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1 Introdu
tionThe notion of 
hain re
urren
e, introdu
ed by Conley [1℄, is a way of getting atthe re
urren
e properties of a dynami
al system. It has remarkable 
onne
tionsto the stru
ture of attra
tors. Chain re
urren
e has been used to 
hara
terizethe property of uniform persisten
e (or permanen
e) for dynami
al systems,an idea that arose out of population biology; see Garay [4℄, Hofbauer andSo [8℄, S
hreiber [10℄, Smith and Zhao [12℄ and Hirs
h, Smith and Zhao [7℄.Looked at abstra
tly, uniform persisten
e is the notion that a 
losed subsetof the state spa
e (e.g., the set of extin
tion for one or more populations) isrepelling for the dynami
s on the 
omplementary set. Following our work in[7℄ for maps, we show here that uniform persisten
e is robust under a broad
lass of perturbations in the dynami
s. The robustness of uniform persisten
eis useful in establishing the robustness of global asymptoti
ally stability of anequilibrium solution (see [11℄).1 Supported by NSF Grant DMS 97009102 Resear
h supported in part by the NSERC of CanadaPreprint submitted to Elsevier Preprint 1 February 2001



We take as our setting here a 
ontinuous-time semi
ow on a metri
 spa
e. See[7℄ for the 
ase of a dis
rete-time semi
ow generated by a non-invertible map.2 Chain transitive setsLet X be a metri
 spa
e with metri
 d and let �t : X ! X; t 2 [0;1) be a
ontinuous semi
ow on X. That is, (x; t)! �t(x) is 
ontinuous, �0 = idX and�t Æ �s = �t+s for t; s � 0. A subset A of X is said to be positively invariantfor � if �t(A) � A for all t � 0 and invariant if �t(A) = A for all t � 0. Theomega limit set of A is de�ned by !(A) = \t�0[s�t�s(A). The spe
ial 
aseA = fxg will be denoted !(x).A subset A � X is said to be an attra
tor for � if A is nonempty, 
ompa
tand invariant, and there exists some open neighborhood U of A in X su
h that!(U) = A. Set A is a global attra
tor for � if it is an attra
tor for whi
h!(x) is non-empty and !(x) � A for all x 2 X. For a nonempty invariant setM , the set W s(M) := fx 2 X : limt!1 d(�t(x);M) = 0g is 
alled the stableset of M . A 
ontinuous fun
tion � : (�1;1) ! X is 
alled a globallyde�ned solution of � through x = �(0) if �t(�(s)) = �(t + s) for all t � 0and all real s. There may be no full solution through x and even if there isone, it may not be unique. Of 
ourse, a point of an invariant set always hasat least one full solution whose range is 
ontained in the invariant set. For agiven full solution � we de�ne its alpha limit set as �(�) = \t�0[s�t�(s).A nonempty invariant set A � X for �t is said to be internally 
hain tran-sitive if for any a; b 2 A and any � > 0; t0 > 0, there is a �nite sequen
efx1 = a; x2; � � � ; xm; xm+1 = b; t1; � � � ; tmg with xi 2 A and ti � t0; 1 �i � m, su
h that d(�ti(xi); xi+1) < � for all 1 � i � m. The sequen
efx1; � � � ; xm+1; t1; � � � ; tmg is 
