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Abstract
We extend results of Gouzé and Hadeler [14] concerning the dynamics
generated by a map on an ordered metric space that can be decomposed into
increasing and decreasing parts. Our main results provide sufficient conditions
for the existence of a globally asymptotically stable fixed point for the map.
Applications to discrete-time, stage-structured population models are given.

This paper is dedicated to Karl Hadeler on the occasion of his 70th Birthday

1 Introduction

The idea of decomposing a dynamical system into its increasing and decreasing parts
and embedding the system into a larger symmetric monotone dynamical system is
an old one. A paper of Gouzé and Hadeler [14] cites some of this history; see also
Thieme [23, 24] and the references therein. Apparently it began with a 1959 paper of
Schroder [20]. The early motivation was in numerical analysis where monotonically
convergent iteration schemes have played an important role. See section 21.2 of the
classic text of Collatz [4]. Thieme [23, 24] exploited the method to prove existence
of solutions of integral equations by deriving a globally convergent iteration scheme.
The first use of the idea in dynamical systems appears to be by J.-L. Gouzé in [13]
who applied it to obtain global convergence to equilibrium for systems of ordinary
differential equations. Later, Gouzé and Hadeler [14] extended and clarified the
ideas although they did not articulate its use for global stability of equilibria. C.
Cosner [3] rediscovered the idea in the context of systems of reaction diffusion sys-
tems where comparison principles allow its effective use to obtain invariant regions
and convergence to equilibrium. M. Kulenovié¢, G. Ladas, W. Sizer [18] essentially
used the idea in their work on global convergence of second order difference equa-
tions. See also the monograph of M. Kulenovi¢, G. Ladas [17]. These same ideas
seem to underlie some nice results in the control theory of continuous dynamical
systems obtained recently by D. Angeli and E.D. Sontag [1] and extended by vari-
ous collaborators, including the present author [11, 12]. Their Small Gain Theorem
can be obtained by an application of the ideas discussed here.
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Our goal in this paper is to briefly discuss the key ideas, many of which are
contained in [14], although we have made certain improvements, especially regarding
global convergence, and to provide examples from population biology.

2 Main Results

Let X be an ordered metric space with closed order relation <. The closedness of
the order relation means that if z, < y, and z, — x, v, — vy, then v < y. If
x < y, define the order interval [z,y] := {z € X : 2 < z < y}. In most applications,
X C Z, where Z is an ordered Banach space and X derives its topology and order
relation from that of Z. Let f: X x X — X be continuous.

Following Gouzé and Hadeler [14], our focus is the discrete-time dynamical sys-
tem

¥ =F(z):= f(z,x) (1)

where 2’ denotes the successor to z. The following will be assumed to hold:

(H1) Yy € X, x1,29 € X, 21 <19 = f(21,9) < f(22,7).

(H2) Ve € X, y1 <yo = f(z,42) < fx,y1).

In short, f is nondecreasing in its first variable and nonincreasing in its second.
Roughly, F' is a map that combines both positive and negative feedback. We write
F™(z) for the n-fold composition of I acting on z. The omega limit set of a subset
A C X is denoted by wr(A) and that of a single point x € X, is denoted by wp(z).

As shown in [14], (1) can be embedded in the symmetric discrete-time dynamical
system

o = flz,y) (2)

on X x X. We use the notation z = (z,y) and

G(2) = G(z,y) = (f(z,9), f(y, 7))

Obviously, the diagonal
D={(z,z):z € X}

is positively invariant under (2) and G(z,z) = (F(z), F(z)). The symmetry of G
can be expressed by defining the reflection operator R(x,y) = (y, ) and observing
that Go R = Ro (.

The “southeast” ordering on X? := X x X is the closed partial order relation
defined by

(z,y) <¢ (T,y) <=z <z and y < y.

It’s name derives from the fact that the bigger point lies southeast of the smaller
one. Observe that R : X? — X? is order reversing:

(ZL’,y) <c (i‘7g) — R(i‘,ﬂ) = (gwj) <c (y,l’) = R(l‘,y)
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Although the map F' is not monotone, the symmetric embedding G is monotone,
an idea continually rediscovered. See especially the articles of Gouzé [13] and of
Gouzé and Hadeler [14] for references to earlier work. See also Cosner [3] and
Kulenovi¢ and Ladas [17]. The next result is essentially known (Proposition 2.1
[14]) but we give a proof due its simplicity.

