zero and
unit standard deviation.

For data which can be classified into only two groups,
the results of any experimental simulation with known re-
sults yields the classification of each result as a True Posi-
tive (TP), True Negative (TN), False Positive (FP), or False
Negative (FN). An algorithm’s performance can thus be as-
sessed in terms of its accuracy, specificity, and sensitivity,
which are defined as follows: Accuracy =TP+TN

N
, where

N is the total number of examples, Specificity =TN
TN+FP

,

and Sensitivity = TP
TP+FN

. The accuracy alone is insuffi-
cient for assessing algorithm performance with respect to
diagnostic situations. Rather sensitivity is a very important
indicator because it measures the ability of an algorithm to
recognize patients with disease.

4.3. Results and Discussion

Figure 1. Accuracy on different levels of per-
turbation
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Table 1 shows the accuracy, sensitivity, and specificity
for classifying PET image data using leave one out cross

Table 3. The accuracy with different levels of
perturbation

SVM EFSVM

0% 86.60(0) 88.66(0)
1% 86.34(0.91) 87.04(0.83)
2% 86.03(1.39) 86.33(1.52)
3% 85.69(2.02) 85.95(2.22)
4% 84.99(2.67) 85.38(2.91)
5% 84.43(3.11) 84.73(3.57)

validation. Having the same specificity as SVM, EFSVM
exhibits the same ability to determine a healthy person. But
with higher sensitivity, EFSVM demonstrates more confi-
dence in predicting an AD patient. This is very important
for disease screening. We also looked at the misclassified
groups (False Positive/Negative) from both methods and
found that the misclassifications by EFSVM are a subset of
those by SVM. This means that EFSVM not only preserves
the results from SVM but is also better in some cases.

To demonstrate the classification ability of EFSVM for
data sets with some errors in features, we examined per-
turbed data sets for the PET image data withǫ from 1% to
5% as described in Section 4.2. Table 3 gives the results for
both SVMs on the PET image data at baseline with the mean
and standard deviation (in parentheses) of the accuracy over
100 runs with leave one out cross validation. From Figure 1
and Table 3, we can see that both methods yield lower accu-
racy asǫ increases, but EFSVM always outperforms SVM.
For example, although EFSVM accuracy drops1.62% when
ǫ = 1%, the accuracy is still better than the SVM accuracy
whenǫ = 0. This indicates that EFSVM confirms its de-
sign strategy with regard to being more robust to error than
SVM.

Furthermore, in order to show the ability to distinguish
the converters from nonconverters within the MCI group,
we use the classifier which is trained for distinguishing AD
and NC subjects to classify the MCI subjects. Not all MCI
will be converters, actually, only 35 out of 159 in this data
set. We should expect lower specificity in the result due to
the unbalanced class distribution. Once again, from Table
2, we see that EFSVM yields a higher sensitivity than SVM
and includes all the true positives (TP) of the SVM. This
suggests that EFSVM has the potential to aid early diagno-
sis of AD.

The condition number for all systems, i.e. across all
training sets, is between107 and1024 and the largest sin-
gular value for all systems is between104 and109. With-
out regularization, the nonlinear system (14) can not be
solved directly. Applying the initial regularization param-
eters,λ(0), chosen dependent on the largest singular value,



Table 1. The accuracy of EFSVM and SVM for AD data sets
Method Month Accuracy TN TP FN FP Specificity Sensitivity

EFSVM 0 88.66(86/97) 50 36 8 3 94.3 81.8
SVM 0 86.60(84/97) 50 34 10 3 94.3 77.3

EFSVM 12 89.70(87/97) 51 36 8 2 96.2 81.8
SVM 12 88.66(86/97) 51 35 9 2 96.2 79.5

Table 2. The accuracy of EFSVM and SVM for MCI data sets at mont h 12
MCI classified as Statistics

AD(converters) NC(converters) TN TP FN FP Specificity Sensitivity

EFSVM 84(28) 75(7) 68 28 7 56 54.84 80.00
SPM SVM 81(26) 78(9) 69 26 9 55 55.65 74.29

between1 and104, the algorithm converges within 26 to 32
steps so that the lastλ(k) is between10−6 to 10−8. This
shows that the regularization not only makes the problem
solvable, but also allows the algorithm to converge in fewer
steps. It is possible to solve the system usingλ(k) = λ
fixed for allk but, results not reported here, confirm that the
algorithm’s convergence is far more sensitive to the correct
choice of the fixed parameterλ, which is data set dependent.

5. Conclusions

In this paper we propose a new classification algorithm,
the EFSVM, in which we modify the SVM to better model
the errors-in-features. In particular, comparing to conven-
tional SVM, EFSVM demonstrates higher sensitivity in pre-
dicting Alzheimer’s disease and distinguishing MCI sub-
jects from normal controls. This is of high interest in pre-
clinical and clinical research for Alzheimer’s disease.

6. Appendix

The Sherman-Morrison formula,

(A− uwT )−1 = A−1 + A−1u(1 −wT A−1u)−1wT A−1,

whereu andw are vectors, gives the inverse of a matrix
resulting from a rank-one modification [12]. To prove that
the two formulas forE in Section 2.3 are the same, we set
A = µI, u = α andw = α to give

(µI − ααT )−1

= µ−1I + µ−1Iα(1 − αT µ−1Iα)−1αT µ−1I

= µ−1(I +
α

µ − αT α
αT ).

Then

E = (µI − ααT )−1ααT A

= µ−1(I +
α

µ − αT α
αT )ααT A

= µ−1(α +
αT α

µ − αT α
α)αT A

=
1 − µ−1αT α + µ−1αT α

µ − αT α
ααT A

=
1

µ − ‖α‖2
2

ααT A,

as given in Section 2.3.
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