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1 Introduction

The indigenous microflora of the human large intestine is a complex ecosys-
tem consisting of several hundred species of microorganisms [5]. The com-
position of the microflora is remarkably stable; the species coexist without
one or a few becoming dominant [12]. One of its most important contribu-
tions to the host is its ability to impede the colonization of the intestinal
tract by nonindigenous microorganisms [19]. The term “colonization resis-
tance” [22] is used to describe all mechanisms involved in this function. An
understanding of these mechanisms would represent a major contribution to
human health. Competition for nutrients and competition for adhesion sites
appear to be widely accepted as among the most important components of
colonization resistance [4, 12, 13, 14, 19, 20].

The difficulties associated with in vivo studies of the human intestinal
microflora are self-evident. A number of in vitro models of bacterial inter-
actions in the gut have been proposed by various authors. Rolfe [19] states
that the chemostat, or continuous-stirred tank reactor (CSTR), is likely the
best system for the study of bacterial interactions, since complex popula-
tion levels of several different organisms can be maintained. Freter and his



co-workers [6, 7, 8, 9, 10, 11] use the CSTR as an in vitro model of the
mouse large intestine. Hume [12] suggests that, when examining digestive
processes, this region of the vertebrate gut is best modeled by a modified
plug flow reactor, which consists of a number of stirred tanks connected in
series. Macfarlane et. al. [15] use a three-vessel modified plug flow reactor
as an in vitro model of the physiology and ecology of microorganisms in the
human colon. Penry and Jumars [18] assert that as the number of stirred
tanks increases, this reactor system becomes more and more like the plug
flow reactor (PFR). In this paper we focus on the performance of the PFR
as a model of the human large intestine from an ecological standpoint.

In a series of papers [6, 7, 8, 9, 10, 11] Freter and his co-workers examine,
both experimentally and mathematically, the observed stability of an indige-
nous intestinal microflora. Two-strain models of the gut, with the CSTR as
their basis and incorporating wall growth, are formulated and numerically
investigated in [6, 10]. In [6] an invading strain is introduced at the steady
state of an already established (resident) strain. Numerical simulations indi-
cate that the invader is virtually eliminated, despite the fact it is identical to
the resident in all respects. In [10], the mathematical model of [6] is reformu-
lated to investigate the role of adhesion in the implantation of an invading
strain. It is found that a less competitive invader can establish and coexist
with the resident provided it has specific sites available for adhesion.

Motivated by Freter’'s work on the gut, the authors formulated a very
general model of multi-strain competition for limiting nutrient and for lim-
ited adhesion sites in [1]. The single-strain case of the general model is
analyzed in [2]. Instead of the CSTR as in Freter’s work, the model is based
on the PFR. Penry and Jumars [18] argue that the plug flow model is more
appropriate for the human gut (and most other mammals). Substrate con-
centrations in the PFR are maintained at higher levels at the inlet and decline
along the length of the reactor. In contrast, the concentration of substrate
in the CSTR is diluted immediately upon entering the growth vessel. The
PFR model also allows for spatial heterogeneity and material flow, neither
of which can be considered in the CSTR. However, we have found that rapid
nutrient diffusion and microbial motility in the PFR model accurately ap-
proximate the continuous-stir hypothesis of the CSTR model. The result is a
remarkable correspondence with the numerical results of Freter et. al. [6, 10].
This correspondence is explored in section 2.

In section 3 we present a numerical investigation of the performance of the
PFR model in a biologically reasonable context. Reactor dimensions (length,
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radius) are chosen in accordance with data on the large intestine, while the
velocity of the medium is varied to reflect realistic transit times. Additionally,
the PFR model allows for the consideration of the effect of nutrient diffusion
and random cell motility on bacterial interactions in the gut. Such behaviors
are not considered in the CSTR models of Freter et. al. [6, 10]. Finally,
nutrient uptake functions, rates of adhesion and shedding, and the nutrient
input concentration are as in Freter et. al. [6, 10], so that comparisons can
be made with the simulations of section 2. I have not yet included a synopsis
of the results of section 3 here.