Lemma 1. G is monotone with respect to <o on X x Xin the sense that
2 <0z = G(Z) <c G(E)
Proof: (z,y) <¢ (Z,y) = = < Z and y < y. Therefore,

7= floy) < fley) < f2,9) =7
y/ = f(y,x)Zf(y,:E)zf(gj,jj):”

Thus, G(z,y) <c¢ G(Z,7). '

Our main result is a sharpened version of Theorem 7 in [14].
Theorem 2. Suppose that:
30, Yo, To < Yo, satisfying f(wo,y0) > o, f(Yo, o) < Yo (3)
Then F([zo,v0]) C [xo,y0] and for zo = (x0,y0) and n > 1, we have:
20 <o G"(20) <o G"(20) <c¢ Rao.
Assume, in addition, that
{G"(0,Y0) }n>1 converges in X. (4)
Then:
(i) there exist x.,y. € [To,yo] with x. < y. satisfying
G" (w0, y0) — (T, 4s) = G(@0; ),
implying that f(x.,ys) = T, [(Ys, Tu) = Ys.
(i) If © € [xg,yo] and {F"(x)}n>1 has compact closure in X, then
wr () C [, Y] (5)
(111) If F([xo,v0]) has compact closure in X, then wp([zo,yo]) # 0, and

Wr([70,y0]) C [Ts; Yal- (6)



Proof: Inequality xy < yo implies that zy := (2o, y0) <¢ (Y0, Z0) = Rzo. Define the
C-order interval
I = [20, Rzolo = {(%, ) : (zo,90) <c (,y) <c (Yo,70)} = {(z,y) 1 w0 < 2,y < 4o}

and observe that
(20, Rzo)c N D = {(x, ) : x € [x0,Y0]}

(3) implies that
(20, y0) <c (f(wo,%0), f (Yo, o))
and consequently, by monotonicity of G and order reversing property of R,
20 SC G(Zo) S(j RG(ZO) = G(RZO) SC RZO.
By induction, for z € I and n > 0 we have

20 <o G™(20) <o G" M (20) <o G"(2) <o G"T(Rz) <c G™(R2) <c Rzo.

By our assumption (4) that the monotone sequence {G"(zy)} converges, G"(zy) /
2 = (24, y,) and G"(Rzg) \, Rz« = (Y, x.), the monotonicity implied by the slanted
arrows is relative to <. Symmetry of G implies that if we write G"(z9) = (T, Yn)
then G"(Rzy) = RG™(20) = (Yn, Xn), where z,, /" x, and y, \, ¥, the monotonicity
implied by the slanted arrows is relative to <. Also, note that G"(zy) <¢ RG™(2p)
implies that x,, < y,. Putting z = (z, x), where x € [xg, 3o], into the above inequality
yields
20 <¢ G"(20) <¢c G"(z) = (F"(z), F"(z)) <¢ G"(Rz) <¢ Rz

and taking first components gives
xOanSFn(x)SynSy[)v "L‘E[ImyO]) 7121

Obviously, wr(z) C [z, y.] if the orbit of z is precompact. If F'([zo, yo]) has compact
closure in X, then

wr ([0, yol) = Muz1F™([20, Yol) C [, Y]

Global convergence was strangely ignored in [14]. The next result follows imme-
diately from the characterization of x, and vy, in Theorem 2.

Corollary 3. Let the hypotheses (3) and (4) of Theorem 2 hold and suppose that
a,b € [zo,y0], a < b, f(a,b)=a, b= f(b,a)=a=0 (7)

holds. Then x, =y, and F(x,) = x,.
If x € [xo,y0] and {F™(z)}n>1 has compact closure in X, then

wr(r) = {.}.

