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Abstract

The existence and comparison theorem of solutions is first estab-
lished for the quasimonotone delayed reaction-diffusion equations on R
by appealing to the theory of abstract functional differential equations.
The global asymptotic stability, Liapunov stability and uniqueness of
traveling wave solutions are then proved by the elementary super- and
sub-solution comparison and squeezing methods.

ISupported by NSF Grant DMS 9700910.



1 Introduction

Traveling wave solutions have been widely studied for nonlinear reaction-
diffusion equations modeling a variety of physical and biological phenom-
ena(see, e.g., [3], [11], monograph [16] and references therein). More recently,
Chen [1] studied the existence, uniqueness and global asymptotic stability of
traveling wave solutions in nonlocal evolution equations with bistable non-
linearities. A basic assumption in [1] is the comparison principle. Shen [12]
investigated these problems for traveling wave solutions in temporally al-
most periodic reaction-diffusion equations with bistable nonlinearities. In
9], Ogiwara and Matano discussed the monotonicity and stability of pseudo-
traveling wave solutions in temporally or spatially periodic media, as an
application of their general theory on stable equilibria in order-preserving
systems in the presence of symmetry.

Recently, great attention has also been paid to reaction-diffusion equa-
tions with time delays(see, e.g., [15], [7], [8], [4], monograph [17] and ref-
erences therein). Most of the known results in this direction are about the
existence, comparison, monotonicity, bifurcations and asymptotic behavior
of solutions to delayed reaction-diffusion equations on a bounded spatial do-
main. Schaaf [13] first studied traveling wave solutions for some delayed
reaction-diffusion equations and, in particular, proved the existence of mono-
tone traveling wave solutions and uniqueness of wave speeds for the delayed
reaction-diffusion equations with quasimonotone and bistable nonlinearities
by a phase plane analysis method. In [18], Zou and Wu obtained the exis-
tence of traveling waves in some delayed reaction-diffusion systems via the
monotone iteration method. As a consequence of the delayed reaction term,
the study of uniqueness and global asymptotic stability of traveling wave
solutions becomes relatively more difficult. This paper is devoted to the
study of global asymptotic stability with phase shift, Liapunov stability and
uniqueness up to translation of traveling wave solutions in delayed reaction-
diffusion equations with quasimonotone and bistable nonlinearities. The first
key point is to establish a refined comparison principle for this class of de-
layed reaction-diffusion equations defined on the whole real line R. We do
this by appealing to the theory of abstract functional differential equations
developed in [7] and properties of the analytic semigroup generated by the
one-dimensional Laplacian operator on the Banach space of all bounded and
uniformly continuous functions on R. In order to prove global asymptotic
stability of monotone traveling wave solutions, we have borrowed a “squeez-



ing” technique introduced in [1], which is similar in spirit to a “contracting
rectangles” approach developed in [8] for quasimonotone delayed reaction-
diffusion systems on a bounded spatial domain. The Liapunov stability of
monotone traveling waves and the uniqueness of traveling waves are then
proved by using an elementary super- and sub-solution comparison method
and the established global asymptotic stability of monotone traveling waves.

We note that the recent publication [9] contains results related to ours on
traveling wave solutions for delayed reaction-diffusion equations. These au-
thors show that monotone traveling waves are locally asymptotically stable
with phase shift. By contrast, our results allow replacing ‘locally’ with glob-
ally and exponentially in their result and are based on more elementary
methods.

The organization of this paper is as follows. In section 2, we establish
an existence and comparison theorem for quasimonotone delayed reaction-
diffusion equations on R (Theorem 2.1). For the use in next section, we
also prove three technical lemmas about the construction of super- and
sub-solutions and the derivative of profiles of monotone traveling wave solu-
tions(Lemmas 2.1, 2.2 and 2.3). In section 3, we first prove two lemmas about
the iteration and ultimate estimation of solutions(Lemmas 3.1 and 3.2), then
we establish the global exponential stability with phase shift of monotone
traveling wave solutions(Theorem 3.1), Liapunov stability and uniqueness
up to translation of traveling wave solutions (Theorem 3.2).

Acknowledgement: The authors would like to thank Professor H. Matano
for valuable discussions during his visit to the Arizona State University.

2 Existence and comparison of solutions

Consider delayed reaction-diffusion equations

{ ng :dAu+f(u<I7t)7u(xat_T)), JIGR,t>O (2.1)
U(IL‘,S) ZQD(IE,S>, rER,s€E [—7"()]’

where d > 0, 7 > 0, and A is the Laplacian operator on k. We will impose
the following conditions on f(-,-).



(H1) f € C'(I?, R) for some open interval I C R with [0,1] C I; dof (u,v) >
0, for (u,v) € I*

(H2) f(0,0) = f(1,1) = 0,9, f(0,0)+02f(0,0) < 0, and 9, f(1,1)+0af(1,1) <
0.

Let X = BUC(R, R) be the Banach space of all bounded and uniformly
continuous functions from R into R with the usual supremum norm. Let
Xt ={pe X;p(x) >0,z € R}. Tt is easy to see that XT is a closed cone
of X and its induced partial ordering makes X into a Banach lattice. By |2,
Theorem 1.5], it then follows that the X-realization dAx of dA generates a
strongly continuous analytic semigroup T'(t) on X and T'(t)XT C X+, ¢t > 0.
Moreover, by the explicit expression of solutions of the heat equation

{ ?;; =dAu, zeRt>0 (2.2)

u(z,0) =p(r), =€R,

we have
2

T(t)p(r) = \/ﬁ/_o; exp (—(x;dty) )w(y)dy, (2.3)

reR, t>0, ¢ueX.

Let fo(-) : I — R be defined by fo(u) = f(u,u), u € I. By the continuity
of fo and condition (H2), it then easily follows that there exist &y, a~, a® €
(0,1) with [—dg, 1 + dp] C I and a~ < a™ such that fo(-) : [~do, 1 + ] — R
satisfies

fo(0) = fo(a™) = fola™) = fo(1) =0,
fou) >0 for u € [~5y,0)U (a™, 1), (2.4)
and fo(u) <0 foru e (0,a”) U (1,14 d).

Let L; = max{|0; f(u,v)|; —0p < u,v <1+ dp}, i = 1,2, and define

(J+1)?

b(J,1) = Adt

exp(—th— >, J>0,t>0.