I have not yet mentioned the segregation effect. There is a nice quote in
Hume [12], p.95, that might be of some use. He says, "From these general
principles it would be predicted that the bacterial population adhering to the
epithelium would be even more stable than that in the lumen. In this case the
invader must compete with the resident species or strains not only for limiting
nutrients but also for specific adhesion sites. Indeed, the bacteria adhering
to the gut wall appear to be not only very stable in species composition but
very specialized as well, forming dense mats of often virtually pure cultures.
This specificity in adhesion sites may not only be physical but also an effect
of local immune reactions of the hundgut wall to bacteria.” The segregetion
effect seems to offer another explanation for these pure cultures. Question:
What happens in the two-species case when the growth curves cross twice?

2 The CSTR versus the PFR

The purpose of this section is to numerically demonstrate the correspondence
between the PFR model (with rapid nutrient diffusion and cell motility) and
the CSTR models of [6, 10]. We begin with the model of [6].

Here, an invading strain is introduced at the steady state of an already
established (resident) strain.

The following assumptions were made in the model:

1. “Resident” and “invader” strains have exactly the same properties.
2. Both strains compete for the same adhesion sites on the gut wall.

3. Both “resident” and “invader” strains compete for the same limiting
nutrient.



4. Offspring of adherent microorganisms occupy additional adhesion sites

or, when most sites are filled, are shed into the lumen.

5. Adhesion of bacteria is reversible, governed by rate constants for adhe-
sion and dissociation in a mass action type of relation.

Additionally, the intrinsic death rate is assumed to be insignificant.

We now describe the model equations for the PFR under these assump-
tions. The result is a special case of Model I of [1]; further details can be
found there. Consider a long thin tube extending along the z-axis. The
reactor occupies the portion of the tube from x = 0 to x = L. It is fed
with growth medium at a constant rate at x = 0 due to a constant laminar
flow of fluid in the vessel in the direction of increasing x and at velocity v.
The external feed contains all nutrients in near optimal amounts except one,
denoted S, which is supplied in growth-limiting amounts and at a constant
input concentration S°. The laminar flow of medium in the tube carries
medium, depleted nutrients, organisms, and byproducts out of the reactor at
x = L. Nutrient is assumed to diffuse throughout with diffusivity dy. Free
microorganisms are assumed to be capable of random movement, modeled by
diffusion coefficients d;. Wall-attached bacteria are assumed to be immobile.
We assume negligible variation of free bacteria and nutrient concentration
transverse to the axial direction of the tube.

In addition to the density of nutrient S(z,t), the model accounts for the
density of free bacteria, u;(x,t), and the density of wall-attached bacteria,
w;(x,t). The model takes the form of a system of partial differential equations
coupled with a system of ordinary differential equations.

The model equations of two-strain competition in a PFR of radius p are
given by

Sy = dySpe — Sy — vy uy + Swi] f1(S) — v5 Huo + dwa] f2(S),
(wi)e = di(wi)ez — v(ui)e + w[fi(S) — ki — (1 = Wy)] (2.1)
+ow;[f;(5)(1 = Gi(W3)) + Bil,
(wi)e = wi( fi(S)G(W;) — ki — Bi) + 6 (1 — W),

for i = 1,2, where 6 = 2/p, together with the boundary conditions
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and the initial conditions

S(x,0) = So(x) >0, wui(x,0) =up(x) >0, wix,0)=wp(z)>0, (2.3)

for 0 < x < L. The “resident” strain (respectively, “invader” strain) is
referred to as strain one (respectively, strain two).

As in [6], the nutrient uptake functions f; are assumed to satisfy Monod
kinetics:

CL,'—FS.

fi(S) =

Under assumption 1 we take m; = ms and a; = as. In accordance with
assumption 2, the occupation fraction W; is W; = (w1 4+ ws) /wee, Where wy,
is the maximum bacteria-on-wall density.

The fraction of wall-bound cells finding sites on the wall G;(W;), as a
function of the occupancy fraction, is assumed to be of the form

11—
- 1+CL—W1’.

In [6] @ = 0.1, while in [10] a = 0.01. We use the latter in

all numerical simulations. This leaves us open to speculation that the
choice of a = 0.01 plays a role in the correspondence between the PFR and
CSTR models. I have rerun the simulation of figure 1 with a = 0.1. It seems
to make very little difference (see figure 1(b)), and I expect that the same will
be the case for the other simulations in the context of [6]. I intend to rerun
figures 2 through 4 with a = 0.1.

