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1. Introduction

w W
= O

Maximum principles for parabolic and elliptic equations are an important toﬁl
in studying many problems in application, including positivity of steady states of
systems of nonlinear elliptic equations and the dynamics of solutions to parabglic
systems. In the first, if the system is not variational then the index theory is.a
promising and powerful tool in proving the existence of solutions. The indgx
theory for nonlinear maps defined on positive cones of Banach spaces|jseses|
been extensively used to study the existence of positive steady states. One of;the
fundamental steps to apply this theory is to verify that the map is strongly positiye
and this usually reduces to the fact that nontrivial and nonnegative solutigps

ADWOW W W W W W W
P O © © N O O &~ W N

41

IN
N

* Corresponding author. 42

E-mail addressegdle@math.utsa.edu (D. Le), halsmith@asu.edu (H. Smith). 43

IN
&

0022-247X/02/$ — see front mattér 2002 Elsevier Science (USA). All rights reserved.
PIl: S0022-247X(02)00314-1



ARTICLE IN PRESS

S0022-247X(02)00314-1/FLA AID:8133 Vol.eee(eee) LJ .2 (1-14)
ELSGMLTM(JMAA) :mNY1s 2002/08/30 Prn: 4/89/2002 11:27 Jmaa y.EA p.- 2

2 D. Le, H. Smith / J. Math. Anal. Appise (eeee) ecee—see
1 to certain boundary value elliptic problem are in fact strictly positive. Strorg
2 positivity is also a crucial component in establishing the strong monotonicity for
3 maps if one wishes to apply the theory of monotone dynamical systems to steidy
4 the dynamics of solutions. 4
5 In particular, on a bounded open setc R", we often consider nonnegatives
6  solutions to the elliptic equation 6
7 7
8 Dj(Aij(x)Diu)+B,~(x)Diu+c(x)u:f(x), in 2 8
9 9
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with certain boundary condition on the boundary such as Dirichlet or Robin
boundary conditions. Given a solutian# 0 andu > 0 on £2, we want to
establish that the solution is positive on the closuresaf If the boundary
9% is sufficiently smooth andgf(x), c(x) > 0 in £ then the strong positivity
of nontrivial nonnegative solutions is just a simple consequence of the HJpf
maximum principle, see Protter and Weinberg&lr Maximum principles for
parabolic equations can be found &).[However, for Lipschitz or even piecewise *°
smooth boundary domains, the problem becomes more complicated and stréng
positivity is no longer true in general. Although there are extensions of the
maximum principle which specify the sign of the directional derivative in outward
pointing directions, even at “edges” or “corners” if the domain is piecewié&
smooth, strong regularity hypotheses are required and the conclusion is 6P1Iy
a weak inequality. Serrin9] seems to be the first to obtain such results, lateT
extended by Gidas et al. iB][ See also the edge point lemma #).[Most related 22

to our paper is the lemma on the inner derivative of NadirashilCjorollary 3.2

which requires certain boundedness on the boundary data, and therefore cazﬁlnot
apply to the examples below.

The following example (due to A. Castro) is a bit discouraging. 2

27
28

Example 1. Let 2 = (0, 7/4) x (0, 7/4) andu(x, y) = sin(x) + sin(y). Thenu ”0

satisfies

—Au = sin(x) + sin(y), in 2, a1
—ux(0, ) + gy #(0, ) =0,y € (0,7/4), 11 =

33
—uy(x,0) + Sm(x)u(x 0=0, xe(,m/4. 34

Obviouslyu(x, y) > 0in £ butu(0, 0) = 0. Thusu is nontrivial nonnegative zz
but not strictly positive. The Hopf boundary point lemma fails at the corner poip]t
(0, 0) where the interior sphere condition is not verified.