1
VAamrdt

Clearly, 6 € C([0,00) x (0,00), R).
Let C = C([—7,0], X) be the Banach space of continuous functions from
[—7,0] into X with the supremum norm, and let C* = {p € C;¢(s) €
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X*,s € [-7,0]}. Then C* is a positive cone of C. For convenience, we
identify an element ¢ € C' as a function from R x [—7,0] into R defined by
o(x,s) = (¢(s))(z). For any continuous function w(-) : [-7,b) — X, b > 0,
we define wy € C, t € [0,b), by w(s) = w(t +s), s € [—7,0]. It is then
easy to see that ¢ — w; is a continuous function from [0,b) to C'. For any
€[00, 1+d0)c ={p € C;p(x,s) € [0y, 1 +],x € R, s € [—7,0]}, define
F(o)(x) = f(p(x,0),o(x,—7)), € R. By the global Lipschitz continuity of
f(-,+) on [=&y, 1+ 8]?, we can verify that F(p) € X and F : [—dg, 1 +do)c —
X is globally Lipschitz continuous.

Definition 2.1 A continuous function v : [—7,b) — X, b > 0, is called a
super-solution (sub-solution) of (2.1) on [0,b) if

o(t) 2 ()T = s)o(s) + | Tt — 1) F(w)dr, (2.5)

forall 0 < s <t <b Ifvisboth a super-solution and a sub-solution on
[0,0), then we call it a mild solution of (2.1).

Remark 2.1 Assume that there is a v € BUC(R x [—7,b],R), b > 0, such
that v is C? inx € R, C' int € (0,b) and

0

((7: > (<)dAv + f(v(z,t),v(z,t — 7)), € R,te(0,b). (2.6)

Then, by the positivity of the linear semigroup T'(t) : X — X, it easily follows
that (2.5) holds. Hence v is a super-solution (sub-solution) of (2.1) on [0,D).

Now we are in a position to establish the following existence and compar-
ison theorem for (2.1).

Theorem 2.1 Assume that (H1) and (H2) hold. Then for any ¢ € [—do, 1+
dolc, equation (2.1) has a unique mild solution u(x,t, @) on[0,00) and u(x,t, ¢)
is a classical solution to (2.1) for (x,t) € R x (1,00). Furthermore, for any
pair of super-solution u(z,t) and sub-solution w(x,t) of (2.1) on [0, 00) with
—0p < u(x,t), w(z,t) <146, v € R, t € [-7,00), and u(z,s) > w(z,s),
x € R, s € [-1,0], there holds u(z,t) > w(z,t) forx € R, t > 0, and

z+1
ulw,t) = w(z ) 2 60t —to) [ (uly,to) — wly, to))dy
forany J >0, x and z € R with |v — z| < J, and t >ty > 0.
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Proof. Under an abstract setting in [7], a mild solution of (2.1) is a solution
to its associated integral equation

{ u(t) =T(t)p(0) + Jo T(t —7)F(u,)dr, t>0 (2.7)

uy = ¢ € [—do, 1 + dojc-

By the choice of g in (2.4), we have f(1+do, 14+d9) < 0 and f(—dg, —dp) > 0.
Clearly, vF = 1+ §y and v~ = —dy are an ordered pair of super- and sub-
solutions of (2.1) on [0,00). As aforementioned, F' : [=d¢, 1 + dplc — X is
globally Lipschitz continuous. We further claim that F' is quasi-monotone
on [—dop, 1 4+ do)c in the sense that

Tim L dist((0) — (0) + HF@W) ~ F@) X7 =0 (28)
for all ¢, p € [—dg, 1 + do]c with ¢ > .

Indeed it follows from condition (H1) that

F(¢) - F(SO) = f(¢(70)7¢(’ _T)) - f(gO(-,O),QD(', _T))
> f(¢('70)790<'7_7_)) _f((p(VO):QO('v_T))
> —Ly(0(0) - ¢(0) i X, 29)

and hence, for any h > 0 satisfying hl; < 1,

¥(0) = ¢(0) + h[F(¥) = F(p)] 2 (1 = L1h)(4(0) = ¢(0)) 2 0 in X.

Then the existence and uniqueness of u(z,t, ) follows from [7, Corollary 5]
with S(t,8) =T(t,s) =T(t—s),t > s >0, and B(t,p) = F(p). Moreover,
by a semigroup theory argument given in the proof of [7, Theorem 1], it
follows that u(x,t, ¢) is a classical solution for t > 7.

For simplicity, let ¢ (z,s) = u(z, s), p(z,s) = w(x,s), v € R, s € [—7,0].
Then 1, ¢ € [—dg, 1 + dplc with ¥» > ¢ in C. Again by [7, Corollary 5], we
have

140 > u(z, t,9) > u(z, t,p) > =0y, x € R,t>0. (2.10)

By applying [7, Corollary 5] with v (x,t) = 1 + 09 and v~ (z,t) = w(z,t),
v (x,t) = u(z,t) and v~ (z,t) = —dg, respectively, we get

w(z,t) <u(z,t,p) <1+3d§, x€R,t>0, (2.11)
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and
—00 < u(z,t,v) <wu(x,t), ze€Rt>0. (2.12)

Combining (2.10)—(2.12), we have u(z,t) > w(z,t) for all x € R and ¢ > 0.

It remains to prove the last inequality in the theorem. Let v(z,t) =
u(z,t) —w(x,t), v € R, t € [-7,00). Then v(z,t) >0,z € R, t € [—7,00).
Clearly, us, wy € [—60, 1 + do]c with u; > wy in C for all ¢ > 0. For any given
to > 0, by Definition 2.1 and (2.9), it then follows that, for all £ > ¢,

o) = Tt to)olta) + [ Tt = r)(Fur) ~ Flun)dr -
> Tl ~ to)olto) ~ L [ Tt = r)o(r)dr. |
Let
2(t) = e BT — t)(ty), t > to.
Then z(t) satisfies
2(6) = Tt~ to)z(to) — L | Tl )(r)dr, > . (2.14)
By [7, Proposition 3] with v~ = 2(¢), vt = —I—oo S(t,s) = S~ (t,s) =
T(t,s) =Tt —s),t>s >0, and B(t,p) = B (t,p) = —L1p(0), w
have v(t) > z(t) for all t > to. Thus it follows that
u(t) —w(t) > e T — to) (ulte) — w(ty)), t > to. (2.15)

Combining (2.3), (2.15) and the definition of § € C([0,00) x (0,00), R), we
then have

z+1
u(w, 1) —we,t) > 0t —to) [ (uly,to) —wly.to))dy  (2.16)

for all z € R with |z — 2| < Jand t > t5 > 0.
This completes the proof. |

For delayed reaction-diffusion equation (2.1), we are interested in its trav-
eling wave solutions which connect two equilibria 0 and 1. Without loss of
generality, throughout this paper, by a traveling wave we refer to a solution
of the form of u(z,t) = U(x — ct), x € R, t € R, with the property that

lim U(E) =1, lim_U() =0, (2.17)

§—o0



where U(€) is a function on R and c is a constant real number. As usual, |c|
is called the wave speed and U the profile of the wave front. Moreover, we
say a traveling wave U(x — ct) is a monotone if U(-) : R — R is a strictly
increasing function.

