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1 Examples of Delay Di®erential Equations
The delayed Logistic equationintroduced by Hutchinson [20]
Nqt) = N(t)[bj aN(ti r)]

descrikesthe growth of a singlepopulation with delayed density dependence:
a;b;r > 0. This would be reasonablefor a population that depends on
a resourcewhosedensity at time t depends on the size of the population
feedingonit at time t| r becausat takestime r for the resourceto recover.
Perhapsit would be more realistic to assumethat there is a distribution
of recovery times for the resourcerather than a singlerecovery time. Then
onewould get
YA 0
Nqt) = N(t)[bj aN(t)i d N (s)k(ti s)ds|

il

where kernel k(t j s) , O, with 1 k(s)ds = 1, measuresthe probability
that resourceeatenat time s< t recoversat time t. b> 0, a;d, O.
Volterra (1931) introducedthe predator-prey system

Ny[by alZN%
No[i b+ an Ni(s)k(ti s)ds|

il

N7

N2

where fraction k(t j s) of prey sh eatenat time tj s get translated into
predator sh biomassat time t (e.g. gestationperiod). SeeCushingfor more
on equationsof this type [8].

Mackey modelsthe cortrol of CO, levelsin the blood by the equation

x(ti ¢)"
W+ x(ti ¢)n

X)) =, i ®&(t)Vm

where x(t) is the partial pressureof CO, in the blood and ¢, is the time
betweenoxygenationof blood in the lungsand stimulation of chemoreceptors
in the brainstem. SeeGlassand Mackey [15].



The Mackey-Glassequationfor the density of certain blood cellsis famous
for its chaotic behavior. It is
X(ti ¢)
(ti ¢+ A"

xqt) = i @x(t) + <

where®; ;A;¢ > 0and ¢ is the delay betweeninitiation of cellular produc-
tion in the bonemarrow and releaseof mature cellsinto the blood. SeeGlass
and Mackey [15].

AnS! | ! R epidemicmodelwith xed period of temporary immunity
is given by
ST = i 1S +eIti 1)
10 = T1OSO i °1()
RY) = °I1(®)i °I(ti ')

S denotessusceptibleindividuals, | denotesinfectives and R recovereds.
Note that an individual remainsin the R classprecisely! units of time.
~;°;! > 0. SeeBrauer and Castillo-Chavez[9]. One can alsoadd birth and
deathto the model by adding?® j 1S to the rst equationand subtracting |
from secondand 'R from third equationwhere! is the birth (death) rate.

De Gaetano- Arino [2, 4] model the intravenousglucosetolerance test
using

GO

I 0

i aGj G+c
i |bit
i dl+e G(s)ds

ti ¢

whereG is glucoseblood concettration and | is insulin blood plasmaconcen-
tration. The integral term represeis the pancreaticreleaseof insulin which
dependson the distribution of glucoseover the past ¢ time units. ¢ > 0 is
a glucosesourcecoming from liver secretion; both insulin and glucoseare
removed from the blood by cellular uptake.

A simple model of a single self-excitedneuronwith delayed excitation is
given by

xqt) = i @(t) + tanh(x(t i ¢))

where x(t) encalesthe neurons\activit y level". The delay ¢ is the delay
represeis the transmissiontime betweenoutput x(t) and input.



Typically, many neuronsare connectedinto a neural network soone has

X0
y'= i Ayi+ Wy tanh(y(ti &)+,
j=1

wherey; is the activity of the i-th neuron, ¢; is the delay in signal trans-
mission betweenj-th neuron and i-th neuron, W; is the weighting of the
connectionbetweenj -th neuron and i-th neuron, |; represem other inputs
to the i-th neuron.