If F([xo,y0]) has compact closure in X, then

wr([To, yo]) = {7}



Symmetry dictates that fixed points of (2) come in pairs (a,b) and (b,a); if
a = b, we say the fixed point is symmetric. Since a < b if and only if (a,b) <¢ (b, a),
hypothesis (7) just says that (2) does not have a C-ordered, non-symmetric pair of
equilibria in the order interval I := [(zo, ¥0), (Y0, %0)]c-

Remark 4. Hypothesis (3) of Theorem 2 implies that F' maps [zg,yo| into itself.
In case that X C Z, where Z is an ordered Banach space, [xg, o] is convex, and
F([xo,yo0]) has compact closure in X, then it contains a fixed point by the Schauder
Theorem. More sophisticated fixed point theorems could also be applied. By Corol-
lary 3, (7) is sufficient for the existence and uniqueness of a fixed point of F.

Remark 5. The hypothesis (4) that the monotone, order-bounded orbit {G"(x¢, yo) }n>1
converges in X may be satisfied under a variety of assumptions concerning the space
X and the map f. It is satisfied, for example, if X is a closed subset of a finite
dimensional Banach space or of LP(2) where monotone dominated sequences con-
verge. It is satisfied as well if the map f has some compactness properties. If
f([xo, yo] X [0, yo]) has compact closure in X, then G([xg, yo] X [To, Yo]) has compact
closure in X x X and the hypothesis is then satisfied.

Remark 6. If X is a convex subset of R”, K = R" and F is C" with |95 (z) < my;
for all 4, j and = € X, then F(x) = f(z,z) where

f(z,y) = Mz + F(y) — My

satisfies (H1) and (H2). Gouzé [13] gave a similar result for ordinary differential
equations.

Map f is said to have a characteristic k, : X — X if to each y € X, there is a
unique fixed point = := k,(y) satisfying 2/ = f(x,y) = x. It follows that z is a fixed
point of F'if and only if it is a fixed point of k,.

Lemma 7. If f has characteristic k, and monotone orbits of the map © — f(z,y)
converge for each fired y € X, then k, is nonincreasing:

Y1 < Yo = k() < Ko(y1).

Proof: Let x; = k,(y;), ¢ = 1,2. Then we have 21 = f(x1,11) > f(x1,y2)
so, by monotonicity, f™"(x1,y2) > f"t(x1,92) for n > 1. If the monotone orbit
{f™(x1,y2) }n>1 converges, then it converges to zo = k,(y2) by definition of the

characteristic. Hence x5 < 2. ]

We will not require the hypothesis of Lemma 7 but it motivates an assumption
in the following result.

Corollary 8. Suppose that e = int X exists and belongs to X and that f has
characteristic k, satisfying k.(x) < ky(y) for y < x. In addition, suppose that
f(le, kz(e)] x [e,kz(e)]) has compact closure in X. Let Xo := Uysp, () [ka(y), kz(e)].
If k, has no pair u,v € X, u < v such that k,(u) = v, k,(v) = u, then F has a fized
point x, € [ky(ki(e)), k.(e))] such that

wr(x) =z, = € X



Proof: Apply Theorem 2 and the remark following it, using yo = k,(e) and, for any
y € X satisfying y > yo, o = k.(y). Then zq < yo,

(o, y0) > flka(v),yo) > [k (y),y) = ku(y) = Yo,

and
f(Wo,z0) = f(kz(€), o) < [(ku(e), €) = kule) = yo.

Then wp(z) C [x4, Y. for x € [xg, yo] where z, < y., f(xs,ys) = x4 and f(y., z.) =
Ys. Then x, = k,(y,) and y, = k.(z.) and so by hypothesis x, = y. and Corollary 3
implies that z. = y,. is a fixed point of F' and wp(z) = {z.}. As this argument
applies to every zo = k.(y), ¥ > yo, the result is proved. [

3 Higher Order Difference Equations

Motivated by the rational difference equation

ar, + ﬁxnfl

Tnt1 = 5
VT + 0Ty 1

where «, 3,7,5 > 0 and zg,z_; > 0, Kulenovi¢, Ladas and Sizer [18] consider the
general recursive sequence generated by

Tnt1 = g(xnaxn—l) (8)

for given z_1, 29 > 0 where g : P> — P := (0,00) has certain monotonicity prop-
erties. See also [17]. If (1) g is increasing in its first argument and decreasing in
its second; (2) there exists a,b > 0 such that a < g(z,y) < b for all (z,y), and
(3) g(m, M) = m and g(M,m) = M implies m = M, then they show (Theorem
6.2) that (8) has a globally attracting fixed point. In case g is decreasing in x and
increasing in g, then the same result holds. If g is increasing in both variables then
(8) generates monotone dynamics so it can be treated using results in [21, 15, 16].

