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Abstract
Using properties of internally chain transitive sets, we show that uniform persistence

of a semi-dynamical system is robust to small perturbations of the semi-dynamical
system under mild compactness conditions.
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1 Introduction

The notion of chain recurrence, introduced by Conley [1], is a way of getting at
the recurrence properties of a dynamical system. It has remarkable connections
to the structure of attractors. Chain recurrence has been used to characterize
the property of uniform persistence (or permanence) for dynamical systems,
an idea that arose out of population biology; see Garay [4], Hofbauer and
So [8], Schreiber [10], Smith and Zhao [12] and Hirsch, Smith and Zhao [7].
Looked at abstractly, uniform persistence is the notion that a closed subset
of the state space (e.g., the set of extinction for one or more populations) is
repelling for the dynamics on the complementary set. Following our work in
[7] for maps, we show here that uniform persistence is robust under a broad
class of perturbations in the dynamics. The robustness of uniform persistence
is useful in establishing the robustness of global asymptotically stability of an
equilibrium solution (see [11]).
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We take as our setting here a continuous-time semiflow on a metric space. See
[7] for the case of a discrete-time semiflow generated by a non-invertible map.

2 Chain transitive sets

Let X be a metric space with metric d and let &, : X — X, ¢ € [0,00) be a
continuous semiflow on X. That is, (x,t) — ®;(x) is continuous, ®y = idx and
®, 0P, = Py, for t, s > 0. A subset A of X is said to be positively invariant
for @ if &4(A) C A for all ¢ > 0 and invariant if &;(A) = A for all £ > 0. The
omega limit set of A is defined by w(A) = Ni>oUs>Ps(A). The special case
A = {z} will be denoted w(x).

A subset A C X is said to be an attractor for @ if A is nonempty, compact
and invariant, and there exists some open neighborhood U of A in X such that
w(U) = A. Set A is a global attractor for ® if it is an attractor for which
w(z) is non-empty and w(z) C A for all x € X. For a nonempty invariant set
M, the set W*(M) :={z € X : tllglo d(®(z), M) = 0} is called the stable
set of M. A continuous function ¢ : (—oo,00) — X is called a globally
defined solution of ® through = = ¢(0) if ®;(¢(s)) = ¢(t + s) for all t > 0
and all real s. There may be no full solution through z and even if there is
one, it may not be unique. Of course, a point of an invariant set always has
at least one full solution whose range is contained in the invariant set. For a
given full solution ¢ we define its alpha limit set as «(¢) = Ni<oUs<10(5).

A nonempty invariant set A C X for ®; is said to be internally chain tran-
sitive if for any a,b € A and any € > 0,fy > 0, there is a finite sequence

{1 = a,29,- -, Ty, Tpy1 = bity, -+, tp} with z; € A and t; > t5,1 <
i < m, such that d(®y,(z;),z;41) < € for all 1 < i < m. The sequence
{z1, -, Tma1;t1, -+, tm} is called an (e, tg)-chain in A connecting a and b.

A is said to be internally chain recurrent if for every a € A, ty > 0,
and € > 0 there exists an (e, ¢p)-chain in A connecting a to itself. We usually
drop the adjective ”internally” and simply say that A is chain transitive or
chain recurrent. Obviously, chain transitivity implies chain recurrence; if A is
connected and chain recurrent then it is chain transitive (see [1,9]).

The most important examples of chain transitive sets are limit sets.
Lemma 1 Let ® be a semiflow on X. Then the omega limit set of any pre-

compact positive orbit is chain transitive. The same holds for the alpha limit
set of any full solution ¢ for which {¢(t) : t < 0} is compact.



Conley [1] proved Lemma 1 for flows on a compact set. Lemma 1 is proved in [7]
for semiflows; the first assertion is also proved in [9]. Other examples of chain
transitive sets include omega limit sets of pre-compact orbits of asymptotically
autonomous semiflows (see [9]).

Let A and B be two nonempty compact subsets of X. Recall that the Hausdorff
distance between A and B is defined by

dy(A, B) := max (sup{d(z, B) : = € A}, sup{d(z,A): = € B}).

The following result, proved in [7] for maps, says that limits of chain transitive
sets are chain transitive.