In the same way, we can consider the functign, y, z) = sin(x) + sin(y) +

sin(z) defined on the bof2 = [0, /413 in R3. This function satisfies

38
39
40

{ —Au = sin(x) + sin(y) + sin(z), in £2, 4

1.2
B4 b(x,y, Du=0, onde, G2
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where, for examplej(x, y) = 1/(sin(x) + sin(y)) on the plary = 0. Again,u is 1
nonnegative irf2 but vanishes at the corner poii@, 0, 0). 2

3

In the above examples, not only thaf2 is not smooth but the data 4

is discontinuous and unbounded @m2. However, a simple application of s
Theorem 4 shows that the above are the borderline cases. We assertthat

;

Example 2. Leta € (0, 1) ands2 = (0, 7/4)2. Consider the problem 8
—Au= f(x,y), in 2, 9
10
_ux(o’ y)+Wl(y)u(ov )’)ZO, )’E(Oa”/‘l), (13) 11
where f (x, y) is a bounded nonnegative function oh If u(x, y) is continuous 14
on £2 and solves (1.3) them(0, 0) > 0. 15
16
A counterpart of (1.2) can be constructed similarly. 17

In Section 2, we present a simple proof of nonnegativity of solutions of
parabolic and elliptic equations. We then prove strong positivity of nontrivig
nonnegative weak solutions of elliptic equations via boundary Harnack inequalify
in Section 3. 21

22

23
2. Nonnegativity of solutions ”

Let 2 be a domain iR such that the following integration by parts formula

. aU
/leUde:/a—Vda—/UVde @1 ¥

Y
2 382 2 29
holds for anyU € W12(2, R") andV € W12(£2) that make the above integrals 3o
finite. The terms in the boundary integral are understood in the sense of traces.

For a functionu in W1(£2) we denote the positive and negative parts:of 32
respectively byu™ andu~. Thatis,u =u™ +u~, u™ >0 andu™ <0.By [4, 33

Lemma 7.6, p. 15R we have that 34
. . 35

Dut — Du, !fu>0, Du— — Du, !fu<0, 2.2)

0, if u<O, 0, ifu=>0 a7

It follows that, for any indices, j, 38
utu= = Diu+Dju_ =Dijutu"=uTDiju" =0, a.e.inf. 23) *

For someT > 0, let 07 = £2 x (0, T). We consider the following inequality ,,
in Or. a2
— Lu +c(x,)u >0, (2.4) 43
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1 where 1
2 2
X Lu=D;(Aij(x,t)Dju) + Bi(x,1)Dju, X
4 and B;i(x,t),c(x,t) are bounded measurable functions @h. Moreover, 4
5 L satisfies the following uniform ellipticity condition for sorae> 0. 5
6 6
, Aij(x, D&} 2 dIEP, VEER", (x,1) € Q. @5) |
8 We also consider the following inequality 82 x (0, T). 8
9 9
10 AjjDijun; +b(x, t)u >0, (2.6) 10
1 whereb(x, 1) > 0is a given function in.>°([0, T), L?(3£2)) andv = (n;). 1

Formally multiplication (2.4) (following $, Chapter P by a nonnegative 12
smooth functiony and integration by parts lead us to the following definitionis
Let Vo(Q71) (see b, p. §) be the Banach space consisting of all functions in4

Wzl’O(QT) having finite norm 15
16

llullv. = sup |u(e,1) +IVull 2,y
2(01) Ogth” ”LZ(Q) L<(Qr1) 17
18
A function u € Vo(Qr) is said to satisfyweakly(2.4) and (2.6) if for any 4
nonnegative) € Wzl’l(QT) 20
21
/u(x,t)n(x,t)dx—/u(x,O)n(x,O)dx—//ur/,dxdt 22
Q Q 23

//A,]DuDjr/ B;iDjun + cundx dt > //bur/dodt 2.7 25
(o) 0982 27

for almost every € (0, T). Here,Q; = 22 x (0, ). 28
It is easy to see that if e C21(Qr) satisfies (2.4), (2.6) pointwise then (2.7)29
holds foru. Conversely, ifu € Vo(Qr) and satisfies (2.7) and is sufficiently 30
smooth then it also verifies (2.4), (2.6) pointwise. 31
We will now prove that 32

33

Theorem 1. Let u(x,t) be in Vo(Q7) and satisfy(2.4) and (2.6) weakly. If 34
u(x,0) > 0thenu(x,r) >0a.e.inQr. 35
36