We may generalize these results by considering (8) where g : X x X — X and
X is an ordered metric space.

Theorem 9. Let g(z,y) satisfy (H1) and (H2) on X* = X x X, and

(i) there exists a,b € X such that a <b, [a,b] C X, a < g(a,b) and g(b,a) < b,
(ii) g([a,b] X [a,b]) has compact closure in X .

(iii) m, M € [a,b], m < M, gim,M)=m and g(M,m) =M = m = M.

Then there exists x, € [a,b] such that all orbits of (8) with xy,x_1 € [a,b] converge
to x,.

If instead, h(z,y) = g(y, x) satisfies (H1) and (H2) and hypotheses (i)-(iii) hold
with h in place of g, then the conclusion holds.



If g(x,y) is nonincreasing in both variables, the last inequalities in (i) are replaced
by a < g(b,b), gla,a) <b, (ii) holds and the premise g(m, M) =m and g(M,m) =
M of (iii) is changed to g(m, m) = M and g(M, M) = m, then the conclusion holds.

If g(x,y) is nondecreasing in both variables, the last inequalities in (i) are replaced
by a < g(a,a), g(b,b) <b, (ii) holds and the premise g(m, M) =m and g(M,m) =
M of (iii) is changed to g(m,m) = m and g(M, M) = M, then the conclusion holds.
Proof: We consider first the case that g satisfies (H1) and (H2). Converting (8) to
a first order system, we have

Tni1 = 9(Tn,Yn)
Yn+1 = Tn
or, if z = (z,y) and F(z) = (¢(x,y), x), this becomes
Zni1 = F(zn), 20 € X2
Define f: X% x X? — X? by
flu,v) = (g(ur, v2), ur), u=(u1,uz), v=_(v1,v2).

Then F(z) = f(z,2). Let <y denote the usual (“northeast”) partial order on X?:
(u,v) <o (4,0) & u < @ and v < v. Then f satisfies (H1) and (H2) on X? x X?.
Let A = (a,a) and B = (b,b) so A <y B,

A= (a7a> <2 <g<a7b)=a> = f(A7 B)?

and
f(B;A) = (g(b,a),b) <5 (b;b) = B.
Furthermore, if C, D € [A, B] = [a,b] X [a,b], C <y D, f(C,D)=C, f(D,C)= D,
then (c1,c2) = (g(c1,ds),c1) and (dy,d2) = (g(dy,c2),dy) so it follows that C' =
(c,c),D = (d,d), g(c,d) = ¢, and g(d,c) = d. By hypothesis (iii), ¢ = d, hence
C=D.
The symmetric map G : X2 x X? — X% x X? given by

G(uvv) = (f(u,v),f(v,u)) = ((g(u17v2)vu1)’ (g(vhuQ)?vl))

has the property that G?([A, B]) is compact by hypothesis (ii). ;jFrom this, Theo-
rem 2 and Corollary 3, we conclude that wg([A, B]) = {z.} for some fixed point .
of F.

In case that h satisfies (H1) and (H2), we define f(u,v) as follows

fu,v) = (g(v1, u2), w1).
Then F(z) = f(z,z) and the remainder of the argument is similar to the one above.
In case g is nonincreasing in both variables, we define f(u,v) as follows
f(u,v) = (g(v1,v2), w1).

Then F(z) = f(z, z) and the remainder of the argument is similar to the one above.

In case g is nondecreasing in both variables, then there is no need to use The-
orem 2 as F is monotone and F?([A, B]) is compact so the result follows from
elementary arguments.



Remark 10. If there exist a,b € X such that [a,b] C X, a < g(x,y) < b for all
(z,y) € X?, as assumed in [17], then (1) holds. In this case, all orbits converge to z.
since F?(z) € [A, B] for every z € X?. See [17, 18] for applications of these results
to rational difference equations.

It is obvious that similar results hold for difference equations of order greater
than two by this technique. For example for the third order system

Tnt1 = g(xny Tn—1, xn—?) (9>

where ¢ : X? — X is continuous on X® = X x X x X, one obtains a variant of
Theorem 9 for every partition of the variables (z,y, z) into nondecreasing ones and
nonincreasing ones for g(zx,y, z).