alled an (�; t0)-
hain in A 
onne
ting a and b.A is said to be internally 
hain re
urrent if for every a 2 A, t0 > 0,and � > 0 there exists an (�; t0)-
hain in A 
onne
ting a to itself. We usuallydrop the adje
tive "internally" and simply say that A is 
hain transitive or
hain re
urrent. Obviously, 
hain transitivity implies 
hain re
urren
e; if A is
onne
ted and 
hain re
urrent then it is 
hain transitive (see [1,9℄).The most important examples of 
hain transitive sets are limit sets.Lemma 1 Let � be a semi
ow on X. Then the omega limit set of any pre-
ompa
t positive orbit is 
hain transitive. The same holds for the alpha limitset of any full solution � for whi
h f�(t) : t � 0g is 
ompa
t.
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Conley [1℄ proved Lemma 1 for 
ows on a 
ompa
t set. Lemma 1 is proved in [7℄for semi
ows; the �rst assertion is also proved in [9℄. Other examples of 
haintransitive sets in
lude omega limit sets of pre-
ompa
t orbits of asymptoti
allyautonomous semi
ows (see [9℄).Let A andB be two nonempty 
ompa
t subsets ofX. Re
all that the Hausdor�distan
e between A and B is de�ned bydH(A;B) := max (supfd(x;B) : x 2 Ag; supfd(x;A) : x 2 Bg) :The following result, proved in [7℄ for maps, says that limits of 
hain transitivesets are 
hain transitive.Lemma 2 Let � and �n be semi
ows on X for n � 1. Let fDng be a sequen
eof nonempty 
ompa
t subsets of X with limn!1 dH(Dn; D) = 0 for some 
om-pa
t subset D of X. Assume that for ea
h n � 1, Dn is invariant and 
haintransitive (
hain re
urrent) for �n. If for ea
h T > 0, �n ! � uniformlyfor (x; t) 2 [D [ ([n�1Dn)℄ � [0; T ℄, then D is invariant and 
hain transitive(
hain re
urrent) for �.Proof. It is easy to see that K = DS([n�1Dn) is 
ompa
t and D is invariantfor �. By uniform 
ontinuity and uniform 
onvergen
e, for any � > 0 andt0 > 0 there exists Æ 2 (0; �=3) and a natural number N su
h that for n �N , t 2 [0; 2t0℄ and u; v 2 K with d(u; v) < Æ, we have d(�nt (u);�t(v)) �d(�nt (u);�t(u)) + d(�t(u);�t(v)) < �=3. Fix n > N su
h that dH(Dn; D) < Æ.For any a; b 2 D, there are points x; y 2 Dn su
h that d(x; a) < Æ andd(y; b) < Æ. As Dn is 
hain transitive for �n there is a (Æ; t0)-
hain fz1 =x; z2; � � � ; zm+1 = y; t1; � � � ; tmg in Dn for �n, with t0 � ti < 2t0 
onne
ting xto y. For ea
h i = 2; � � � ; m we 
an �nd wi 2 D with d(wi; zi) < Æ sin
e Dn is
ontained in the Æ-neighborhood of D. Let w1 = a; wm+1 = b. We then haved(�ti(wi); wi+1)� d(�ti(wi);�nti(zi)) + d(�nti(zi); zi+1) + d(zi+1; wi+1)<�=3 + Æ + Æ < �for i = 1; � � � ; m. Thus fw1 = a; w2; � � � ; wm+1 = b; t1; � � � ; tmg is an (�; t0)-
hainfor � in D 
onne
ting a to b.We observe that if in Lemma 2 Dn is an omega limit set for �n (and therefore
hain transitive by Lemma 1), the set D need not be an omega limit set forthe limit semi
ow �, although it must be 
hain transitive. Easy examples are3