Free bacteria are attracted to the wall at a rate proportional (with con-
stant «;) to the product of the free cell density and the fraction of available

Gi(W3)
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wall sites. Finally, we assume that wall-attached bacteria are sloughed off
the wall by mechanical forces at a rate proportional (with constant ;) to
their density. Note that we have allowed for the possibility that the rate
constants are strain-dependent.

The parameter values used by Freter in figures 1 and 2 of [6] are m; =
1.66hr™", v; = 0.5, a; = 9.0 x 10~"g/ml, the dilution rate D = 0.23hr™ ',
B; = 0.1hr ™' a; = 1x 107 "1/hr g, S° = 2.09 x 10~5g/ml, 1g of bacterial mass
is assumed to contain 1.8 x 10'2 cells, there are 3 x 107 wall sites available for
adhesion, and the volume of the growth vessel V' = 1.0ml. To establish the
correspondence between the two models for large diffusion coefficients, the
following modifications are made in the PFR model: a; = (1x107"1/hr g)(3x
107sites) /[(1.8 x 10'2cells/g)(1 x 107%1)] = 1.67 x 10~°hr™', v = 0.23hr ™"
since D = Q/V implies v = Q/A. = DL and the length of the reactor is
assumed to be lem, wy, = [(3 x 107sites)/(1.8 x 10'2cells/g)]/(2mpLem?) =
(1.67 x 107°)/(2mpL)g/cm?, and p = 0.564 so that the volume of the reactor
is approximately 1ml. To approximate the environment of the CSTR, we
take dy = d; = 3. Finally, k; = 0, so that intrinsic death rates are considered
insignificant.

We obtain the initial conditions as follows. In figure 1 of [6] Freter takes
the initial concentration of free residents to be 1.82 x 10°cells/ml, so that
the mass of residents in the lumen is initially 1.0 x 107%g. This quantity is
divided by 7p?Lml to obtain the initial condition u;(0) in the PFR model.
Assuming from figure 1 of [6] that log 10 of the total number of residents is
initially 6.5 yields 3.16 x 10° cells, so that the number of adherent residents
is initially 1.34 x 10%cells. Thus w;(0) = (7.4 x 1077)/(27pL)g/cm? in the
plug flow model. (Note that log10(1.34 x 10°) = 6.13, in good agreement
with figure 1 of [6].) Freter takes the initial number of free invaders to be
1 x 108, so that uy(0) = (5.56 x 107°)/(7p?L)g/ml. Since it is assumed that
no invaders have occupied sites on the wall at time ¢t = 0, wy(0) = 0.

The time series for the PFR model with these parameter values and ini-
tial conditions is given in figure 1. The correspondence with figure 1 of [6]
is quite remarkable. For high diffusion coefficients, then, the PFR model
predicts that a large inoculum of an invader strain with growth, adherence,
and dissociation parameters identical to those of the resident strain will be
largely washed out. This was observed by Freter and his coworkers both
experimentally in [9] and in the CSTR model in [6]. To examine the impor-
tance of wall associated growth in the context of figure 1 (and to establish
a correspondence with figure 2 of [6]) we take u;(0) and us(0) as above,
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w1(0) = we(0) =0, and «; = 0.

The time series for the PFR model is given in figure 2. As in the CSTR
model, the invader successfully replaces the resident as the predominant
strain in this situation.

As pointed out in [6] the rate of bacterial removal exceeds the maximal
growth rate of probably all known bacteria in habitats such as the small
intestine. Therefore, only bacteria capable of adhering to the gut wall can
colonize this habitat. In contrast, the rate of removal is much slower in
the large intestine. Here, colonization is possible without wall growth. (See
figure 2.) However, wall growth maintains the stability of the ecosystem by
preventing the implantation of invaders, even if they have the same fitness
for growth as the residents. (See figure 1.)

The effect of inoculating the PFR of figure 1 with a brief pulse of invaders
is depicted in figure 3. Here, u2(0) = 0, u3 = (5.56 x 107°)/(7p?L)g/ml for
0 <t <25 and uJ = 0 for t > 25. The extent to which competition for
wall sites plays a role in figure 1 is illustrated in figure 4, where the invaders
and residents are assumed to have strain-specific wall sites available to them.
(See Model II in [1].)