Lemma 2.1 Assume that (H1) and (H2) hold and let U(x — ct) be a mono-

tone traveling wave solution. Then there exist three positive numbers [
(which is independent of U), oy and § such that for any § € (0,0] and every
& € R, the functions w™ and w™ defined by

wr(z,t) = Uz — ct + & £ 006[1 — e 1)) £ e~ !
are a super-solution and a sub-solution of (2.1) on [0, 00), respectively.

Proof. Clearly, 0 < U(§) < 1 and hence 0 < U(x —ct) < 1,z € R, t € R.
By Theorem 2.1 and monotonicity of U(-), it follows that U(-) € C*(R) and
U'€) >0, & € R. Since

lim (01 f(u,v) + 0o f (u,v) + B) = 1 £(0,0) + o f(0,0) < 0

(u,v,8)—(0,0,0)

and

lim  (Ovf(u,v) + €0 f (u,v) + B) = A1 f(1,1) + 0o f(1,1) < 0,

(u,v,8)—(1,1,0)
we can fix fy > 0 and §* € (0, dy) such that

O f(u,v) + ™70y f(u,v) < —fy, for all (u,v) € [=6%, 6 PU[l — 6%, 1+ 62

(2.18)
Let ¢ = 7|c| + (e —1). By (2.17), there exists My = My(U, Bp,6*) > 0
such that

*

)
1—5, for all £ > My — ¢y,

=
o
v

*

J
U < 5 for all £ < —My + co. (2.19)
Take

1 = c1(fo,0%) = max{|0, f(u,v)|; (u,v) € [-6*, 1+ 5*]*}
+eP7 max{|0y f (u, v)]; (u,v) € [=6*, 1+ 6*]*},
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mo = mo(U, Bo, 0*) = min{U’(£); || < My} > 0, and define

Bo + a1 - < ) o
0, 6=206(U, By, ") = —, — e P>,
mO/BO > ) ( 7ﬁ07 ) mm{ 0_07 2 € } >

We only prove w'(z,t) is a super-solution of (2.1) since the proof for w™=(z, t)
is analogous. By a translation, we can assume that { = 0. For any given
5 € (0,6, let £(t) = & — ct + 0¢d[1 — e7P0t]. Tt then follows that &(t) + er >
E(t—7) and |[£(t — 7) — ()] = |eT + opde D1 — ePT]| < ¢ for all £ > 0.
Since U(x — ct) is a solution of (2.1), we have

dU" (&) +cU'(&) + fU (), U(§ + ¢7)) =0, € R. (2.20)
Notice that U'(§) > 0 and 0> f(-,-) > 0. It then follows that, for any ¢ > 0,

anr(xvt) + + +
o~ dAw (1) — f(w (1), wt (et — 7))

= U'(&(t))(—c + 090 8pe™ ") — Byde ot
CAUE) — FUE) + 6 U(E(t — 7)) + 5e40-0)

(
= (U'(&(1))ooBo — Bo)de™™" + f(U(E(1)), U((t) + (e7)))
—FUE(t)) + de ™ U(E(t — 7) + de~Pl=7) (2.21)
)
(

0o = Uo(U 5075*)

> (U'(£(t))aofo — Bo)de ™" + FU(E(t)), UE(t — 7))
—f(U(&(t)) + de P! U(f(t—7‘))+5e Bo( t’T))

)
U)o — o~ [ (WFWU(ED) + soe ., U(e(t )
+s5e PUTTN) 4 BT, F(U(E(t)) + sde™ ™ U (E(t — 7)) + sée_ﬁO(t_T))> ds} :

= de Pt |

We distinguish among three cases:

Case (i) |£(t)] < My: By the choice of My and ¢, the absolute value of
the integral in (2.21) is less than or equal to ¢;. Then, by the choice of oy,
we have

anr(‘T’t) + + +
o —dAw (1) = f(w' (2, 8), wt (@, - 7))

Z [moo'oﬁo - ﬁ() - Cl] . 56_60t =0. (222)

Case (ii) £(t) > My: Clearly, £(t —7) = &(t) +&(t — 1) — &(t) > My — co.
Then, by (2.19), 1 — & < U(£(t)), U(4(t — 7)) < 1. Thus we have

* *

1S < UE) + e <1+ 52
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and

* *

1- 52 SUERE—7)) 4+ 6e P <14 gePor . oMt <1+ 52

Therefore, by (2.21) and (2.18), it follows that

ow™ (z,t) +
—a dAw™ (z,t) — fwF(z,t),w" (z,t — 7))

> [U/(€(t))oofo — o — (—Bo)lbe ™ > 0. (2.23)
Case (i) £(t) < —My: Clearly, £(t —7) < () +&(t— 1) —&(t) < —My+
co. Then, again by (2.19), 0 < U(&(t)), U(£(t — 7)) < %, and hence
0 < U(E(t)) + e Pt < 62* + et < 5%,

and N
0< U(f(t - 7')) + dePolt=7) < 5 + §ebor . o= Pot < 6"

Again (2.23) follows from (2.21) and (2.18).
Combining cases (i)—(iii), we have

+
8;; —dAwt — f(wt(z,t),wt (x,t —7)) >0, z€R, t>0. (2.24)
This completes the proof. [ |

Let 6y = min{%-, %, do}, and let ¢(-) € C*°(R) be a fixed function with
the following properties:

((s)=0 if s <0 ((s) =1 ifs>4; (2.25)
0<('(s) <1; IC"(s)] <1 if s€(0,4).
Then we have the following result.