onstru
ted with �n = �. For example, 
onsider the 
ow generated by theplanar ve
tor �eld given in polar 
oordinates byr0 = 0; �0 = 1� r:The unit 
ir
le D = fr = 1g, 
onsisting of equilibria, is 
hain transitive but isnot an omega limit set of any point, yet D is the Hausdor� limit of the omegalimit sets Dn = fr = 1 + 1ng.3 Robustness of uniform persisten
eThroughout this se
tion, X is a metri
 spa
e and � is a semi
ow on X. LetX0 � X be an open set and �X0 = X nX0. De�ne M� = fx 2 �X0 : �t(x) 2�X0; t � 0g, whi
h may be empty. Note that �X0 need not be the boundaryof X0 as the notation suggests and neither X0 nor �X0 are assumed to bepositively invariant. This pe
uliar notation has be
ome standard in persisten
etheory (see, e.g., [15℄). We assume hereafter that every positive orbit of � ispre-
ompa
t. Motivated by ideas in [16℄, a 
ontinuous fun
tion p : X ! [0;1)satisfying 
ondition:(P) p(�t(x)) > 0 for t > 0 if either p(x) = 0 and x 2 X0 or if p(x) > 0,will be 
alled a generalized distan
e fun
tion for �. An important example isp(x) � d(x; �X0) (1)in 
ase X0 is positively invariant.� is said to be uniformly persistent with respe
t to (X0; �X0; p) if thereexists � > 0 su
h that lim inft!1 p(�t(x)) � �for all x 2 X0.The no-
y
le 
ondition is a 
entral assumption in persisten
e theory. Thene
essary de�nitions follow. Let A and B be two isolated invariant sets. A issaid to be 
hained to B, written A ! B, if there exists a globally de�nedsolution � through some x 62 A[B whose range has 
ompa
t 
losure and su
hthat !(x) � B and �(�) � A. A �nite sequen
e fM1; � � � ;Mkg of isolatedinvariant sets is 
alled a 
hain if M1 !M2 ! � � � !Mk. The 
hain is 
alleda 
y
le if Mk = M1. 4



The following result is Theorem 4.3 in [7℄ in the spe
ial 
ase where p is givenby (1). The proof there is easily extended to in
lude general p.Theorem 3 Let p be a generalized distan
e fun
tion for semi
ow �. Assumethat(C1) � has a global attra
tor A.(C2) There exists a �nite sequen
e M = fM1; � � � ;Mkg of pairwise disjoint,
ompa
t and isolated invariant sets in �X0 with the following properties:� [x2M�!(x) � [ki=1Mi,� no subset of M forms a 
y
le in �X0,� Mi is isolated in X,� W s(Mi) \ p�1(0;1) = ; for ea
h 1 � i � k.Then there exists Æ > 0 su
h that for any 
ompa
t 
hain transitive set L withL 6�Mi for all 1 � i � k, there holds minx2L p(x) > Æ.Sket
h of modi�
ations in the proof of Theorem 4.3 [7℄: We referthe reader to that proof and its notation, whi
h will be followed in this briefsket
h (in parti
ular, the dynami
s is generated by a mapping f : X ! Xand (P) is modi�ed in the obvious fashion). The �rst 
laim is that there exists� > 0 su
h that supfp(x) : x 2 Lg > � holds for all 
hain transitive sets Lnot 
ontained in any Mi. Arguing by 
ontradi
tion as in the original proofwe arrive at 
hain transitive set D (limit of sets Dn) satisfying p(x) = 0 forall x 2 D. If x 2 D \ X0 then (P) implies p(f(x)) > 0, a 
ontradi
tion tof(x) 2 D, so we 
on
lude that D � �X0. The remainder of the proof of the
laim is un
hanged.The se
ond part of the proof begins by 
ontradi
ting the 
on
lusion of theresult, obtaining 
hain transitive set L, with L not 
ontained in any Mi, asa limit of 
hain transitive sets Ln, ea
h not 
ontained in any Mi, and withlimn!1 inffp(x) : x 2 Lng = 0. So we �nd xn 2 Ln with p(xn)! 0, implyingthat L 
ontains a point a with p(a) = 0. By the 
laim, we 
an �nd pointb 2 L su
h that p(b) > �. At this point the proof 
ontinues as in Theorem 4.3[7℄ with the 
onstru
tion of an asymptoti
 pseudo-orbit ex
ept that d(y; �X0)is repla
ed in ea
h o

urren
e by p(y). We 
on
lude that the subsequentiallimit x 2 L of the pseudo-orbit satis�es p(x) � �, but this doesn't implyx 2 X0. Furthermore, as we do not assume that X0 is positively invariant, theargument that mj � lj is unbounded 
an be modi�ed as follows: a = fm(x)
ontradi
ts that p(a) = 0 = p(fm(x)), p(x) � �, and 
ondition (P) whi
hrequires p(fm(x)) > 0. Continuing as in the original argument, we arrive atp(fn(x)) � � for n � 1. Thus, p(y) � � on the 
hain transitive set !(x) 2 L.But this 
ontradi
ts (C2) as in the original proof.
5