See Krause and Pituk [19] and El-Morshedy and Liz [10] for other approaches to
such systems.

4 Stage Structured Dynamics with Stocking

4.1 No delay in density dependence

Consider the discrete, nonlinear, stage-structured demographic model with density
dependent survival probabilities and fertility rates and immigration or stocking given
by:

Tpi1 = A(zp)r, +€, n >0, 29 >0, (10)

where the per-generation immigration term e > 0. See Cushing [6] for a discussion of
nonlinear matrix models. The components of x,, give the populations in the various
stages at census n. Here, X = R and z < y is the usual component-wise ordering;
we write v < y if x <y, x # y and * < y when x; < y; for all i. We make the
following assumptions regarding the continuous matrix-valued mapping x — A(x):

(a) A(y) >0 for all y > 0.

(b) y1 <y = Ay2) < Alyr).

(¢) p(A(e)) < 1 and Jv > 0 such that A(e)v = pv and sv > e for large s > 0.

Here, p(A) denotes the spectral radius of A. All inequalities involving matrices,
as for vectors, are to be interpreted componentwise. Assumptions (a) and (b) are
quite natural; (b) codifies the density dependent nature of survival and fertility
coefficients. Note that hypothesis (c¢) contains a restriction on e since we require
sv > e for large s > 0; in case v has positive components (v > 0), then there is no
restriction on e since this inequality holds for large s. Hypothesis (¢) does not have a
strong biological motivation; it can be viewed as assuming “large emigration”. In the
absence of immigration, e = 0, Ry := p(A(0)) is referred to as the basic reproductive
number: if Ry < 1 then z,, — 0, if Ry > 1 then the population persists. By (b)
and the Perron-Frobenius theory p(A(z)) < p(A(y)) when y < x so if Ry > 1, then



(c) requires that e be large enough. Hypothesis (¢) has important mathematical
implications. Observe that
T, >e, n>1

so by (b) we have
Tpi1 = Alzp)z, +e < Ale)x, +e, n>1

and by iterating this inequality we get

T < A" e)a + Z A(e)e.
=0

By virtue of (¢), A" (e)z; — 0 and 3 7 A(e)le — 3°72 A(e)'e = (I — A(e)) e,
Therefore, orbits are bounded. Indeed, orbits are asymptotic to [e, 2] where

Too = (I — Ale)) e

Defining f : R} x R} — R} by

f(z,y) = Aly)x + e,

it is easily seen that assumptions (H1) and (H2) hold. Let zq = e, we have for all

Yo = Xo,
f(xo,90) = Alyo)e + e > e = xy.

Let yo = rv for r > 0 to be determined. If p = p(A(e)), then
f(yo, o) =rA(e)v+e=rpv+e
so that f(yo, zo) < o if and only if rpv + e < rv, or equivalently, if
e<r(l—p.

Since p < 1 by (c) and v > 0, there exists rq > 0 such that the inequality holds
for all large r > ry and consequently yo > rov > e = xy. Therefore, we may apply
Theorem 2 to obtain the following result.

Proposition 11. Assume that (a)-(c) hold. Then there exists a unique x, > e
satisfying x, = A(xy)x, + e and every orbit of (10) converges to x..

Proof: For each r > 1y, we may apply Theorem 2 with g = e and yy = rv.
In order to apply Corollary 3, suppose that there exist a < b such a,b € [e, 1],
A(b)a+e=a,and A(a)b+e=5b. Ase <a <b, A(b) < A(a) < A(e) implying that
p(A(D)) < p(A(a)) < p(A(e)) < 1 (see [2]) and therefore

e=(I-A®D) o= A®bYa
Jj=0
and a similar formula holds with a and b interchanged. But A(b)’a < A(a)’b by (b)
so we conclude that a = b. The existence of z, € [e,rv] and the global convergence
to z, of orbits initiating in [e, rv] follows. Since x,, > e for n > 1 and rv > z, for
large r, the global convergence claim holds. [

Remark 12. The map F(x) = A(z)x + e is sublinear in the sense that 0 < A < 1 =
AF(z) < F(Az). However, it is not monotone so the usual sublinearity type results
do not generally apply. See e.g. [16].