Lemma 2.2 Assume that (H1) and (H2) hold. Then, for any § € (0,0),
there exist two positive numbers € = €(d) and C' = C(J) such that, for every
£ € R, the functions vt and v~ defined by

vi(x,t) = (14+0)—[1—(a” —28)e “((—e(z — £+ C1)),
v (x,t) = —0+[1—(1—a"—28)e (e(x — & —Ct))

are a super-solution and a sub-solution of (2.1) on [0, 00), respectively.
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Proof. By a translation, we can assume ¢ = 0. Given § € (0, &), we define
my = mi(6) = max{daf(u,v); (u,v) € [-0,1 — §]*} >0,
) )
my = ma(8) = min {c’<s>; N CE 2} -0,
Then there exists an € = €(J§) > 0 such that

(1—a™)e” <1, (2.26)

— min {fo(u);u €

—4, —g] } + (e + Tme + de?) < 0, (2.27)

and

— min {fo(u);u €

)
at + 3 1- 5] } + (e + Tmye + de?) < 0. (2.28)

We further choose C'= C'(§) > 0 such that
—Ceamy + max{|fo(u);u € [6,1 — 6]} + (e + Tmye + de?) < 0. (2.29)
By a direct computation and (2.26), it follows that for all t > —7,

ov—(x,t)

815 — _Ce[l_(1_a+_25)6_5t]§/(€(1}—0t))
te(l —at —20)  ((e(z — Ct))e™
—Ce[l — (1 —aM)e|('(e(x — Ct)) + €(1 — a®){(e(x — Ct))e”

e. (2.30)

IAIA

It is easy to see that v (x,t) € [-0,1 — 4], for all x € R and t > —7.
Therefore we have that for all ¢ > 0

9

f<U7<l‘,t),U7($,t—T)) = fO(Ui('rut))—i_[f(vi(xat)vvi(xvt_T»
_(

—f('U x>t)’ U_(Zt,t))]

= fov (z, 1)) + % f (v (2, 1), v"(z, 1)) (v (x,t — )
—v (z,1)) )

= Foo (@ 0) + B (a1 (1)
(t—7)—1)

> folv™(x,t)) — Temy, (2.31)
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where v*(z,t) is between v~ (z,t) and v~ (z,t — 7), t* € [t — 7,t] and hence
t* > —7. It then follows that

ov=(z,t) _ . -
T—dAv (z,t) = f(v™ (2,t), v (2,t — 7))

=—Ce[l — (1 —at —28)e ¢ (e(x — Ct) + €(1 — a™ — 26)¢(e(z — Ct)) -
e —d[l —(1—a"—20)e (" (e(x — Ct))e* — flv™ (z,t),v (2, t — 7))
< —Cea™('(e(x — Ct)) + e + de* — (fo(v™(z,t) — Temy)
= —Ceat('(e(x — O1)) — fo(v(z,1)) + (e + Temy + de). (2.32)
We distinguish among three cases:
Case(i) ((e(z — Ct)) < &: Clearly, v~ (z,t) € [—(5, —%} for all z € R and
t > 0. By (2.32) and (2.27), it follows that

9 — dyAv™ — f(v (1), 0 (2.t — 7))
< —min {fo(U)SU < {_5’ —%”
+(e + Temy + de?) < 0.

Case (ii) ((e(x — Ct)) > 1 — $: It then follows that

1—6>v (x,t) > —5—1—(1—2)[1—(1—(1*—2(5)]
= at + 2[2 — (26 +a™)]
4]

Therefore, by (2.32) and (2.28), we have

ag; —dAv™ — f(v™(z,t), v (x,t — 7))
< —min {fy(u)iu € [a* +5,1-4]}

+(e + Temy + de?) < 0.

Case (iii) ((e(x — Ct)) € 3,1 §]: By (2.32) and (2.29), we have

o doAv™ — f(v™(z,t),v (x,t — 7)) < —Cea™my + max{|fo(u));

ot
u e [—d,1—4]}
+(e + Temy + de?) < 0.
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Combining cases (i)-(iii), we have

6 —
% —dAv — fu(z,t), 0 (2t — 7)) <0, zER, t>0.
Then v~ (z,t) is a sub-solution of (2.1) on [0,00). In a similar way, we can
prove vt (z,t) is a super-solution of (2.1) on [0, c0).
This completes the proof. |

Remark 2.2 It is easy to see vt (x,t) and v~ (x,t) in Lemma 2.2 have the
following properties:

(P1) vt(z,t) =140 forallz > £+ C1 and t € [—-7,0]; vF(x,t) > a” — 0
for all x € R and t € [-7,0]; vt (z,t) < 0 + (a — 20)e™ for all
r<&—Ct—4et andt € ]0,00).

(P2) v (z,t) = =0 for allz <& —C7 and t € [—7,0]; v (z,t) < at + 4 for
allz € Randt € [—7,0]; v (x,t) > 1—0— (1 —at —20)e for all
>+ Ct+4e ! and t € [0,00).

Lemma 2.3 For any traveling wave solution U(x — ct) of (2.1) with 0 <
U(€) <1, € R, there holds limg_, o, U'(§) = 0.

Proof. We only prove limg_ ;o U'(§) = 0 since limg_,_, U'(§) = 0 follows
by the transformation V(£) = U(—¢). By Theorem 2.1, U(:) € C*(R) and
U(€) satisfies (2.20). In the case where ¢ = 0, (2.20) implies that U”(-)
is bounded on R and hence U’(-) is uniformly continuous on R. Then, by
(2.17) and Barbalat lemma (see, e.g., [5]), limg 1o U'(€) = 0. In the case
where ¢ # 0, we first claim that limg . U'(§) exists. Assume that, by
contradiction, liminfe . o, U'(§) < limsup,_,, ., U'(§). Then, by fluctuation
lemma (see [6]), there are two sequences {,}°°, and {s, }°°, with &, — +o0
and s,, — +0o as n — +o0o such that

lim U'(&,) =limsupU’(&), U"(&) =0, n>1,

=00 —too

and

lim U'(s,) =lminfU'(§), U"(s,) =0, n>1.

n—-+00 §—+o0

Since limg 4o U(§) = 1 and f(1,1) = 0, letting n — 400 in (2.20) with
¢ replaced by &, and s,, respectively, we get that limsup, . U'(§) =
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0 = liminfe ., U'(§), which is a contradiction to our assumption. Let
lime 4o U'(§) = L. Since U(n + 1) — U(n) = U'(t,), where t,, € [n,n + 1],
letting n — oo, we have L=1—-1=0.

This completes the proof. [ |

3 Stability and uniqueness of traveling waves

In this section we will discuss the global asymptotic stability with shift and
stability of monotone traveling wave and uniqueness of traveling waves. To
prove our main results, we need the following two lemmas.