Control of geneexpressionin cellsare often modeledwith time delays in
equationsof the form

g(Xn(ti rn)) i ®xg

X Xppati )i ®x

The geneis transcribed producing mRNA(X;) which is translated into en-
zyme X, and it in turn producesanother enzymexs; and so on. The end
product X, actsto repressthe transcription of the geneg®< 0. Time delays
are introducedto accoun for time involved in transcription, translation and
transport. The ® > O represen decgy rates of the species. SeeSmith [26]
for more referencesn theseequations.

Similar delayed feedba& systemshave beenintroducedto model the con-
trol of testosteronelevelsin the blood stream. Murray chapt. 6, sec.6, [24]
introducesthe model

R = f(T)j bR
L = gRj bl
TO = lL(ti ¢)i T

The hypothalmus secreted HRH, R, which cortrols the releaseof LH, L, by
the pituitary which cortrols the production of testosterone,T, in the gonads.
The delay ¢ accourts for the blood circulation time in the body. f (T) models
the feedba& on the production of R by testosteroneT; it satis esf (0) > 0
andf%< 0.

Ellermeyer [11] and Ellermeyer et. al. [12]introducea delay in the stan-
dard bacterial growth model in a chemostatto obtain the Delayed Growth



Resmpnsemodel system

°mS(t)

SYt) = D(Soi S(1) i Ch+—S(t)X(t)
_ oy Y omS(ti &)
XA = expli Do) g yX(ti &) i Dx(t)

Here S(t) denotesthe substrate (food for bacteria), x(t) is the biomassof
bacteria, D is the dilution rate, Sy is the substrate concertration in the feed
stream. The delay ¢ re°ects the assumptionthat whereascellular absorb-
tion of substrateis assumedo be an instantaneaousprocess,the changesin
microbial growth are assumedo lag behind changesin substrate concenra-
tion by a xed amourt of time ¢. Experimertal work in [12] found a delay
of 20 minutes for a strain of E. Coli. The factor exp(j D¢) accours for a
suppressionin growth rate due to substrate stored inside cells that washes
out of the culture vesselbeforegiving rise to new growth.

Culshav and Ruan [7] modify a standard model of within-host HIV model
to include atime delay betweeninfection of the CD4+ T-cell and the emission
of viral particles on a cellular level. The model is given by

TY1) si LeT()+ rT(t)(@i —T(?_J '

1) = KIT(ti V(i ¢)i 2l ()
VAt) = NI ()i kaT)V(t)i *vV(t)

)i kaT(H)V(1)

whereT denoteshealthy (uninfected) T cellsin the blood, | arethe T cells
infected by the HIV virus and V is the virus level in the blood.

2 Delayed Negativ e Feedback

The simplestdelay di®eretial equationis given by

udt) = j u(ti &) (2.)
where ¢ > 0 is calledthe delay. When ¢, = 0, we recover the simple ODE
u{t) = i u(t) (2.2)



whosegeneralsolution, u(t) = u(0)e' !, decas to zero. If we prescribe u(t)
fort - 0, then the equation (2.1) should have a unique solution for t > 0.
Supposewe set

ut)=1 t- 0 (2.3)

as\initial data" for (2.1). Then,ontheinterval 0- t- ¢; tj ¢- 0so
U =i uti ¢)=il
and therefore

Z

ut)=u@+ (jlds=1jt O- t- ¢
0

Ong¢- t- 26,0- tj ¢ ¢SO
ut)y = juti ¢)=i[Li (ti &)
and thus
Zt
ue)+ i [li (si ¢)ds

é

u(t)

1 .
Li ¢+lis+ S(si s,

Li t+(ti &)%=2 ¢ t- 28

Clearly, we may cortinue this \stepping along"”, nding an expressiorfor u(t)
on the interval [2¢,; 3¢], [3¢,; 4¢] and soforth but its slov going and seemso
provide little insight. We can seethat u is a polynomial of degreen on
[(ni Lene]

Canyou nd anexpressiorfor uon[(nj 1¢;n¢]? Can MAPLE be coaxed
to do it?

HW# O Determine u(t) on the interval [2¢,; 3¢)].