4.2 The LPA model for the flour beetle Tribolium

The LPA model of Costantino et al. [5] is greatly celebrated in population biology
due to the close correspondence between its predictions and observed features in
controlled laboratory experiments. It accounts for larvae, pupae, and adult insect
densities at 14-day time (census) units. A remarkable aspect of the population dy-
namics of the flour beetle Tribolium castaneum is cannibalism of adults on pupae
and adults and pupae on eggs which result in strong nonlinearities in the mathemat-
ical model. Originally formulated with no artificial addition (stocking) of insects at
each census, the model takes the form of (10) with e = 0,

r = (x1,29,23) = (L, P, A) € Ri,

and
0 0 dexp(—ax; — bxs)
Alz)=1| p 0 0 (11)
0 gexp(—cxs) r

where p, q,r € (0, 1] are survival probabilities, a, b, ¢ are coefficients related to can-
nibalism and d > 0 to fecundity. See [5, 7, 8] for details of the modeling; we have
renamed their parameters for mathematical convenience.

As the experimental protocol reported in [5, 7, 8] allows interventions at each
census, it is in principle possible to add larvae, pupae, or adults at each census, thus
yielding (10) with stocking e > 0 where e; denotes the number of added larvae, es
pupae, and e adults at each census. We note that artificial removal of organisms at
each census was carried out in experiments described in [5] in order to corroborate
bifurcation studies with different survival rates.

Obviously, hypotheses (a) and (b) are satisfied. As A(e) is irreducible, its Perron-
Frobenius eigenvector v corresponding to p = p(A(e)) satisfies v > 0 so (c) holds
provided p < 1. An easy calculation gives the characteristic equation associated
with A(e)

N4+ 4+Q=0

where
Q = pgdexp(—ae; — (b+ c)es)
The spectral radius is the positive root. Therefore, we have

p(A(e)) <1< aeg + (b+ c)eg > log(Ry)

where

d
R, — 1
1—7r

is the basic reproductive ratio [8] in the absence of stocking.

Corollary 13. Global convergence to a fixed point x.(e) > e occurs for the LPA
model with stocking vector e provided that

aey + (b + c)es > log(Ry) (12)
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The right side of (12) is negative, and therefore there is no restriction on e > 0
(it could be zero corresponding to no stocking), if Ry < 1. Of course, if e = 0, then
. = 0.

Corollary 13 is rather striking in view of the complicated dynamics that is pos-
sible without stocking e = 0 [7, 8]. Constant stocking can stabilize the population
dynamics of the flour beetle Tribolium.

4.3 One generation delay in density dependence

It is plausible that density dependence in (10) is delayed one generation resulting in
Tpi1 = Ay 1)z, +e, n>0, x_q,29 > 0. (13)

The same arguments used in Proposition 11, but using Theorem 9 with g(z,y) =
A(y)x + e instead of Theorem 2 and Corollary 3, establish the following result.

Proposition 14. Assume that (a)-(c) hold. Then there exists a unique x. > e
satisfying x. = A(x.)x, + e and every orbit of (13) converges to x..

It is instructive to see why our results are not expected to work well for the stage
structured model (10) when e = 0 and Ry > 1 and we would like to use our result
to show convergence of iterates to a positive equilibrium z,. If A(z,) is strongly
positive, then p(A(z,)) = 1 and we might seek 0 < 7y < x, < yo to apply Theorem 2.
Monotonicity of A and the spectral radius imply that p(A(yo)) < p(A(z,)) =1 <
p(A(xp)) and mild additional assumptions imply that these inequalities are strict.
Hypothesis (3) requires that

A(yo)zo > xo, A(T0)yo < Yo

but here is the problem since the inequality A(yg)zo > xo implies that (Theo-
rem 1.11, [2]) p(A(yo)) > 1 and the second inequality implies that p(A(zg)) < 1.
Provided one of the inequalities above is strict, these latter inequalities give a con-
tradiction. This failure of the method emphasizes the point made by Gouzé and
Hadeler [14] that it is not sufficient to find f satisfying (H1) and (H2) such that
F(z) = f(z,x), but one must find f and z, and y, such that (3) holds.
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