Let U(x — ct) be a monotone traveling wave solution of (2.1). In view of
Lemma 2.1, we define the following two functions

wE(x,t,n,0) = Uz — ct +n £ 0d(1 — e Pot)) & et
r€R, te[-1,00), nER, and € [0,00),

where 0g, 3y are as in Lemma 2.1. By the proof of Lemma 2.1 we can choose
Bo > 0 as small as we wish. Then we assume that 3y has been chosen such
that 3e®"™ < 4 throughout this section.

Lemma 3.1 Let U(z — ct) be a monotone traveling wave solution of (2.1).
Then there exists a positive number €* such that, if u(x,t) is a solution of
(2.1) on [0,00) with 0 < wu(z,t) <1 forx € R and t € [0,00), and for some
EE€ER, h>0,0<d<min (5, ULO) and T > 0, there holds

wy (2, =T +€,0)(s) < ur(z)(s) < wg (z, =T + &+ h,0)(s),
s € [-1,0],z € R,

then for every t > T + 1 4 1, there exist £(t),6(t) and h(t) such that

wg (w, —ct + (1), (1)) (s) < wi(w)(s) < wg (w, —ct + () + h(t), 6(t))(s),
s€[-1,0], x€R,
with f(t), A(t) and iL(t) satisfying
£(t) € [€ — 000 — 200(6 + € min(h, 1))e®™, & 4+ h + 00d],
o(t) = (de™ + ¢* min(1, h))e~ R THr+1)
h(t) € [0, h + (3¢®™ — 4)gge* min(h, 1) + 37 504].
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Proof. By Lemma 2.1, w™(x,t, —¢T 4+ £ + h,0) and w™(x,t, —cT +&,0) are
super- and sub-solutions of (2.1), respectively. Clearly, v(z,t) = u(z, T +t),
t >0, is also a solution of (2.1) with vg(x)(s) = up(x)(s), s € [-7,0], x € R.
Then, by Theorem 2.1, there holds

’wi({[‘,t, _CT+§75> < U(ZE,T+t) < er(ZL‘,t, _CT+§+ ha 6)7

re R, t>0. (3.1)
That is,
Ulx — (T +1t) + & — 0o6(1 — e™h)) — ge=!
<wu(z, T +1)
< Uz — (T +t)+ &+ h+opd(1 — e t))
+oe Pt r e Rt >0. (3.2)

Let z = ¢T'—¢&. Again by Theorem 2.1, we have that for any J > 0, allz € R
with |x — 2] < J and all ¢t > 0,

w(z, T +t) —w (z,t,—cT +&,9)
> 67.0) [ (. T) — w (9,0, ~T + €,6))dy
=07.0) [y T) — (Uly — T + )~ H)ldy

—0(1) /:H(u(y, T)—U(y—cT+&))dy+6|.  (3.3)

By Lemma 2.3, limj,—o U'(n) = 0. Then we can fix a positive number
M such that U'(n) < ﬁ for all |n| > M. Let J = M + |c[(1 + 1) + 1,
h = min(1, h), and

1
€ = Emin{U’(:c); |z| <2} > 0.
Then
z+1 _ 1 _ _

| W= T+ g by ~Uly=eT+ldy = [ U+ - Ul)dy = 2e1h,
and hence, at least one of the following is true:

() [ uly, T) = Uy — T+ )ldy > erh;

(i) YUy — T + €+ h) —uly, T)ldy > e1h.
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In what follows, we consider only the case (i). The case (ii) is similar and
thus omitted. For any s € [—7,0], |[v — 2| < J, lettingt =14+ 7+s > 1in
(3.3), we have
wx, T+1+7+5) > Ulw—2z—c(l+7+s)—0pd(1 — e PoltTHs)))
—0e P+ 1 g0 (T)eyh, (3.4)

where 0y(J) = minge(_ 6(J, 1 +7 + s). Let

Jio= JH]c/(1+71)+3,
% . . ‘90(J)61 1
€ = min{ min ——— — .
lz[<J1 20’0U/<$> 30’0
By the mean value theorem, it then follows that for all |[x—z| < J, s € [—7, 0],

Ul —z—c(1+7+5)+2006"h — 090(1 — 6—30(1+T+8)))
—U(r — 2z —c(1+7+5) — 0g6(1 — e PUFTH9)y)
= U'(m)200€"h < o(J)erh, (3.5)

and hence,

wx, T+1+7+s) > Ul@w—c(T+1+7+5)+E+ 200D
_005(1 _ e—ﬁo(l-i-r—l—s))) _ 56_60(1+T+8). (36)
By the choice of M and J and by the mean value theorem, it then follows
that for all |x — z| > J, s € [-7,0],
Ulx —c(T+1+7+5)+&—0p6(1 — e PFTH)Y)
—U(z — (T4 1474 5) + 2006"h + € — god(1 — e Po1H7H9)))
= U'(my)(—200€*h) > —€*h. (3.7)

That is, for all |z — z| > J, s € [-7,0],
U —c(T+1+748)+E&—0pd(1 — e PUFTH)Y)

>U(x—c(TH+1+7+58)+&+ 200€"h
—00(1 — e PUFTEI)y _ e*py, (3.8)

and hence, by (3.2) with t = 1+ 7+ s, we have

wx, T+1+7+s) > U@@—c(TH+14+7+5s)+E&+ 200 h
—006(1 — e*/)’o(lJrTJrS)))
—€e*h — je~PoldFTHs) (3.9)

16



for all [xt —z| > J, s € [—7,0]. By (3.6) and (3.9), it follows that for all
r € R, x€|-T1,0],

wz, T+14+7+5s) > Ul—c(T+1+7+8)+E+ 200 h
—006(1 — e—ﬁo(1+r+s)))

—ge PollHTHs) _ e (3.10)
and hence,
Uri14.(2)(s) > U(r —cs+[—c(T+1+7)+ &+ 200eh
—00(1 — e PUFT)) L gy (de™P0 + ¥ h)(1 — e5%)
—0o(6e™® 4 € h)(1 — e ™%)]) — (6P 4 ¢*h)e s
> Ulr —cs+ (—c(T+1+7)+ &+ 200€h + €)
—0o(de™0 + € h)(1 — e7P0%))
—(6e7P0 4 e*h)e Pos (3.11)
where
£ = —000 4 0o(de™ + ¢*h)(1 — 7). (3.12)
Then
UT+1+T('T)(S) > w()_(xa U 56_ﬁ0 + E*B)(3)> LS R7 s € [_7—7 0]7 (313)

where n = —c(T + 14 7) + & + 200¢*h + £. Again, by Theorem 2.1,

Upy14rge (1) (8) > wy (z,m,0e7™ 4+ ¢*h)(s), forallt’ >0,s¢€ [~T,0].
(3.14)
Then for any t > T + 14 7, setting ' =t — (T"+ 1+ 7) in (3.14), we have

w(@)(s) = Wiy ypry(@,70,067% + €h)(s)