Proof. First of all, by the change of variables= ¢*'U, we can replace the 37
coefficientc in (2.4) by ¢ + k and prove the assertion of the lemma fér 38
Therefore, we will assume thatsatisfies 39

—Lu+ (c+ku=0. (2.8)

Using the Steklov average and taking to the limit (SeeChapter Y we can 42
formally taken = —u~ > 0in (2.7) to obtain 43
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1 1
1 —/(Lf(x,t))zdx— —/(Lf(x,O))zdx 1
2 2 2 2
2 2
3 3
4 +// (AijDiuDju_—BiDiuu_—}—(c—}—k)uu_)dxdt 4
5 5
6 p 6
7 _ 7
8 —/ / buu~ do dt. (29 o
9 0 082 9
10 BecauseD;juDju~ = Diu~Dju~ and uu~ = (u")?> ae. by (2.3), and *°
1y~ (x,0)=0, b >0 by our assumption, we derive from the above that 1
12 12
1 2
13 - 13
= ,0)°d
14 / 2(u x )) * 14
15 $2 15
16 +// (AijDiu_Dju_—BiDiu_u_+(c+k)(u_)2)dxdt<0. (2.10) 18
17 O 17
18 18
19 For anye > 0, there exist€ (¢) such that, 19
20 |Bi Diuu"| = |Bi Diu"u"| < &|Du"|*>+ C(e)(u")>. (2.11) 2
21 21
2 Using the above in (2.10) with= d /2 and taking into account (2.5), we obtain,,
23 1 _ 2 d 2 23
o /E(u (x,t)) dx—i—E/ |D(u )| dxdt ”
25 2 0; 25
26 _2 26
” < // [C(e) — (¢ + k)] )2dx dr. ”
28 28
2 Next, we choosé sufficiently large such that (d/2) — (c + k) < 0. The above ?°
30 H |d 30
yields

31 1 d 31
52 /—(Lf(x,t))zdx—}——/ |D@™)[?dxdt <0, 52
33 2 2 33
34 $2 o

a5 fora.e.r € (0, 7). (212)
36 This implies thatfg(u*)z(x, t)dx = 0 and thereforee~ (x,r) = 0. We then 36
37 conclude thati(x,r) >0, fora.er € (0, 7). O 37

w
@

38

An elliptic version of Theorem 1 is also available. We say that a function

u € WL2(2) weakly satisfies 40
41
—Dj(A;jDiu) + Bi Dju +cu > 0, in §2, 4

AijDiun; +b(x)u >0, ona (2.13) 43

N N N N
w N B O ©
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1 if, for any nonnegatives € W12(£2), we have 1
2 2
3 /(AijDiuDj¢+BiDiu¢+Cu¢)dxZ—/bu(ﬁdﬂ. (2.14) s
4 2 EYe; 4
5 5
6 We assume the following conditions on (2.13). For saime0, 6
7 Aij(0EE; > d|E|?, Vx e, VEeR" (2.15) 7
8 8
9 We suppose furthermore that%Di B; + ¢ is weakly nonnegative in the o
10 following sense 10
11 l 11
12 /<§Bl~ D;v + cv) dx>0, Vve Wl’l(.Q), v>0. (2.16) 12

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

We then have the following result.

Theorem 2. Assumg2.15), (2.16) and

/cdx+/bdc7>0. 1:

2 082 20

If u e W2(2) satisfieq2.13) weakly theni(x) > 0O a.e. 2

22

Proof. We follow the argument of the proof of Theorem 1. Note that we can rfd
longer replace by ¢ + k here. Usingp = 1~ in (2.14), we obtain 24
25

d/ |Du~ % dx +/(B,~D,~u—u— +c™)?)dx < —/b(u—)zda. 2

2 2 082 z

28
Since (u™)? € W(2) and D((u~)?) = 2Du"u—, the second integral is 29
nonnegative by (2.16). We conclude thiat— = 0 and therefora ™~ is a constant. 30