Freter [6] indicates that additional computer simulations of the CSTR
model point to the exclusion of the less fit bacterial strain when resident and
invader are of unequal fitness. The same is true in the PFR model; figure 5
provides an example in which the resident is the less fit bacterial strain. Here,
the half-saturation constant of the resident is 1 x 107%g/ml while that of the
invader is 9 x 10~"g/ml, all other strain-specific parameters being equal. As
can be seen, the invader displaces the resident as the dominant strain after
a period of approximately 3000 hours. It should be remembered that the
strains compete for both nutrient and adhesion sites in this scenario. When
each strain has specific sites for adhesion, the less fit strain may be present
on those specific sites and thereby colonize the gut [10]. We next examine
this latter situation in the context of the PFR model.

Freter et. al. [10] reformulate the model of [6] to investigate the role of ad-
hesion in the implantation of an invading strain. In this model assumption 1
is relaxed, allowing the resident strain to be a superior competitor on the
limiting nutrient. Assumption 2 is also relaxed, so that strains compete for
the same limiting nutrient but do not compete for adhesion sites. There are
three types of wall sites in the gut where the invader can initially lodge, differ-
entiated by the rate of shedding of attached bacteria. Their model does not
consider wall growth of the resident population, since the resident is assumed
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to be sufficiently fit to form stable populations and the two populations do
not compete for wall sites. In this context the PFR model becomes

St = doSps —vSy — Vl_l[ul]fl(‘g) - ’7_1[u2 + 5w2]f2<5)7
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—uy (a1 (1 — W) + ao(1 — W) + as(1 — W3)) (2.4)
+6(Brwy + Bawi + 5311)2),
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together with the boundary conditions (2.2) and initial conditions com-
parable to (2.3). Here, Wi is the invader occupation fraction for sites of type
j. Tt is defined as WJ = w)/wl, where wi, is the wall capacity, specific to
the invader, for sites of type j.

The parameter values used by Freter et. al. in figures 10 and 11 of [10]
are m; = 1.66hr™', 7, = 0.5, a1 = 9.1 x 10~ 7g/ml, D = 0.23hr™ ", a; =
1 x 107/hr g, S° = 2.09 x 1075g/ml, 1g of bacterial mass is assumed to
contain 1.8 x 102 cells, and V = 1.0ml. The sites available to the invader
strain are differentiated as follows: there are 1 x 10? sites with corresponding
B = 0.18, 1 x 103 sites with 8, = 0.13, and 1 x 10 sites with 33 = 0.08.

To examine the correspondence between the two models for large diffu-
sion coefficients, the following modifications are made in the PFR model:
a; = (1 x 1071/hr g)(1 x 10%sites)/[(1.8 x 10" 2cells/g)(1 x 10731)] = 5.56 x
107 "hr™, ay = 5.56 x 10 2hr ™!, and a3 = 5.56 x 10~ hr™'. The three
invader-specific wall capacities are taken to be w!, = (5.56x107%)/2rpL)g/cm?,

= (5.56 x 1071%)/27pL)g/cm?, and w3, = (5.56 x 1071)/27pL)g/cm?.
Again, v = 0.23hr™%, p = 0.564, ky = ky = 0, and dy = d; = dy = 3. For
the initial conditions, Freter et. al. [10] take the initial concentration of free
residents to be 1 x 10® cells/ml and the initial concentration of free invaders
to be 1 x 10® cells/ml; the corresponding values for the plug flow reactor are
obtained as in the previous case.

The simulations run in the context of [10] are shown in figure 6. In
figure 6(a) the parameter values and initial conditions are as in figure 10

)
)
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of [10], so that a; = 1.9 x 107%g/ml. The same is true of figure 6(b) and
figure 11 of [10], so that as = 1.1 x 107%¢/ml. Note that the time series in
figure 6(b) closely resembles that of figure 11 of [10], while figure 6(a) depicts
a situation lying between figures 10 and 11 of [10]. When the disparity
between the resident and invader is increased by taking as = 3.2 x 10~ %g/ml,
as in figure 6(c), we obtain a time series more closely resembling figure 10
of [10]. Thus, as in the CSTR model [10], stable populations of two bacterial
strains that compete in the gut for the same limiting nutrient can coexist
if the less fit strain has specific adhesion sites available. (See figures 6(a)
and (b).) If the growth rate of the less fit strain is lowered, this strain will
be unable to colonize the less sheltered wall areas, but may still persist in
those areas where the slough-off rate is slower. (See figure 6(c).) Finally we
note that the invader washed out completely when a, was increased further
still. This is again consistent with the results of Freter et. al. for the CSTR
model [10].