Lets begin by exploring this solution numerically by usingthe MATLAB
DDEZ23 padkage. We want to investigatethe behavior of the solution on the
interval t > O for di®eren valuesof the delay ¢. Figure 1 shows the results:

Notice that the case¢, = 0:25 looks very much like the solution of the
ODE (2.2) with u(0) = 1, namely it decas to zerowithout \overshmting"
zero, namely it doesnot oscillate. When ¢, = 0:6 the solution oscillates. In



t=0.25 no oscillations t=0.6 hint of oscillations
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Figure 1: Solution of equation (2.1) with initial data (2.3) for various ¢,

fact, despiteappearancesijt repeatedly changessign. One can prove that all

solutions oscillate whenewer ¢ > e !, SeeTheorem1.5.1in [16. We sa
a solution oscillateswhen it has arbitrarily large zeros:for all T > 0, there
exists somet > T sud that u(t) = 0. Why ¢ > e ! ¥ 0:36? We will see
later. As ¢ increaseghe oscillationsappearto be more pronouncedbut still

they are damped. That is, it appearsthat the amplitude is decreasing,at

leastuntil ¢ = 2 wherenow the amplitude grows.

The readerwill notice that u ~ 0 is a solution of the delay di®erertial
equation (2.1)-we would call it a steady state solution. One can prove that
it is stable when ¢, < ¥#2 and unstable when ¢, > Y&#2 ¥4 1:58. We will see
why later.

Equation (2.1) is a simpleillustration of what cangowrongin a negative
feedbak system. Say you want to maintain a certain quartity u at the value
u = 0. Imagine u satis es a simple equation like

uqt) = c(t)

whereyou can prescribe the cortrol c(t) in orderto accomplishyour objective
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of maintaining u near zero. The system,of course,is subject to unexpected
perturbations so you better be ready to handle these. If you obsene that
u(t) > 0 (u(t) < 0), you will want to choosec(t) < 0 (c(t) > 0). You might
want to choose
c(t) = i u(t)

becausdghen no matter what valueu is at time tq, it will return to u = 0. But
considerhow you would implemert this feedba& law. You must obsene the
systemat time t to nd u(t) and then immediately respond with the cortrol
c(t) = i u(t). This is clearly impossible-therewill necessarilybe sometime
delay betweenthe obsenation of the systemand the implemertation of the
control. Therefore,an achievable cortrol strategy would be

o(t) =i u(ti ¢)

where¢, > 0 is he delay betweenobservingu and implemerting the cortrol.
This resultsin (2.1). If this delay is too large you will not accomplishyour
goal! If ¢ > e u will repeatedly oscillate above and belowv the desired
setting after perturbation away from u = 0. But at leastit will evertually
get sonearu = 0 that you would be happy. Howeer, if the delay exceeds
Y£2, then your goalis unattainable with this cortrol strategy.

We now begin a more systematic study of delayed negative feedba& by
consideringthe more generalequation

udt) = i ®u(tij r) (2.4)

where® isrealandr , 0. Whenr = 0, u = 0 is an asymptotically stable

5

steadystate for every ® > 0; it is unstablewhen® < 0. What happenswhen
r> 07

By a scaling of time: ¢ = “t; ©~ > 0, the equation for U(¢) = u(t)
becomes:
dU_'ildu_. vil . — . v il e 4
- ot ®"u(ti r)=i &' Ui r)
If wetake” = 1=r and = ®r we get
du _
@ -1 Ui 1)y (2.5)
¢
If wetake” = ®and s = r®, we get
du
o - 1 s
é
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In order to determinestability of the trivial solution, we proceedexactly
asfor ODEs. That is, we seek(complex)valuesof , sudthat U(¢) = exp(.¢ )
is a solution of (2.5).