= Ul —cs—ct+c(T+14+7)+n—0o(6e™ +€h)-
(1— e Polt=(T+1+7)) | )

_(56*50 + €*B>e*ﬁo(t*(T+l+T)) . 6*508

> Ulw—cs—ct+c(T+1+7)+n—00(de™ +€h)-1
000 (£) (1 — %) — 00 (£) (1 — e %)) — §(t)e o*
> U@ —cs—ct+c(T+1+7)4+n—09(de™ + ¢*h)

+000(t)(1 — eP7)] — agd(t)(1 — e=%)) — 6(t) - %% (3.15)
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where §(t) = (Je =% 4 ¢*h) - e P(t=(T+147)) ' By the monotonicity of U(-), the
choice of  and (3.12), it then follows that

u(z)(s) > wy (z, —ct + £(t),0(t))(s), s€[-7,0],z € R, (3.16)
where
E(t) = €420 h+ [—000 + oo(de ™ + € h)(1 — 7))
—00(0e™ + €°h) + 0pd(t)(1 — e®7)
= £+ 200" h — 006 — 0o(de™ + €*h)eoT

+000(t) — oo (t)e™T .

Therefore it follows that
E(t) > €—000 —op(de® + e h)e®™ — gyi(t)eT

£ — 000 — 200(6e™™ 4 *h)eoT

>
> & — 090 — 200(8 + €*h)e™T, (3.17)

and, by the choice of €*,
Et) < €+ 200" h + oo(de P + €*h)
< £+ 300" h + 006
< §+ h+ogo. (3.18)
For any t > T', by the inequality of the righthand side of (3.2), we have
w(x,t) < Uz —ct + &+ h+ 0pd(1 — e T 4 s Hh=T), (3.19)
It then follows that, for all t > T + 1 + 7,
u(x)(s) = w(@,t+s)<U(@x—clt+s)+E{+h
+000(1 — e PlFs=Ty 4 se=Polt+s=T) (3.20)
s€[-7,0],z € R.
Therefore for all t > T + 1+ T,
u(z)(s) < Ul —cs—ct+ &+ h+ 0pd(1 — e Py 4 5(t)erhos
= U(r —cs—ct+&+h+opd(1 — e PU=T) . g=fos)
—000(£)(1 — eP%) 4+ b (£)(1 — e 7%)) + §(t)eP*
Uz —cs — ct + &+ h+ 000 — aod(t)(1 — e®7)
+000(1)(1 — e ™)) + 6(t)e @5, s e [—7,0],z € R. (3.21)

IA
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It then follows that for all t > T + 1 4 T,

w(2)(s) < wi (x, —ct + E(t) + h(t),0(t))(s), se[-7,0,z€R, (3.22)

h(t) = €+h—+0e0 —oed(t)(1— ™) — £(t)
= h—200€*h + 2000 + 2000(t) (™7 — 1)
+0o(de™0 + " h)eoT. (3.23)
Notice that we have used the expression of é (t) in getting the second equality

of (3.23). By the choice of €*, we have h — 209¢*h > h — 200e*h = (1 —
200€*)h > 0, and hence,

0 < h(t) <h—200€h+ 2000 + 200(0e™™ + *h) - (%7 — 1)
+0o(de™™ + € h)eT
< h —200€"h + 2000 + 0o(de 0 + €*h) - (30T — 2)
< h— 200" h + 2006 + 00(0 + €*h) (3T — 2)
= h+ (3¢"7 — 4)oge*h + 3¢77 - 0. (3.24)
Combining (3.16) and (3.22), now we complete the proof. u

Lemma 3.2 Let U(x — ct) be a monotone traveling wave solution of (2.1),
and let ¢ € [0,1]¢ be such that

liminf min ¢(z,s) >a*, limsup max p(x,s) <a .

T—00 Se[ T, ] r——00 86[ T, ]
Then, for any 6 > 0, there exist T = T(p,0) > 0, £ = &(p,0) € R and
h = h(p,0) > 0 such that

wy (2, —cT + £,0)(s) < up(z,9)(s) < wg (z,—cT + &+ h,d)(s),
s € [-1,0],z € R.

Proof. By Theorem 2.1, u(z, ¢, ) exists globally on [0, 00) and 0 < u(z,t, ) <
I, v € R, t > 0. For any § > 0, we choose a 0 < &; = 0,(6, ) < min(d, &)
such that

liminf min ]go(x s) > at + 4y,

T—00 Se[

limsup max ¢(z,s) <a” — d;.
T——00 SE[—T,O]
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Then there exists M = M(p,d;) > 0 such that

o(r,s) < a —6, forallz < —M and s € [—T,0],
o(x,8) > at+6,, forallz> M and s € [—,0]. (3.25)

Let € = €(6;) and C' = C(d;) be defined in Lemma 2.2 with § replaced by
61. Define ¢ = —M — C7 and €~ = M + C7, and let v*(x,t) be defined in
Lemma 2.2 with £ = £*, respectively. By (3.25) and Remark 2.2, it follows
that for all s € [—,0],

o(x,s) < a -6 <vt(x,s) for = < —M,
o(z,s) < 1<1+6 =v"(x,s) forx > +Cr=—M;
and
o(x,s) > at+0 >v (x,5) forax>M,
olx,s) > 0> -6 =v (z,s) forx <& —Cr= M.
Then we have
v (z,8) < p(z,s) <v'(z,s), x€R,sel|[-T,0] (3.26)

By Lemma 2.2 and Theorem 2.1, it follows that
v (2, t) <u(z,t, o) <vt(zt), xe€Rt>0. (3.27)

Since d; < 9, we choose a sufficiently large positive number 7' > 7 such that,
forallt > 1T — T,

61+ (a” —20)e<d and 1 -6, — (1 —at —25)e > 19,
and hence, again by Remark 2.2,
u(z,t, ) <vt(a,t) <9, forax <& —Ct—4e (3.28)
and
u(z,t,p) > v (2,t) >1 -6, foraz>& +Ct+4e (3.29)

Let 2= =& — COT —4e P and 27 =& + CT + 4e'. By (3.28) and (3.29),
it follows that for any t € [T — 7, T/,

u(z,t,p) < 6§, forx <z
u(z,t,p) > 1—-0, forax>az". (3.30)
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By (2.17), there exists a sufficiently large positive number H such that % >
zt, = <2~ and