3 The PFR revisited

The results of the previous section were obtained for large diffusion coeffi-
cients. In this section we take advantage of the structure of the PFR model
and frame the numerics in a biologically reasonable context. The basic di-
mensions of the reactor are chosen in accordance with data on the large
intestine provided by Mitsuoka [16]. Thus, the length L = 150cm and the
radius p = 2.5cm. The velocity of the medium is varied to approximate
transit times between 12 and 48 hours [17]. The random motility coefficients
are taken to be d; = 0.2cm?/hr (see [21]), while the nutrient is assumed to
diffuse with diffusivity dy = 0.0002cm?/hr (see [3]). The nutrient uptake
functions again satisfy Monod kinetics, and the fraction of daughter cells of
wall-bound bacteria finding sites on the wall G;(W;) is again taken to coincide
with that of Freter et. al. [10]. The parameters describing growth, adhesion,
and slough-off will be described below. They will be chosen so that direct
comparisons with the simulations of the previous section can be made.



4 Nomenclature

w;(z,t) Bacteria-in-solution density of population u;

d; Diffusion coefficient for population u;

w;(x,t) Bacteria-on-wall density of population w;

Weo Maximum bacteria-on-wall density

wi(x, 1) Bacteria-on-wall density of population w, for sites of
of type J

wl Maximum bacteria-on-wall density, specific to the invader,
for sites of type j

Wi(z,t) Strain-specific occupation fraction.

WQJ (x,t) Invader occupation fraction for sites of type j,
Wi = wh/wl,

G Fraction of offspring of population w; which find sites on
the wall.

S(z,t) Nutrient density

do Diffusion coefficient for resource S

S0 Input concentration of resource S

fu: (9),fuw;(S)  Resource dependent growth rate of population u;, w; per
unit of population u;,w;

Vi Growth yield constant for strain ¢ on resource S

Ky, K, Intrinsic death rate of population wu;, w;

Q; Rate coefficient of attachment for population w;

B; Rate coefficient of detachment for population w;

L Length of the reactor

P Radius of the reactor

v Volumetric flow rate
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Figure 1: Time series for flow reactor in which an invader strain competes
with a resident strain for the same adhesion sites and the same limiting
nutrient. (a) a = 0.01, (b) a = 0.1.
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Figure 5: Time series for the same interactions shown in figure 1 except that
the resident and invading strains are of unequal fitness. The half-saturation
constant for the resident is 1 x 107%g/ml while that of the invader is 9 x
10~"g/ml, so that the resident is the less fit bacterial strain.
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specific sites. The sites specific to the invader are further differentiated by
the rates of adhesion and detachment. In figure 6(a), a; = 1.9 x 1073, In
figure 6(b), a; = 1.1 x 1073. In figure 6(c), a; = 3.2 x 1073,
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Figure 9: Time series for the same interactions shown in figure 1 with realistic

parameter values. Here the invading strain is more motile than the resident:
d; = 0.02 and dy = 0.2.
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Figure 10: Time series for the same interactions as in figure 1 with realistic
parameter values. Here the resident strain is more motile than the invader:

d1 = 0.2 and d2 = 0.02.
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Figure 11: Time series for the same interactions shown in figure 1 with
realistic parameter values. Here the resident and invader are equally motile.
The invader is assumed to attach more readily and adhere more avidly than
the resident: 3; = 0.2 and oy = 1.67 x 1072, while 3, = 0.1 and «o; =
3.34 x 107Y.
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Figure 12: Time series for the same interactions shown in figure 6 with
realistic parameter values. (The resident is the one dying out.)

20



10

@
T
L

Log10 Number of Microorganisms
°
:
.

- Curves labeled as in figure 6(a)
— N
i S
-5 RN h I ! I I
0 50 100 150 200 250 300 350 400
Time
T
10r |
8f 4
P
E
2 6f 4
8
2
S
3]
S
S 4r q
5
3
5
£, s
z ’
S e
g s
= ad
o s 4
/
PR
ST
;o
=2F 7 4
;o
; ) Curves labeled as in figure 6(a)
gl I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Time

Figure 13: Time series for the same interactions shown in figure 6(a) and
figure 12(a). Here, wall growth is incorporated into the model for the resident
strain.

21