It will be corveniert to introduce the linear operator, de ned on the
di®erertiable functions, by

du  _
L(U)= g+ Ui D
(&
Then
L(e¢)= e+ e il = ac [ + €] (2.6)

Clearly, we have L(e¢) ~ 0 (the zerofunction!) if and only if , is a root of
the characteristic equation

h(,)” ,+ €é&:-=0: (2.7)

Furthermore, on di®ereniating (2.6) k times with respect to , and using
that this kth-derivative comnutes with L (why?) we nd, by Liebnitz' rule
for the derivative of a product, that

Keiy = ( Pyk[ac VARV
L(¢'e )—(@) [ech(,))]=e[ G h()e" ]
j=0
WhereCjk are the binomial coexcients k!=j!(k j j)!. Therefore,we conclude
that ¢*e¢ is a solution of (2.5) if and only if

h(.)=h%)=h%,)=eee= h()=0

i.e., if and only if | is a zeroof order at leastk of the analytic function h.
Basedon our experiencewith ODEs, we have a right to expect that the
trivial solution is asymptotically stable if <(,) < 0 for all roots , of the
characteristic equation and that it is unstableif there is a root with positive
real part. We assumethis now; later it will be proved.
As h is an analytic function of the complexvariable , we have the fol-
lowing elemenary properties

(A) The set of roots can have no accunulation point in C; therefore, for
eadh R > 0, the set of roots satisfyingj, j - R is nite. It follows that
the set of roots is a courtable (possibly nite) set.
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(B) If f, ,gis a sequenceof distinct roots, then j, ,j! 1. Sincej, nj =
jje< Gn) it followsthat <(,,)! il .Foreaha?2IR,<(,), afor
at most nitely many roots.

(C) If , isaroot, then it is a root of nite order. That is thereism 2 @
such that h(,) = hY,) = ¢¢¢= h(™(,) = 0and h(™V () 6 0.

(D) If | is aroot, sois its conjugate, .

Now lets focus attention on the characteristic equation (2.7). Letting
., = x + iy and consideringreal and imaginary parts, we get the system

X = j € *cosf) (2.8)
y ~ € X sin(y) (2.9)

Considering rst real roots (y = 0), we get the singleequationfor , = x
X=j e-X

Graphing the two functions on left and right, we seethat if < 0, there is
a unique root , o = Xg > 0. Consequetly, the trivial solution is unstable
whenewer < 0, i.e., in the positive feedba& case.

Hereafter, we assume that — > 0. In this case,the equation for real
roots is f (x) = xe* = j . If you graph f, you will seethat it is negative
(positive) when x is negative (positive), it hasa unique minimumat x = j 1
wheref(j 1) = je !, f°< O0forx < i 1,f°> Oforx>j1,f(j1 )= 0.
From this, the following is true (draw the graph).

Lemma 2.1 The following hold:

1. If 0 < = < €1, then there are exactly 2 real roots x; < X,, both
negative. x; ! j1 andx,! Oas ! 0.

2. If = €1, thereis a singlereal root of multiplicity two and it's nega-
tive.

3. If ~ > e 1, then there are no real roots.

Sothe real roots are harmlessbecausehey are negative! The next result
summarizesimportant info concerningthe roots.
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Prop osition 2.2 The following holdsfor (2.7):

1. For each  satisfying0< =~ < ¥&2, thereis +> O suchthat<(,) - j %
for all roots.

2. If = Y¥Y&2 then, = §i%=2 are roots.

3. If > ¥&2, thereareroots, = x 8§ iy with x > O;y 2 (V&2,%).

The following immediate corollary of Proposition 2.2 will follow oncewe
establishthe expectedresult concerningthe relation of the roots of (2.7) and
the stability of the zerosolution of (2.5).

Corollary 2.3 The following holdsfor (2.5):
1. If 0< < ¥&2, U = 0is asymptotially stable.
2. If = ¥&E2, U = sin(¥%,=2); cos(¥¢,=2) are solutions.
3. If > ¥#2, U= 0is unstable.