H
U(x)+06>1 for allng

H
, and U(x)—d <0 forall z < —5 (3.31)

Combining (3.30), (3.31) and the fact that 0 < U(z) < 1 and 0 < u(z,t,¢) <
1 for all z € R and t € [0, 00), we then have

U(—H+z)—0 < u(z,t,p) <U(H+x)+0, forallze R andte [T—7,T].
(3.32)
Let § = —H + ¢TI, hg = 2H > 0. Then (3.32) implies that

U(z—cT+&)—0 < urp(x,9)(s) < U(x—cT+E&+ho)+6, se[-7,0l, z€R.
(3.33)
Let £ = & + 09d(1 — €%7) — |c|r and h = hy — 2005(1 — €%7) + 2|c|T > 0.
Then by (3.33), we have that for any s € [-7,0] and = € R,
wO_ (1:) —cT + 57 5) (S>
=U(x —cs — T+ & — ap6(1 — e %)) — geos
<U(z+ et — el + & — 0pd(1 — ™7)) =
= U(I — I+ 50) —0 < UT(flf, @)("E)v
and
wg (z,—cT + &+ h,0)(s)
=U(r —cs — T+ &+ h+ap6(1 — e %)) + jeFos
> Uz —|c|r — T+ &€+ h+0pd(1 — 7)) 46§
=U(x — T+ & + ho) + 0 > up(z,9)(s).
It then follows that
wy (5, —cT + £,6)(s) < ur(w, 9)(5) < wi (2, —T + € + 1, 5)().
This completes the proof. [ |

Now we are in a position to prove the main results in this section.

21



Theorem 3.1 Assume that (2.1) has a monotone traveling wave solution
U(x — ct). Then U(x — ct) is globally asymptotically stable with phase shift
in the sense that there exists k > 0 such that for any ¢ € [0,1]c with

liminf min o(x,s) >a®, limsup max o(x,s) < a”
T—00  se[—T,0] 80( ’ ) ’ m—>_oops€[—’r,0]90( ’ ) ’

the solution u(x,t,p) of (2.1) satisfies
lu(x,t,0) —Ulr —ct +&)| < Ke ™, x¢€Rt>0,
for some K = K(p) >0 and £ = &(p) € R.

Proof. Let 3, 0g, 0 be as in Lemma 2.1 with 3, chosen such that 3e®7 < 4,
and then let €* be as in Lemma 3.1 with €* chosen such that (4—3e%7)gy-e* <

1. We further choose a 0 < §* < min (%0, é, (}0) such that
1>k = (4 —3e")ope" — 3¢™7 506" > 0,
and then fix a t* > 7 + 1 such that
e TN 1 e /6%) <1 — k™.
We first prove the following two claims.
Claim 1 There exist T* = T*(p) > 0, £&* = £*(¢) € R such that
wy (z, —cT* + &,6%)(s) < up(x,0)(s) < wg (z, —cT* + & +1,0%)(s),
s€[-7,0],z € R.
(3.34)

Indeed, by Lemma 3.2, there exist T' = T(p) > 0, £ = &(p) € R and
h = h(p) > 0 such that

wy (z, —cT + £,6%)(s) < up(z,¢)(s) < wg (x,—cT + &+ h,6%)(s), (3.35)

se[-1,0], ze€R.

If h <1, (3.34) follows immediately from the monotonicity of U(-). Then we
assume that h > 1 and let

N = max{m;m is a nonnegative integer and mk* < h}.
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Since 0 < k* < 1 and h > 1, we have N > 1, Nk* < h < (N 4+ 1)k* and
hence 0 < h— Nk* < (N+1)k*— Nk* = k* < 1. Clearly, h := min(1, h) = 1.
By (3.35), Lemma 3.1 and the choice of ¢* and k*, it then follows that

wy (&, =e(T + 1) + (T +1°),0(T +t°)(s) < urye(x,)(s)
< wi(z,—c(T +t*) + (T + t%)
+h(T 4+ t),8(T + t*)(s),

se€[-1,0,z€ R, (3.36)
where

E(T + 1) € [€ — 006" — 200(6" + €)™, & + h + 0¢8],
O(T +t*) = (0™ 4 ¢)e MW= < (1 — k*)§* < 6",
0 < (T +t*) < h+ (3e®7 — 4)oge* 4 3e™70y6* = h — k*.

Repeating the same process N times, we have that (3.36), with 7'+t replaced
by T + Nt*, holdsforsomefER 0<d<é and0<h<h—Nk*<1.
Let T* = T + Nt*, €& = £. Again, by the monotonicity of U(-), (3.34) then
follows.

Claim 2 Let p = 2006*+20¢(6*+€*)e®™+1, T,, = T*+mt*, 5%, = (1—k*)™6*
and h,, = (1 — k*)™, m > 0. Then there exists a sequence {,}>°_, C R
with & = £* such that

&mi1 = &ml < Phm, m >0, (3.37)
and

Wo (@, =CTn +&my 0)(s) - < ur,, (2, 0)(5)
wy (2, =T + &m + hm, 03,) (), (3.38)

s€[-71,0], z€R,m>0.

IAINA

In fact, Claim 1 implies that (3.38) holds for m = 0. Now suppose that
(3.38) holds for some m =1 > 0. By Lemma 3.1 with T' =T}, £ = &, h = Iy,
d =19 and t =T, + t* = T}y, (since t* > 7+ 1), we then have

wy (2, =T +€,8)(s) < un, (2,9)(s) < wi (2, —cTi+64h,8)(s), (3.39)

se[-7,0], ze€R,
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where

(& — 0007 — 200(6] + € hy)e™T, & + hy + o0d7],
5 —Bo +€*h) 50 Tl+1—Tl T— 1)

1 — k)6 [(1 4 5*) eﬁo(t*Tl)}
L=k 6 (1= k) = 6],

hy — (4 — 3¢™T)ope by 4 3™ 70 6,

(1— k"1 — (4 —3e)ape" + 377067
(1— k9 = hyyy.

Sy Iy
IN Mm
—~ —~ —

VARV

We choose &1 = é Then
&1 — &l <&+ hu+ 000 — (& — 000 — 200(6] + €y) - €*7) = p - Iy,

It then follows that (3.37) holds for m = [, and (3.38) holds for m = [ + 1.
By induction, (3.37) and (3.38) hold for all m > 0.