The above reduces to 31
32

(u_)2|:/cdx+/bdc7:| =/C(u_)2dx+/b(u_)2dc7 <0. 33

Q a0 Q Y, 3

Thanks to the assumption énc, the above impliea~ = 0 and concludes our 3
proof. O 37

Remark 2.1. If B;’s are differentiable, (2.16) implies that%D,»Bi +c>0a.e. 39
in £2. To see this, one needs only to take W11(£2) with compact support 4o
and use integration by parts. Taking constarih (2.16), one also derives that 41
[o cdx > 0. Therefore, we could as well assume tiigt bdo > 0 in the above 42
theorem. Finally, by a simple use of Young's inequality as in (2.11) of the prosf
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of Theorem 1, we can obtain the above conclusion when the assumptiBn orn
andc in (2.16) is replaced by

Ade(x) =Y |Bi0)[? >0, Vxeg.

The proof is similar so that it will be omitted.

~N o g B~ W N

Remark 2.2. The above arguments can apply equally to mixed boundasy

condition problems. In fact, we can replace (2.6) by 9
AijDiunj—i—b(x,t)u}O, onli x (0,7), 1:
u>0, onl»x(0,7T), 2.17) 1

whererl, I'; are open subsets 62 andd2 = I'1 U I». To see this, we notice
thatu==0onIl» x (0, T).
15
The conclusions of Theorems 1 and 2 hold as well for semilinear parabolic dfid

elliptic equations. For example, we can consider the following problem 1
18

ur — Dj(A;jjDiu) + BiDiu +c(x,)u = f(x,t,u), (x,1)e€ 07 19
AijDiunj +b(x,Hu = g(x,t), (x,1) €32 x (0, 7). (2.18) *°
We then assume that Z
fx,t,u) >0, foru>0 and f(x,t,u)<0, foru<DO. (2.19) =

24
Under these conditionsf (x, ¢, u(x, ))(—u~(x, 1)) < 0 for any given func-

tion u. Therefore, we can obtain (2.9) in the proof of Theorem 1 for the sys:
tem (2.18) and follow the same argument there to prove the following result. ,

28
Theorem 3. Letu(x,t) be in V2(Qr) and satisfy(2.18) weakly. Ifg(x,1) >0 4
andu(x,0) > 0thenu(x,t) >0in Q7 a.e. -

31

32
3. Strong positivity 33

34
In this section, we will show thatontrivial nonnegative weak solutions of the .

elliptic equation 36

—D;(A;jDiu) + BiDiju+cu = f(x), in$2, 87
AjjDiunj +b(x)u=g(x), o0onas 3.1 39
are strictly positive on2 if ¢, f, g are nonnegative functions. We discuss belowo
the assumptions will be made on the data of (3.1) and the dofaain 41

Let B(xo, R) denote the ball ilR" that centers atg with radiusR. For any 42
givenxg € 2 and R > 0 we write £2(xg, R) = £2 N B(xo, R) and 02z (x0) = 43
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952 N B(xg, R). If xo is understood, we simply writ@ (R), 02 for 2(xo, R), 1
082R (x0). 2

We impose the following conditions on the geometryafand the boundary 3
382: For all xo € 2, R > 0 the set2(xo, R) is convex and there exist positive 4
constantsvy, a2, a3 such that 5

a1R" <|2(x0, B)| <a2R",  o(32NB(xo, R) <azR™,  (3.2) °

where|A|, o (A) are respectively the-dimensional and the surface measures of
a setA. Furthermoreg $2 is assumed to be piecewisely smooth.
Regarding the coefficients of the equation, we impose the following cond|t|0n§.
11
(A.1) (Ellipticity) There exist positive constani, d> such that for all real |,
vectorst = (&) e R" we have 13

dilE12 < Ajj(0)EEj < dolE?,  ae.ing2. 14

(A2) be L|oc(39) for somegg > n — 1.
(A3) Bi,c, f € Li5.(£2).