Pro of of Prop osition 2.2: Because > 0, if thereisaroot x+iy with x , 0
andy > 0of (2.8) then cosfy) - 0< sin(y) soy2 S~ [ 1, f[¥&2 %)+ 2n¥y.
Furthermore,

sin(y) _ €
v —
As
gsin(s) _ scogs) i sin(s) <0 s2S
ds s s? ’
and ®2 = 2 whens = %, we concludethat %2 . 2 for s 2 S eventhough

Ya
Sis di?s,connected(ched( this). Therefore,for ss= Y,

1oe_sing) 2
- y Y,
soit followsthat , ¥#2. Thus,if < ¥#2then<(,) < 0for eweryroot , .
This and the last assertionin (B) above proves(1).
It's easyto seefrom (2.8) that for ~ = ¥+ 2nY4 n = 0;1;2; ¢¢¢, then

i[+ 2n¥] is a root.
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Lets now turn to the "nal assertion(3). If we write z = rel, then (2.7)
becomes

rlcofpi 3+ isin(ui ] = € *[cogj y) + isin(i y)]
Equivalertly,
r= e*andpuj %= jy+ 2k¥%

for someinteger k. Lets seard for a root in the rst quadrart on the ray
through the origin making anglep 2 (0; ¥#2) with the positive x-axis. Then,
taking k = 0,y(M) = ¥% p> Oandsox(y) > Ois determinedby trigonometry
sincetan(l) = y=x (Draw a picture!). Thusz = x + iy is a root of (2.7)
correspndingto ~ = reX wherer? = x2+ y2. Clearly, x(1); y(1); (1) depend
cortinuously on p2 (0;¥#2) and

x(W! +15yW! Y% (W! +1;pu! O

and
X(W! O yw! v&2, (! ¥&2, p! Y&

Continuity of — : (0;¥&2) ! (0;1 ) implies its rangeis connectedand in-
cludes(¥#2;1 ). '

Remark 2.4 We haveshownthe existene of a root z(l) = x() + iy (1) with
X(W) = y(W cot(y) > 0;y(W) = ¥4 poorrespndingto ~ (W) = r(We*® > ve2
for 0 < pu< ¥&#2 which satis es

z(W! V2, (! YE2;, aspu! Va2 (2.10)

Remark 2.5 It's easyto seefrom (2.8) thatfor = %“+ 2nY, n = 0; 1; 2; ¢¢C,
theni[%+ 2n¥] is a root.

3 Existence of solutions

3.1 the metho d of steps for discrete delay equations

Now lets considerthe nonlinear delay di®erenial equation
xqt) = £ (6 x@);x(ti r)) (3.1)
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Figure 3: Simulation of (2.4) for ®= 1; r = ¢ initial data equalone.
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wherer > 0 and f (t; x; y) and f,(t; x; y) are cortinuouson IR3. Let s 2 IR
begivenandlet A:[sj r;s]! IR be corntinuous. We seeka solution x(t) of
(3.1) satisfying

x(t)= At); sj r- t- s

and satisfying (3.1) ons - t < s+ %for some%> 0. Note that we must
interpret x{s) asthe right-hand derivative at s.

Equation (3.1) can be solved by the \metho d of steps" asfollows. For
s- t- s+ r, x(t) must satisfy the ODE:

xqt) = f (& x(t); Alti r)); x(s) = A(s)

As g(t;x) ~ f(t;x;A(tj r)) and gg(t; x) are cortinuous, a local solution of
this ODE is guararteed by standard resultsform ODE theory. If this local
solution exists for the entire interval s- t- s+ r, then we may repeat
the above argumern to extend our solution to someinterval [s+ r;%) %
[s+ r;s+ 2r]. Again, if the solution existson the ertire interval [s+ r; s+ 2r]
then we may againrepeat the processo extendthe solutionto [s+ 2r; s+ 3r],
or somesubinterval of this interval.