For each m > 0, by (3.38) and Theorem 2.1, it follows that for all t > T,,,
r€R,

U(r — ct + & — 00675, (1 — e Pt=Tm))) — §x e=Bolt=Tm) < yy(z,¢, )

< U(l’ —ct+ fm + Ry + 0-05* (1 —e ﬁo(t Tm) )) + 5;;6750(75 Tm) (340)

For any t > T, let m = {t_t*T*} > 0 be the largest integer not greater than

=10 and define 0(t) = &7, £(t) = & — 006), and h(t) = hy, + 2000}, then

we have T, = T* +mt* <t <T*+ (m+ 1)t* = T,,,41. By (3.40), it follows
that for all t > T, v € R,

Uz —ct+£(t) — 6(t) <u(z,t, o) <U(x—ct+E&(t) + h(t)) +6(t). (3.41)
Moreover, we have

—T*

5(t) = &% = [1 — K]"6" < o exp{(t - 1) In(1 — k;*)} >

(3.42)
ht) = hm+ 20065 = (1 + 2000)(1 — k*)™
(14 2006%) exp { (t A 1) In(1— k*)} . t>T* (3.43)

IA
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and for any r > ¢ > T*, by (3.37),

£(r) =€) = |&m — 000y, — (§n — 006,,)]
|§m - én‘ + 0'05; + 0'0(5:

m—1
> &1 — &l + 2000,
l=n

m—1

thl‘f’QJod;:

B phy,
S TS 0—w)
= q-5(t), (3.44)

IN

IN

IN

+ 20‘05;:

where m = {”;—*T*} >n t_t*T*}, and g = = + 20¢. Clearly, (3.44) implies

that £(00) = lim; oo § (t)_exists and
§(00) = &(t)] < qo(t), t>T"

Then
t—T"

£(t) — £(00)] < ¢ - 67 exp{< - 1) In(1 — k*)} L t>T (3.45)
Therefore, by defining k& = —;- In(1 — &*) > 0 and combining (3.41), (3.42),
(3.43) and (3.45), we obtain the assertion of the theorem.

This completes the proof. [ |

Theorem 3.2 Every monotone traveling wave solution of (2.1) is Liapunov
stable. If (2.1) has a monotone traveling wave solution U(x — ct), then the
traveling wave solutions of (2.1) are unique up to a translation in the sense
that for any traveling wave solution U(x — ct) with 0 < U(£) <1, £ € R, we
have ¢ = c and U(-) = U(&y + +) for some & = &(U) € R.

Proof. Let U(x —ct) be a monotone traveling wave solution of (2.1). By the
uniform continuity of U(-) on R, it follows that for any € > 0, there exists a
91 = 01(e) > 0 such that for all |y| < dy,

\U(x—ct+y)—U(x—ct)|<§, z€Rt>0. (3.46)
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We then further choose a § = d(€) > 0 such that § < min (%, ‘51'60;%7,5),

where 3y, 0p and & are as in Lemma 2.1. For any ¢ € C([-7,0], X) with
lo(x,s) —U(x —cs)| < d for s € [-7,0] and = € R, we have

Ulr — cs+ 0g0(1 — 7)) — gy0(1 — e770%)) — ge=Pos
< o(x,8) < U(x — cs + apd(e®™™ — 1)
+000(1 — ™)) e P° s € [-7,0],x € R. (3.47)

By Lemma 2.1 and Theorem 2.1, it then follows that

U(r — ct + 0g0(1 — e™7) — go0(1 — e7P1)) — fe™" < u(x,t, p)
< U(x — et + 0p8(e™™ — 1) + 0¢d(1 — e~™")
+oe Pt x e Rt > 0. (3.48)
By the choice of § = §(¢), we have that for all ¢ > 0,
006 (1 — €P7) — gp6(1 — et 006(eP7 — 1) 4 0¢6(1 — e~ A0t

<
< 06 < 6y (e),

and
000 (%7 — 1) 4+ o0 (1 — e ™H)| < gpde™™ < 6y (

€).
Then, by (3.46) and (3.48), it follows that U(x — ct) — e < u(z,t,p) <
U(x —ct)+€ x € R, t > 0. That is, |u(z,t,0) — Uz — ct)] <€, z € R,
t > 0. Therefore U(z — ct) is Liapunov stable.

To prove the uniqueness, we let U(x —ct) be the given monotone traveling
wave solution, and let U(x — ¢t) be any traveling wave solution of (2.1) with
0 < U <1on R. Since lim,_o U(x — &) = 1 and lim,__, U(z — ¢s) = 0
uniformly for s € [—7, 0], we have

+

liminf min U(z —¢s) > at and

T—00  ge[—7,0]
limsup max Uz —és) < a”. (3.49)

Tr——00 SE[*T,O]

Then, by Theorem 3.1, there exists Ky = Ko(U) > 0 and & = &(U) € R
such that

Uz —ct) —Ulx —ct + &)| < Koe™™, ze€R, t>0. (3.50)
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Let £ € R be such that 0 < U(€) < 1, and define L(§) := {(z,t);z € R, t >
0,z — ¢t = &}. By (3.50), it then follows that

UE+E&+ (e—c)t) — Koe™™ < UE) SUE+E& + (e—e)t) + Koe ™,

for all (z,t) € L(£). (3.51)

Since U(oo) = 1 and U(—o0) = 0, letting ¢ — oo in (3.51), we obtain that
¢ < c¢ from the first inequality and that ¢ > ¢ from the second inequality.
Then ¢ = ¢. For any £ € R, again by (3.50), we then have

U(&) —U((€+&)| < Koe ™™, for all (x,t) € L(€). (3.52)

Therefore, letting ¢ — oo in (3.52), we get U(§) = U(£ + &), for all £ € R,
that is, U(-) = U(& + -).
This completes the proof. |

Remark 3.1 For the typical Huxley nonlinearity:

uw(l —u)(v—a) for0<u<1lwvé€ER,
w(l —u)(u—a) otherwise,

with 0 < a < 1, let f : I? — R be a smooth extension of f : [0,1]> — R
such that (H1) and (H2) hold for f. Clearly, [7, Corollary 5] implies that
0, 1]¢ is positively invariant for (2.1) with f replaced by f It then follows
that Theorems 3.1 and 3.2 hold for (2.1) with the Huzley nonlinearity.

Remark 3.2 With some additional assumptions on f(-,-), Schaaf [13] proved
the existence of monotone traveling wave solution of (2.1) and uniqueness of
the wave speeds. By Theorems 3.1 and 3.2 we further conclude that this
monotone traveling wave solution is globally and exponentially asymp-
totically stable with phase shift, that all traveling waves are unique up to
translation and that every traveling wave solution is Liapunov stable.
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