Lemma 2 Let ® and ®" be semiflows on X forn > 1. Let {D,} be a sequence
of nonempty compact subsets of X with Jgrgo dy(Dy, D) = 0 for some com-
pact subset D of X. Assume that for each n > 1, D, is invariant and chain
transitive (chain recurrent) for ®". If for each T > 0, ®" — ® uniformly
for (z,t) € [DU (Up>1Dy)] x [0,T], then D is invariant and chain transitive
(chain recurrent) for ®.

Proof. It is easy to see that K = D J(U,>1D,) is compact and D is invariant
for ®. By uniform continuity and uniform convergence, for any ¢ > 0 and
to > 0 there exists 0 € (0,¢/3) and a natural number N such that for n >
N, t € [0,2ty] and u,v € K with d(u,v) < §, we have d(®}(u), ®;(v)) <
d(®)(u), @4 (u)) + d(Py(u), P4(v)) < €/3. Fix n > N such that dy(D,, D) < 4.
For any a,b € D, there are points z,y € D, such that d(z,a) < § and
d(y,b) < d. As D, is chain transitive for ®" there is a (J,¢y)-chain {z; =
Ty 29,y Zma1 = Y1, -, i} in Dy, for @™ with ty < ¢; < 2t, connecting x
to y. For each i = 2,--+,m we can find w; € D with d(w;, z;) < § since D,, is
contained in the d-neighborhood of D. Let wy = a, w1 = b. We then have

(D1, (wi), wiry) < d(Py, (wi), D (2:)) + d(Pf (2:), i) + d(zi41, wiga)
<€/34+0+0<e

fori =1, -+, m. Thus {w; = a,wq, -+, w1 = b;ty, -, ty} is an (€, ty)-chain
for ® in D connecting a to b. [

We observe that if in Lemma 2 D,, is an omega limit set for ®,, (and therefore
chain transitive by Lemma 1), the set D need not be an omega limit set for
the limit semiflow ®, although it must be chain transitive. Easy examples are



constructed with ®” = ®. For example, consider the flow generated by the
planar vector field given in polar coordinates by

=0, #=1-r.

The unit circle D = {r = 1}, consisting of equilibria, is chain transitive but is
not an omega limit set of any point, yet D is the Hausdorff limit of the omega
limit sets D,, = {r =1+ 1}.

3 Robustness of uniform persistence

Throughout this section, X is a metric space and ® is a semiflow on X. Let
Xy C X be an open set and 90X, = X \ Xg. Define My = {x € 0X,: @(z) €
0Xo,t > 0}, which may be empty. Note that X, need not be the boundary
of Xy as the notation suggests and neither Xy nor 90X, are assumed to be
positively invariant. This peculiar notation has become standard in persistence
theory (see, e.g., [15]). We assume hereafter that every positive orbit of ® is
pre-compact. Motivated by ideas in [16], a continuous function p : X — [0, oc)
satisfying condition:

(P) p(®4(x)) > 0 for ¢ > 0 if either p(x) = 0 and = € X or if p(x) > 0,

will be called a generalized distance function for ®. An important example is

p(z) = d(x,0X,) (1)

in case X is positively invariant.

® is said to be uniformly persistent with respect to (Xg, 90Xy, p) if there
exists n > 0 such that

lim inf p(®;(x)) > 7
for all x € Xj.

The no-cycle condition is a central assumption in persistence theory. The
necessary definitions follow. Let A and B be two isolated invariant sets. A is
said to be chained to B, written A — B, if there exists a globally defined
solution ¢ through some = ¢ AU B whose range has compact closure and such
that w(z) C B and «a(¢) C A. A finite sequence {Mj,---, My} of isolated
invariant sets is called a chain if My — My — -+ — M. The chain is called
a cycle if M, = M;.



The following result is Theorem 4.3 in [7] in the special case where p is given
by (1). The proof there is easily extended to include general p.

Theorem 3 Let p be a generalized distance function for semiflow ®. Assume
that

(C1) ® has a global attractor A.