In the spe
ial 
ase that L = !(x) for x 2 X0, the 
ondition L � Mi for somei violates the last hypothesis of (C2), so we 
on
lude thatminy2!(x) p(y) > Æ; x 2 X0:This is pre
isely uniform persisten
e. Therefore, Theorem 3 in
ludes a uniformpersisten
e result. In 
ase p is given by (1), this result is well-known. See [3,8℄for maps and [6℄ for semi
ows. Indeed, the assumption (C1) 
an be repla
ed bysome weaker 
ompa
tness assumptions near �X0, see, e.g., [15℄ for a detaileddis
ussion in the 
ontext of 
ontinuous semi
ows.The no 
y
le 
ondition (C2) may be equivalently formulated using a Morsede
omposition of the maximal 
ompa
t invariant set for the restri
tion of �to �X0. See [7℄.Theorem 4 Let �m; m � 0, be a sequen
e of semi
ows on X su
h that everypositive orbit for �m has 
ompa
t 
losure. Let !m(x) denote the omega limitof x for �m, and set W = [m�0;x2X!m(x). Assume W is 
ompa
t and forea
h T > 0, �m ! �0 uniformly for (x; t) 2 W � [0; T ℄. In addition, assume:(A1) �0 satis�es (C1) and (C2) of Theorem 3 with generalized distan
e fun
-tion p for �0.(A2) there exist �0 > 0 and a positive integer N0 su
h that for m � N0 andx 2 X0, lim supt!1 d(�mt (x);Mi) � �0; 1 � i � k:Then there exist � > 0 and a positive integer N su
h that lim inft!1 p(�mt (x)) � �for m � N and x 2 X0.Proof. Assume that, by 
ontradi
tion, there exists a sequen
e fxkg inX0 andpositive integers mk ! 1 satisfying lim inft!1 p(�mkt (xk)) ! 0 as k ! 1. ByLemma 1, !mk(xk) is a 
ompa
t 
hain transitive set for �mk . In the 
ompa
tmetri
 spa
e of all 
ompa
t subsets of W with Hausdor� distan
e dH , thesequen
e f!mk(xk)g has a 
onvergent subsequen
e. Without loss of generality,we assume that for some nonempty 
ompa
t L � W , limk!1 dH(!mk(xk); L) =0. Clearly, there exist yk 2 !mk(xk) su
h that limk!1 p(yk) = 0, and hen
eL\p�1(0) 6= ;. By Lemma 2, L is 
hain transitive for �0. Sin
e L\p�1(0) 6= ;,Theorem 3, applied to �0, implies L �Mi for some i. But !mk(xk)! L givesa 
ontradi
tion to assumption (A2).
6



Theorem 5 (Uniform persisten
e uniform in parameters) Let � be ametri
 spa
e with metri
 �. For ea
h � 2 �, let �� be a semi
ow on X su
hthat ��t (x) is 
ontinuous in (�; x; t). Assume that every positive orbit for ��has 
ompa
t 
losure in X, and that S�2�;x2X !�(x) has 
ompa
t 
losure, where!�(x) denotes the omega limit of x for semi
ow ��. Let �0 2 � be �xed, andassume further that(B1) ��0 satis�es (C1) and (C2) of Theorem 3 with generalized distan
efun
tion p for ��0.(B2) There exists Æ0 > 0 su
h that for any � 2 � with �(�; �0) < Æ0 and anyx 2 X0, lim supt!1 d(��t (x);Mi) � Æ0; 1 � i � k.Then there exists Æ > 0 su
h that lim infn!1 p(��t (x)) � Æ for any � 2 � with�(�; �0) < Æ and any x 2 X0.Proof. Clearly, (B1) implies that (A1) holds for �0 := ��0 . If the 
on
lusionwere false we 
ould �nd sequen
es xk 2 X0 and �k with �k ! �0 su
h thatlim inft!1 p(�kt (xk)) ! 0 as k ! 1, where �k := ��k ! �0 uniformly onW � [0; T ℄ for ea
h T > 0 by uniform 
ontinuity of (�; x; t) ! ��t (x) on
ompa
t (�; x; t)-sets. But this 
ontradi
ts Theorem 4.Theorem 5 is very similar to [12, Theorem 4.3℄. The di�eren
e lies in that theexisten
e of a global attra
tor A0 � X0 for ��0 : X0 ! X0 is assumed in [12,Theorem 4.3℄.4 An appli
ationA mi
robial population growing on a substrate in a 
ontinuously-stirred tankrea
tor o