The main result of this work is the following

Theorem 4. Assume thaf andg are nonnegative functions. Lete W2(£2) N
L*>®°(£2) be a nontrivial nonnegative solution t@3.1). Then u is Hoélder
continuous on2 with someo > 0. Moreover,u is strictly positive on2. That
is, there exist€g > 0 such that

u(x) > Co, Vxe 2. 25

26

We remark here that ib > 0 and (2.16) holds then solutions to (3.1) are,
nonnegative by Theorem 2.

The proof of Theorem 4 is based on the weak Harnack inequality which v\g;,l

be extended up to the boundary for nonnegative weak supersolutions of (3.1).,yVe

recall that a weak supersolutianof (3.1) is a function inWw1-2(2) and weakly ,,

satisfies 2
—Dj(AijDiu)—l—BiDiu +cu>0, ing, 33
Ai;Diun; +b(x)u >0, onas. (33) ..

That is, for any nonnegative e W1-2(£2), we have 36
37
/(AijDiuD]xj)—l—BiDiuqﬁ—i—cuqﬁ)dx2—/bu¢do. (34) 4
2 082 39
We collect here some known facts that will be needed in our proof. First, @s
052 is piecewisely smooth, we have the following inequality framg. 69 41
n n-—1 42
lullzs e <1 Dulfzqg) lullzlg) @=7 == 35) 4
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1 for all u € W2(£2) that satisfiesip = [,udx =0 and allg € [2(n — 1)/n, 1
2 2m—1D/(n—2)andg €[1,00) forn=2.1fg <2(n —1)/(n — 2) thena < 1. 2
3 Therefore, for any € W12(£2), we can apply the above inequality #o— uo 3
4 and then Young's inequality to get 4
5 5
6 Il Za o) < elDU22 o)+ C@llulZ2 o), 6
7 7

2m—1) 2n—1

8 Ve > 0, qe[ (n ), (n )>. (3.6) s
o n n—2 o
10 We should remark that, as a consequence of (A.2), Holder inequality and (316),
11 the boundary integral in (3.4) is finite for all ¢ € W12(£2). 1
12 We will also need the following result by John and Nirenbedg Theo- 12
13 rem7.2]. 13

[
N

14
Lemma 3.1. Let u € WL1(£2) where 2 is convex, and suppose there exists as

[
(%))

16 constantk such that 16
17 17
18 |Duldx < KR"1, forall xpandR > O. 18
19 2(xo,R) 19

N
o

20
21

o . n 22
/exp(zlu - M_Q|> dx < C(diam(£2))", »s
2

24
25
26
27
28
29
30
31

1/x0 32
u)‘odx) < Cessing(x.r) U, (3.7)

34

Then there exists positive constasgsC depending only on such that

NN
a A W N P

whereo = og|$2|(diam(£2)) " andugp = f, udx.

NN
~N O

We then prove the following weak Harnack inequality for (3.3).

NN
©

Lemma 3.2. Let u be a nonnegative function itV12(£2) N L>®(£2) that
satisfieq3.3) weakly. Then for anyg € [1, n/(n — 2)) there isC > 0 such that

( 3

for anyxg € £2 and R > 0. Therefore, if the left-hand side @.7) is nonzero for 36
all xo € 2 thenu is strictly positive on?. 37
38

Proof. We fix anxg € £2 andR > 0. For a givere > 0 we definev = u + €. Let 39
0 <r’ <r < 2R andyn be aC* cutoff function such that =1 in B(xp,r") and 40
n = 0 outsideB(xo, r) and, furthermore,Dn| < 2/(r — r'). 41
For p < 0 we setgp = v”5?, which is a legitimate test function, in (3.4) to 42
obtain 43

w W W W W
A W N B O

2(x0,2R)

AR DN A W oW W oW W
W N B O © ® N o O
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/A,’j(})D,’MDjUUp L 2+2D MUPUDJU)+B Djuv? 2+C’/”)p77 dx
2
;—/buv”nzdo,

082
or

|pl / AijDiuDjvvp_lnzdx

< /(ZDiuvanjn—i-BiDiuvpnz—i—cuvpnz) dx + /buvp 2do. (3.8)
Q2 EXe;
Assume first thap # —1. Using (A.1), the facts thddu = Dv, p < 0, and the
Young inequality we have