Theorem 3.1 There exists¥> s and a unique solution of the initial value
problemon [sj r;%). In addition, if f, is boundel then this solution extends
to a solutionon [sj r;1 ).

HW#1: Prove Theorem3.1. Hint: Usestandard ODE results!

Remark 3.2 Theorem 3.1 extendsimmediately to the casethat x 2 IR"
with almost no changein proof; it also extendsto multiple discrete delays
o < rp < ¢¢< rp, whee f = f(t;y(t);y(ti ro);y(ti ro);eee;y(ti rm))
with very little change.

HW#2: Verify the Laplace Transform calculation at bottom of pg 23 of
text. Carry out argumern to obtain estimate (6.4) using (5.7).

HW#3: Find The fundamertal solution for x{t) = j x(ti 2) for asmany
stepsasyou can bear. Will Maple do it?
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3.2 A more general existence result

The method of stepswill not work for equationswith distributed delay suth

as Z, Z,
xqt) =i [x(1) i x(s)ds] = j x(t) +  x(t+ Wdu (3.2)
tir ir
or for more exotic equationslike
xqt) = i max x(s) (3.3)
tir- st

A more generalapproad is necessary For motivation, lets return to the
simpler equation
xqt) = i x(ti r) (3.4)

wherer > 0. If we are given an initial condition:

x(t) = Alt);jr-t- 0

whereA2 C := C([j r;0];IR), then the method of stepsis suxcient to solve
the equationfor t ;, 0. Now this equationis autonomousso we expect it to
generatea dynamical systemon somestate spaceX - a \solution" shouldbe
represered by a curve or trajectory in the state spaceX . What should this
state spacebe? What should be the state of the systemat time t? The state
of the systemat time t , 0 should cortain all the information necessary
to determine the solution for future times s , t. In particular, it should
obviously cortain the initial condition A This arguesfor X = C asthe state
space. Apparertly, the state of the systemat time t cannot be x(t) 2 IR
becauseas we know, knowledge of only the value of x(t) is insuzcient to
determinex(s) for s, t. For this we must know all the valuesof x(") for all
"2 [ti r;t]. Equivalertly, we must know x(t+ W); j r - n- Oin orderto
determine the solution for s > t. Therefore,we are lead to call the state of
the dynamical systemat time t the elemen of C which we write as x; and
de ne by

Xe(W = x(t+W; ir- p- O (3.5)
Thus, we can view the trajectory of our solution asthe curvet! x; in the
state spaceC. This will turn out to be the \correct" point of view for a
dynamical systemsframework for these equations. The notation x; is very
conveniert for other reasons. For example,we may write equation (3.2) in
the form

xqt) = 1 (x) (3.6)
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wheref : C! IR is de ned by
F(A) =i AGir)
becausehen, using (3.5), f (x¢) = i X¢(i r) =i x(tj r).
Similarly, equation (3.2) may be written in the form (3.6) where
YA 0
f(A=ij A0+  A(s)ds
ir
becausethen, using (3.5),
Z 0 YA 0
f(x)=ix(0)+  x(Wdp=ix(@t)+  x(t+ pdu
ir ir
Equation (3.3) may be written in the form (3.6) where
f(A) =i maxA:

Our goal should be to obtain the usual existenceand uniquenessesults
for (3.6). More generally we should considerthe initial value problem for
the non-autonomoussystem

xqt) ft;x); t, % (3.7)
Xy, = A

where¥%2 IR is the initial time and A2 C is the state of the systemat time
% This meansthat

X(¥at ) = AQW; jr- p- 0
or equivalertly, that
x()= Alti 3; %ir- t- %

An exampleof a nonautonomousequation is
Z t
xt) = k(t; s)x(s)ds

tir

wherek(t; s) is a given cortinuous\k ernel”.
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HW#4: Find an explicit formula for f (t; X;) in this last case.