upying an open and 
onne
ted subset of RN with smooth bound-ary, 
an be modeled by a system of rea
tion di�usion equations for mi
robialbiomass density u and substrate 
on
entration S. The equations derived in [2℄are St= d0�S � 
�1uf(S)ut= d�u+ u[f(S)� k℄; x 2 
; t > 0 (2)with Robin boundary 
onditions 7



S0(x)= �S�� (t; x) + r0(x)S(t; x)0= �u�� (t; x) + r(x)u(t; x); x 2 �
; t > 0 (3)and initial 
onditionsS(0; x)=S0(x)u(0; x)= u0(x); x 2 
: (4)Here, di�usivities d; d0 > 0, yield 
onstant 
 > 0, S0; r; r0; k � 0, � is theoutward normal to the boundary �
, and S0; r; r0 are 
ontinuous and do notvanish identi
ally on their respe
tive domains.The nutrient uptake rate f : R+ ! R+ is assumed to be 
ontinuously di�er-entiable and to satisfy f(0) = 0. The Monod fun
tion given byf(S) = mSa+ Sis often used.It is shown in [2℄ that equations (2)-(4) generate a semi
ow on the spa
eX � C+(
)2 given by �t(S0; u0) = (S(t; �); u(t; �)), t > 0. Semi
ow � satis�es�t(S0; 0) = (S(t; �); 0) ! (S�; 0) as t ! 1, uniformly for S0 in boundedsubsets of C+(
), where S� is the solution of the linear boundary value problemobtained from equations (2)-(3) by setting St; u = 0. Finally, we note that �tis 
ompletely 
ontinuous for ea
h t > 0, orbits of bounded sets are bounded,and � has a global attra
tor in X.The stability of the washout equilibrium (S�; 0) is determined by the eigenvalueproblem�v= d�v + v[f(S�)� k℄; x 2 
0= �v�� (x) + r(x)v(x); x 2 �
 (5)If the largest eigenvalue is positive, then (S�; 0) is unstable, if it is negative,then (S�; 0) is lo
ally asymptoti
ally stable.Let X0 = f(S0; u0) 2 X : u0 6= 0g. An easy maximum prin
iple argument[2℄ establishes that if (S0; u0) 2 X0, then u(t; x) > 0 for all x 2 
 andt > 0. Therefore, X0 is positively invariant for �. The 
omplementary set�X0 = f(S0; u0) 2 X+ : u0 = 0g is 
losed and positively invariant. The8