(C2) There exists a finite sequence M = {My,---, My} of pairwise disjoint,
compact and isolated invariant sets in 0Xo with the following properties:

Ugerr,w(z) C UK M,

no subset of M forms a cycle in 0X,,

M; is isolated in X,

We(M;) N p 1(0,00) =0 for each 1 < i < k.

Then there exists 6 > 0 such that for any compact chain transitive set L with
L ¢ M; for all 1 <i <k, there holds minge;, p(x) > 0.

Sketch of modifications in the proof of Theorem 4.3 [7]: We refer
the reader to that proof and its notation, which will be followed in this brief
sketch (in particular, the dynamics is generated by a mapping f : X — X
and (P) is modified in the obvious fashion). The first claim is that there exists
e > 0 such that sup{p(z) : © € L} > € holds for all chain transitive sets L
not contained in any M;. Arguing by contradiction as in the original proof
we arrive at chain transitive set D (limit of sets D,) satisfying p(x) = 0 for
all z € D. If x € DN X, then (P) implies p(f(z)) > 0, a contradiction to
f(z) € D, so we conclude that D C 0Xy. The remainder of the proof of the
claim is unchanged.

The second part of the proof begins by contradicting the conclusion of the
result, obtaining chain transitive set L, with L not contained in any M;, as
a limit of chain transitive sets L,, each not contained in any M;, and with
lim,, o inf{p(z) : z € L,} = 0. So we find x,, € L,, with p(z,) — 0, implying
that L contains a point a with p(a) = 0. By the claim, we can find point
b € L such that p(b) > e. At this point the proof continues as in Theorem 4.3
[7] with the construction of an asymptotic pseudo-orbit except that d(y, 9X,)
is replaced in each occurrence by p(y). We conclude that the subsequential
limit x € L of the pseudo-orbit satisfies p(z) > €, but this doesn’t imply
x € Xj. Furthermore, as we do not assume that Xj is positively invariant, the
argument that m; — [; is unbounded can be modified as follows: a = f™(x)
contradicts that p(a) = 0 = p(f™(x)), p(x) > €, and condition (P) which
requires p(f™(x)) > 0. Continuing as in the original argument, we arrive at
p(f™(z)) < e forn > 1. Thus, p(y) < € on the chain transitive set w(z) € L.
But this contradicts (C2) as in the original proof. '



In the special case that L = w(z) for z € X, the condition L C M; for some
i violates the last hypothesis of (C2), so we conclude that

min p(y) >0, z € Xo.
yEw(z)

This is precisely uniform persistence. Therefore, Theorem 3 includes a uniform
persistence result. In case p is given by (1), this result is well-known. See [3,8]
for maps and [6] for semiflows. Indeed, the assumption (C1) can be replaced by
some weaker compactness assumptions near Xy, see, e.g., [15] for a detailed
discussion in the context of continuous semiflows.

The no cycle condition (C2) may be equivalently formulated using a Morse
decomposition of the maximal compact invariant set for the restriction of ®
to 0Xp. See [7].

Theorem 4 Let ™, m > 0, be a sequence of semiflows on X such that every
positive orbit for ®™ has compact closure. Let wp,(x) denote the omega limit
of x for @™, and set W = Up>ozexwm (). Assume W is compact and for
each T > 0, ®™ — ®° uniformly for (z,t) € W x [0,T]. In addition, assume:

(A1) ®° satisfies (C1) and (C2) of Theorem 3 with generalized distance func-
tion p for ®°.
(A2) there exist ng > 0 and a positive integer Ny such that for m > Ny and
z € Xy, limsupd(®}(z), M;) > no, 1 <i <k.
t—00

Then there exist n > 0 and a positive integer N such that litrginf p(@ () >
o
form > N and z € X,.