1\? 1 1\?
|D(U(P+1)/2)|2:(%> |DU|2U‘U—1<d_<%> Al‘ijMDjUUp_l,
1

vP DiunDjn = [U(l’*l)/ZDl.un] [U(P+l)/2Dj ,]]
< ev” Y DvPp? + C(e)w? D,
vP Djun? = [v(l”l)/ZDiun] [v(p+1)/2n] < evP Y Dv2p? + Ce)vP T2

Choosings small we derive

/|D(v(1’+1>/2)|2n2dx

1 2
Cw{/v”+l(n2+|Dr)|2)dx+/buvpn2dc7},

~
[Pl
2 982
or

[ 1Dz P ax

2

N

2
CM{/vl’+l(n2+|Dn|2)dx+/buv1’n2d0}- (3.9)

[Pl
2 982

If B(xg,r) C £2 the boundary integral is zero. Otherwise, since v, we use
Holder inequality to get

/ buvPn?do < / boP o2 do < bllzwowe, [0 0% 40y
082 082

10
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1 Here 1< g = qo/(go—1) < (n —1)/(n — 2). Applying (3.6) toV = v(P+D/2;; 1
2 we have 2
3 3
+1,,2
4 H vP Hm(axz) ||V||L24(8.(2) 4
2
Z \8||DV||L2(Q)+C(8)||V||L2(Q), V8>O Z
Hence,
7 7
8 /buv”nzdo ga/’D(v(’H'l)/zn)’zdx+C(8)/vp+lr]2dx. (3.10) &
9 9
10 952 2 2 10
n Thus, for adequately small we infer from (3.9) and (3.10) that 1
12 2 (p+1? 12
13 /(|D(v(1’+l)/2n)| + v1’+ln2) dx <C o vl’H(nz + |D17|2) dx. 4
14 2 22 14
15 We can now follow Moser’s iteration argument. We first recall the imbeddirg
16 inequality 16
17 1 - 2]’1 17
18 1UllLace) < ClU a2 VY2 1< g < ——. 18
19 19
20 Now choosex such that 1< x < n/(n — 2) and apply the above t¢/ =

vP1tD/25in 2(r) andg = 2« we obtain 21

1/k 22
([ o) :

24

Q2
25
< C|Q(r)|1/1cfl+2/n/(|D(U(p+l)/2n)|2+Up+ln2) dx 26
Q 27
B +1 2 28
gC’.Q(r)‘l/K l+Z/Y'M/~111’+1(|Dr]|2—i—rlz)dx. 29
|pl %0
Q2

Let A > 0. Fori =0,....k, let i = R+ 27"*'R and p; < 0 such that 2;
pi +1=—x¢'.We taker’ =riy+1 andr =r; andp = p; in the above inequality. .
Notice thaty|, |Dy| < 21t2/R, |2(r;)| ~ |$2(R)| ~ R", | p| > 1. We then obtain s
from the above inequality that .
1/k .

i+1 : i
p et dx) C’.Q(R)‘l/'( ! ()\.Kl)z / v dx. 37
2(riv1) Q) 38
Dividing by £2(R)¥/¥ and raising both sides to the powef(dx’), we get jz

1/ (it 1/ak!
i+1 —i i i
( ][ (v 1) dx) <CyCi < ][ (v )™ dx) w2
43

£2(rig1) £2(ri)
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1 with C1 = (CA%)Y* andCy = (4«?)Y/*, Iterating the above gives 1
2 1/hacktt 2
3 k+1 3
—1\ Ak
4 ( ][ (v ) dx) A
5 2(rg+1) 5
6 . . 1/2 6
7 < Clor T el ( ][ (vl)*dx> : 3.11) 7
2 2@3R) :
10 As the series in the exponents converge, we now tehd tooo to obtain 10
11 1 1/x 11
12 esssup gy~ < C( ][ v dx) . (3.12) 12
v
13 2@3R) 13

A B B DWW W W W W W WWWN N NN DNDNDNDNDNDNERER R PP R
w N P O ©W 0 N OO O B W N P O VW 0o N O O B WN EFP O VW 0N O O B

Notice that the above holds for all> 0.
We now takep = —1 andr’ = R, r = 2R for someR € (0,1). Using (A.1)
again, we derive from (3.8) the following.