fun
tion p : X ! [0;1), de�ned byp(S0; u0) � minx2
 u0(x);is 
ontinuous and, by the arguments above, satis�es the 
ondition p(�t(S0; u0)) >0 for t > 0 if either p(S0; u0) = 0 and (S0; u0) 2 X0 or if p(S0; u0) > 0. Thus,p is a generalized distan
e fun
tion for �.Let M > 0 and de�ne the set � as:f(k; S0; f) 2 R+�C+(�
)�C1(R+; R+) : jS0(x)j �M; f(0) = 0; f(S) �MSgwhere the inequalities hold for all values of the indi
ated quantities. We metrize� with the produ
t metri
, denoted by �, using the usual uniform norm on these
ond fa
tor, and a metri
 providing uniform 
onvergen
e on 
ompa
t subsetsof R+ on the third fa
tor (e.g. d(f; g) = Pn 2�n qn(f;g)1+qn(f;g) where qn(f; g) =supx2[0;n℄ jf(x)� g(x)j.)Our main appli
ation of Theorem 5 is that the ba
terial population is uni-formly persistent if the largest eigenvalue is positive.Theorem 6 Suppose the largest eigenvalue of (5) is positive for some �0 =(k; S0; f) 2 �. Then there exists �; Æ > 0 su
h that for all � 2 � with �(�0; �) <Æ and all (S0; u0) 2 X0, we havelim inft!1 u�(t; x) > �; x 2 
:Proof. We �rst note that the joint 
ontinuity of the map (�; S0; u0; t) !(S�(t; �); u�(t; �)), uniformly on bounded t sets, is a standard result whi
h wedo not address here.The bounds de�ning the parameter set � ensure that hypotheses (F1)-(F3) inse
tion 2 of [2℄ hold with a 
ommon set of bounds in (F2),(F3) uniformly in(k; S0; f) 2 �. Therefore, estimates obtained in Thm. 2.5, Cor.2.6, and Thm.2.7 of [2℄ hold uniformly in �. We 
on
lude that [�2�;x2X!�(x) has 
ompa
t
losure in X and ��0 has a global attra
tor.Sin
e !�0(S0; 0) = (S�0� ; 0) for all (S0; 0) 2 �X0, an a
y
li
 
overing 
onsistingof the single equilibrium M = f(S�0� ; 0)g exists. One must only 
he
k thatthere is no globally de�ned solution in �X0 homo
lini
 to equilibriumM . Theorbit of su
h a solution would be a bounded invariant set N � �X0 withN 6= M so, as already noted above, due to the aÆne nature of ��0 restri
tedto �X0, �d(��0t (N);M) := supx2��0t (N) d(x;M)! 0 as t!1. This 
ontradi
ts��0t (N) = N 6= M , proving a
y
li
ity.9



The isolatedness of M in X will follow from the veri�
ation of (B2) below.That W s(M) 
ontains no point (S0; u0) with p(S0; u0) > 0 also follows from(B2) be
ause (S0; u0) 2 X0.We now verify hypothesis (B2) of Theorem 5. If it fails to hold, we 
ould �nda sequen
e xn = (Sn0 ; un0) 2 X0 and �n = (kn; S0n; fn) ! (k; S0; f) with theproperty that lim supt!1 [kS�n(t; �)� S�0� (�)k+ ku�n(t; �)k℄! 0: (6)By shifting the time axis, we may as well repla
e lim supt!1 by supt�0 in theabove equation and assume that un0 (x) > 0 for all x 2 
. Consequently, given� > 0, for all large n, fn(S�n(t; x)) � kn > f(S�0� (x)) � k � � for t � 0 andx 2 
. Thus, vn � u�n satis�esvnt � d�vn + vn[f(S�0� (x))� k � �℄with 
orresponding boundary 
onditions. Our assumptions 
on
erning thelargest eigenvalue of (5) together with the 
ontinuity of the largest eigen-value to perturbations of the potential f(S�) � k imply that for suÆ
ientlysmall � > 0, eigenvalue problem (5) with potential f(S�0� (x)) � k � � has apositive eigenvalue � and a positive eigenfun
tion v(x). For ea
h n we 
an �nd
n > 0 su
h that un0 (x) > 
nv(x) for x 2 
, and a standard 
omparison resultimplies that for large nvn(t; x) � 
ne�tv(x); x 2 
; t > 0;a 
ontradi
tion to the boundedness of orbits and to (6) above. This provesthat (B2) holds.We remark that the hypotheses of Theorem 6 imply the existen
e of an equilib-rium solution (Ŝ�0(x); û�0(x)) satisfying 0 < û�0(x) and 0 < Ŝ�0(x) < S�0� (x)for the referen
e parameter �0. See [2℄ or apply general results in [17℄. Further-more, the washout steady state is a global attra
tor if the largest eigenvalueis negative and f is monotone in
reasing. See Theorem 1.3 of [2℄.Referen
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