Proof. Assume that, by contradiction, there exists a sequence {z} in X, and
positive integers m; — oo satisfying lig(ixljlfp(@f”“ (xr)) — 0 as k — oco. By
Lemma 1, wp, (7x) is a compact chain transitive set for ®™*. In the compact
metric space of all compact subsets of W with Hausdorff distance dy, the
sequence {wp, ()} has a convergent subsequence. Without loss of generality,
we assume that for some nonempty compact L C W, kll)rg) dg(wm, (), L) =

0. Clearly, there exist y, € wyp, (r;) such that klirn p(yr) = 0, and hence
—00

LNp~(0) # (. By Lemma 2, L is chain transitive for ®°. Since LNp~'(0) # 0,
Theorem 3, applied to ®°, implies L C M; for some i. But wy,, (vx) — L gives
a contradiction to assumption (A2). '



Theorem 5 (Uniform persistence uniform in parameters) Let A be a
metric space with metric p. For each X\ € A, let ®* be a semiflow on X such
that ®}(z) is continuous in (N, x,t). Assume that every positive orbit for ®*
has compact closure in X, and that Uy zex wr(x) has compact closure, where
wx(w) denotes the omega limit of x for semiflow ®*. Let \g € A be fived, and
assume further that

(B1) &% satisfies (C1) and (C2) of Theorem 3 with generalized distance
function p for ®*0,
(B2) There exists g > 0 such that for any X\ € A with p(\, Xg) < &y and any
r € Xy, limsupd(®)(x), M;) > &, 1 <i<k.
t—o00

Then there exists 0 > 0 such that lim inf p(®)Nz)) > 6 for any X € A with
p(A, Ag) <0 and any © € X,.

Proof. Clearly, (B1) implies that (A1) holds for ®° := ®*°. If the conclusion
were false we could find sequences z; € Xy and A\, with A\, — Ag such that
li{ginfp(q)f(xk)) — 0 as k — oo, where ®F := ®* — &° uniformly on
W x [0,T] for each T > 0 by uniform continuity of (\,z,t) — ®}(x) on
compact (A, z, t)-sets. But this contradicts Theorem 4. [

Theorem 5 is very similar to [12, Theorem 4.3]. The difference lies in that the
existence of a global attractor Ay C X for ®* : X; — X is assumed in [12,
Theorem 4.3].

4 An application

A microbial population growing on a substrate in a continuously-stirred tank
reactor occupying an open and connected subset of RV with smooth bound-
ary, can be modeled by a system of reaction diffusion equations for microbial
biomass density u and substrate concentration S. The equations derived in [2]
are

S, =dyAS — v tuf(S)
u=dAu+ulf(S)—k], z€Q,t>0 (2)

with Robin boundary conditions



SO(x) = g—f(t, x) +ro(x)S(t, x)

0= %(t,x) br(@)u(tz), €0 >0 (3)

and initial conditions

uw(0,2) =ug(z), x€ Q. (4)

Here, diffusivities d,dy > 0, yield constant v > 0, S° r,rg,k > 0, v is the
outward normal to the boundary 952, and S°,r, ry are continuous and do not
vanish identically on their respective domains.

The nutrient uptake rate f : Ry — R, is assumed to be continuously differ-
entiable and to satisfy f(0) = 0. The Monod function given by

mS

f(S):a—i—S

is often used.

It is shown in [2] that equations (2)-(4) generate a semiflow on the space
X = C(Q)?% given by ®;(So,ug) = (S(t,e), u(t,e)),t > 0. Semiflow ® satisfies
®,(Sp,0) = (S(t,e),0) — (S,,0) as t — oo, uniformly for Sy in bounded
subsets of C'y (Q), where S, is the solution of the linear boundary value problem
obtained from equations (2)-(3) by setting S;, u = 0. Finally, we note that @,
is completely continuous for each ¢ > 0, orbits of bounded sets are bounded,

and ® has a global attractor in X.

The stability of the washout equilibrium (S, 0) is determined by the eigenvalue
problem

Av=dAv+v[f(S,) — k], x€Q
0= %(m) +r(x)v(z), €I (5)

If the largest eigenvalue is positive, then (S,,0) is unstable, if it is negative,
then (S,,0) is locally asymptotically stable.

Let Xo = {(So,up) € X : ug # 0}. An easy maximum principle argument
[2] establishes that if (Sp,ug) € Xy, then wu(t,z) > 0 for all z € O and
t > 0. Therefore, Xy is positively invariant for ®. The complementary set
0Xo = {(So,up) € Xy : uy = 0} is closed and positively invariant. The



function p: X — [0, 00), defined by

(S0, ug) = min ug(x),
reN

is continuous and, by the arguments above, satisfies the condition p(®,(Sy, ug)) >
0 for ¢ > 0 if either p(Sy, ug) = 0 and (Sy, ug) € Xo or if p(Sp, ug) > 0. Thus,
p is a generalized distance function for ®.