Furthermore, we should allow x to be a vector in IR" in (3.7). In this
case,the state spaceshould be C = C(]j r; 0];IR"), the spaceof cortinuous
functions from [j r;0] into IR" andf : IRE C! IR" is a given cortinuous
function. We will usejxj for the norm of the vector x and

kAk = supfjf A(Wj :jr- pu- Og

for the norm of A2 C.
Besidescortinuity of f, we assumeit satis es a Lipschitz condition on
eat boundedsubsetof IR £ C.

(Lip) Forall a;b2 IR andM > 0, thereisa K > 0 sud that:
if(tAi f(t;A)j- KkAj Ak; a- t- b; kA kAk- M: (3.8)

Obsene that K may depend on the interval a;band M.

HW#5: Is condition (Lip) satis ed in the examples(3.2), (3.3), (3.4)? Find
K.

Lemma 3.3 Letf :IRE C! IR" be continuous and satisfy (Lip). Then for
each nite interval [a;b] and M > O, there existsL > 0 suchthat

if(A)j- L; t2[ah; KAK- M:
Pro of: If 0 denotesthe zerofunction in C, kAk - M, and K is Lipschitz
constart for [a;b] and M then
FEA) - fEA) T FEO)+jf(t0)- KKAG Ok+jf (£0)- KM+ P
whereP = max,. s. vjf (s;0)j.

Let's try to nd a solution of (3.7) on the interval [¥; %+ A] for some
A > 0. Integrating both sidesand applying the Fundamertal Theorem of
Calculus, we get that x(t) should be a cortinuous solution of
z t
x(t) = A0)+  f(s;xs)ds; ¥%- t- ¥t A (3.9)

Y
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where,of course,x(t) = A(tj 3); %i r - t- % Seeespecially Lemmal.1
and Lemma 2.1 in our text for certain details! In particular, we have used
that the mapping from [% %+ A] into IR" given by

s! f(s;Xs)

is cortinuous. This follows becausd is cortinuousands! (S;Xs) 2 [¥4 %t
A] £ C is cortinuous.

Supposethat kAk - M. Let K be the Lipschitz constart for f on the
set[¥%+ r]£ fA2 C:kAk- 2Mg and let L be the bound on jf j givenin
Lemma 3.3 for that set. Let A = minfr;M=Lg.

Given any cortinuous function y(t) on [3%j r; %+ A] satisfyingys, = A
and jy(t)j - 2M on [¥%;%+ A], we may de ne a new cortinuous function z
on [¥%j r; ¥+ A] by

Z t
z(t) = AO)+  f(s;ys)ds; %- t- ¥+ A

A

andz(t) = A(ti %) fort 2 [%j r;%. It satis'es
jz)j- M+L(ti - M+LA - 2M; % t- %+ A

Let's usethe method of successig appraximations to solve (3.9) starting
with the initial guess

xO(t) = AQ); % t- %t A

and xO(t) = Alti %) fort 2 [%j r;%. Clearly, jx©@(t)j - M on%- t -
Yat A.
Now de ne
Z,
xM Dty = A0)+  f(s;x™)ds; % t- %%+ A; m= 0;1;2 ¢¢¢ (3.10)
Ya

Again, xM(t) = A(t; ¥); % r - t- ¥sothey arede nedon[¥ r;¥%+ Al.
Z t
xP@) i xXOWj=j f(s;xD)jds- L(ti 3; t 2 [%%+ Al

7
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By (3.10), using (Lip), we nd that

Z
XM )i x™M)i o= ) [F(sx™) g (s xM V)]ds

z,

K kx{™j x{M Dkds (3.11)
VA

K sup jx™ ()i x™M D(")jds:

% ¥ s
In particular,
Z,

@) i xP()j- K L(si %Hds= KL(tj %?=2

Ya

e ZUo(si W, LK@ AP
i@ (1) x@ (1) - ! = — |
X ) x9 () - K y KL > ds K 3
An induction argumert yields that

: . L[K(tj ™1

(m+1) . (m) .