/|Dv|2v_2n2dx<C|:/r]2+|Dn|2dx+/buv_ln2dc7:|. (3.13)
2

2 082
Using the fact that < v and Hoélder inequality, we get

/ buv~Y?do < / bn?da < bl Loo(sqp (0 (0238)) Y7
982 052

where ¥g =1—1/go> (n—2)/(n—1). By (3.2),(c (38238))Y/7 < CR"? since
R < 1. On the hand, we hay®n| < 2/R andR" < R"~2. Therefore, we derive
from (3.13) the following.

/ |D(nv)|?dx < /|Dv|2 “2n?dx <CR"2, VRe(0,1).

2(R)
The above holds trivially foR > 1. Letw = Inv, we have

1/2
/ 'Dw'dmCR"/Z( / |D(Inv)|2dX) < CRM2R"=2)2
£2(R) 2(R)

=CR" L.

We now use Lemma 3.%[ Theorem 7.2Jlapplying to£2 (3R). As diam(§2 (3R))
~ R, |2(3R)| ~ R" we can findAg > 0 and a constan€ such that for any
Ao € (0, Ag] we have

/ exp(ko|w — wol)dx < CR",
2(@3R)
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1 wherewg = JC.Q(BR) wdx. Therefore, 1
2 2
8 / VM0 dx / v My = / "0 dx / e W0 gy 8
4 4
. 2(3R) 2(3R) 2(3R) 2(3R) .
6 _ / (=100 g / oo w0 g 6
7 7
. £2(3R) !2(3R2) 8
o |lw—wo|Ag 2n 9
10 < e dx | <CR“. 10
11 2(@3R) 11
12 This implies (ag$2 (3R)| ~ R") 12
13 13
-1
- ][ v M0 dx < C( ][ v*o dx) -
15 ~ ° 15
16 2(3R) 2(3R) 16
= Takei = Ag in (3.12), we obtain 7
18 18
—1/x0
19 1 o 19
20 esssup gy " <C v 0dx . (3.14)
21 2(3R) 21
22 Let ¢ in the definition ofv tend to zeroy — u. We obtain (3.7) from (3.14) for 22

23 all g € (0, Ag]. Finally, we observe that the argument leads to (3.11) continues?fo
24 hold as long ap; < 0 andp; # —1. Thus, we can takg; = —1+ Ao«’ provided 24
25 thatigk’ < 1 or aoki™t < k <n/(n — 2). We also redefine; = 2R + 2~'R. 2
26 The iteration argument then shows that for ang [1,n/(n — 2)) we can find 26

27 Xo € (0, Ag) such that 27
28 1/a 10 28
2 ( ][ vt dx) < C( ][ v*o dx) . 2
30 30
31 2(2R) 2(3R) 31
32 This and (3.14) conclude our proof 32
33 33
34 We now give the 34
35 35

36 Proof of Theorem 4. Once such weak Harnack inequality was proven for (3.3}
37 we can follow exactly the lines imif Theorem 8.22, p. 2Q@ show that bounded 37
38 weak solutions of (3.1) are Holder continuous with some Holder expaner@. 38
39 As f,g > 0,u is also a weak supersolution so that (3.7) holdsufoMoreover, 39
40 because: is continuous, the essential infimum in (3.7) is actually the infimun
41 Also, a similar argument to that of[ Theorem 8.1Bshows that: cannot vanish 41
42 in the interior of$2. This implies that the left-hand side of (3.7) is nonzero anet
43 thereforeu is strictly positive o 2. O 43
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Finally, itis easy to see that the ddtin Example 2 discussed in Section 1 is int

|0C for somegg > 1. Heren = 2 so that the claim there follows from Theorem 4.2
3
4
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