Let M > 0 and define the set A as:

[(k, S, f) € RyxC(0Q)xC Ry, By) £ |S°(a)| < M, f(0) = 0, £(S) < MS}

where the inequalities hold for all values of the indicated quantities. We metrize
A with the product metric, denoted by p, using the usual uniform norm on the
second factor, and a metric providing uniform convergence on compact subsets
of R, on the third factor (e.g. d(f,g) = >,27" 1+q (’g) ; where w(f,9) =

SUDsc o) |f (%) — 9(2)].)

Our main application of Theorem 5 is that the bacterial population is uni-
formly persistent if the largest eigenvalue is positive.

Theorem 6 Suppose the largest eigenvalue of (5) is positive for some Ny =
(k,S° f) € A. Then there exists €, > 0 such that for all A\ € A with p(\g, \) <
d and all (So, wy) € Xy, we have

liminfut(t,2) > €, x€Q.

t—00

Proof. We first note that the joint continuity of the map (X, Sy, ug,t) —
(S*(t, ), u*(t,)), uniformly on bounded # sets, is a standard result which we
do not address here.

The bounds defining the parameter set A ensure that hypotheses (F1)-(F3) in
section 2 of [2] hold with a common set of bounds in (F2),(F3) uniformly in
(k,S° f) € A. Therefore, estimates obtained in Thm. 2.5, Cor.2.6, and Thm.
2.7 of [2] hold uniformly in A. We conclude that Uyeca zexwa(z) has compact
closure in X and ®* has a global attractor.

Since wy, (So, 0) = (S0, 0) for all (Sy,0) € 90Xy, an acyclic covering consisting
of the single equilibrium M = {(S},0)} exists. One must only check that
there is no globally defined solution in 90X, homoclinic to equilibrium M. The
orbit of such a solution would be a bounded invariant set N C 90X, with
N # M so, as already noted above, due to the affine nature of ®° restricted
to 0X), (@?O(N), M) = SUD, 920 () d(z, M) — 0 as t — oo. This contradicts

®}°(N) = N # M, proving acyclicity.



The isolatedness of M in X will follow from the verification of (B2) below.
That W*(M) contains no point (Sy, ug) with p(Sp,ug) > 0 also follows from
(B2) because (Sy, up) € Xj.

We now verify hypothesis (B2) of Theorem 5. If it fails to hold, we could find
a sequence 1, = (S ul) € Xy and \, = (k,,S°, fu) — (k,S° f) with the
property that

lim supl]| S* (, ¢) — S2°(e)[| + [lu(, &) ][] — 0. (6)

t—o00

By shifting the time axis, we may as well replace lim sup,_,., by sup,s, in the
above equation and assume that u(x) > 0 for all # € Q. Consequently, given
n > 0, for all large n, f,(S*(t,z)) — k, > f(S}(z)) — k —n for t > 0 and
x € Q. Thus, v" = u™ satisfies

vp > dAV" 4 0, [f(S¥(2)) — k — )

with corresponding boundary conditions. Our assumptions concerning the
largest eigenvalue of (5) together with the continuity of the largest eigen-
value to perturbations of the potential f(S,) — k& imply that for sufficiently
small > 0, eigenvalue problem (5) with potential f(S2(z)) — k — n has a
positive eigenvalue ;1 and a positive eigenfunction v(x). For each n we can find
¢n > 0 such that uf(x) > c,v(z) for x € Q, and a standard comparison result
implies that for large n

v (t, ) > cpettu(z), x€Qt>0,

a contradiction to the boundedness of orbits and to (6) above. This proves
that (B2) holds. '

We remark that the hypotheses of Theorem 6 imply the existence of an equilib-
rium solution (S (z), 4 (z)) satisfying 0 < 4*°(z) and 0 < S (z) < S} (z)
for the reference parameter \q. See [2] or apply general results in [17]. Further-
more, the washout steady state is a global attractor if the largest eigenvalue
is negative and f is monotone increasing. See Theorem 1.3 of [2].
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