PO 1 X0l ey

and a triangle inequality argumen givesthat for m > n

O xOO] - X § ™ D)+ M) XD (o)
¢ee+ jxM (1) xM (1)

LK@ A K I
K (m)! (mj 1)
L [K(ti %"
e e T
L b3 (K A)
j=n+l1 j!

As the right hand sideis the tail of a corvergert seriesand so corvergesto
zeroasn! 1 ,fxMgl _  isa uniformly Caudy sequenceon [ %+ A]. It
follows that there is a cortinuousfunction x : [¥%%+ A]! IR" satisfying

sup x™(t)i x(®)j! 0, m! 1:
Y2 t- Y- A
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Extending x(t) to [3%j r;%+ A] in the usual way by x(t) = At %) for
Yai r - t- ¥ then x(t) satis es(3.9). To seethis rst obsene that

f(s;xI™) 1 f(s;Xs); ¥ s+ ¥t A, m! 1
uniformly because

T (s xIMy i f(s;xs)j - Kkx{™j xsk- K sup jx™(t)i x(t)j:
Yo t- Vb A
This implies that
YA t Z t
lim  f(s;x™)ds= f(s;xs)ds:
mil oy, %
Therefore,on taking limits of both sidesof (3.10), we get that (3.9) holds.
We have proved part of the following result.

Theorem 3.4 Supmsethat f is continuous and satis es the Lipschitz con-
dition (Lip), %2 IR, and A 2 C satis'es kAk - M. Then there exists a
unique solution x(t) = x(t; A) of (3.7), de'ned on [%j r;%+ A] whee A is
de ned alove. In addition, if K is the Lipschitz constant for f correspnding
to [%4%+ A] and M, then
max jx(";A) i x(";A)j - kAj Ake?; kAk; kAk - M (3.12)
Yir - YA

Actually, the above proof establishesonly the existenceof a solution
x(t; A) on [%j r;%+ A] but not uniqueness.If y : [3%j r;%+ a] is a second
solution of the initial value problem x5, = A with 0 < a, we want to show
that y must agreewith our solution on [¥% %+ minfa;Ag]. To seethis, it's
“rst necessaryto shaw that jy(t)j - 2M on this interval. As jy(343j - M, if
this failed to hold, then there would be a smallests < A with jy(s)] = 2M
SO Z,

jy(®)j - iAQ)j + , if(s;ys)ids- M+ L(tj %); % t- s

Putting t = s, we get the cortradiction 2M < 2M so we conclude that
jy(t)j - 2M on [¥%%+ minfa;Ag]. Now we can shav that y(t) = x(t; A) on
this interval by usinga Gronwall argumert just like the onethat gives(3.12).

The assertion(3.12) says that solutionsdepend cortinuouslyon the initial
data. It is a consequencef the Gronwall inequality as follows:

20



Zt
XGA T x@A)] - JA0) i A0+ [F(sixs(A) i f(sixs(A))]ds]

z, *

KAi Ak+ K  kxs(A) i Xxs(A)kds
2

kKAj Ak+ K ax jx(";A) i x(;A)jds
3/43/4 r--s

for %- t- 3+ AL If welet

u(s) =, max _jx("A) i x(GA); Yo s et A

then we have
Z t
u(t) - kAj Ak+ K  u(s)ds; % s- ¥+ A
7

and Gronwall's inequality gives
u(t) - kA Akefi#

implying that (3.12) holds. Obsene that as a special case,we also obtain
the inequality

kxi(A) i x((A)k - kAj Akefti#: 3. t. 3+ A: (3.13)

Remark 3.5 If f satis esa glokal Lipschitz condition, that is, if K in (Lip)
can be chosenindependentof a;b and M, then we need make no restriction
on A in Theorem 3.4. More precisely, its conclusionshold for all A > 0. In
this case,the solution existsfor all t ;, %and (3.13) holdsfor all t , %

As an exampleof the application of Theorem 3.4 considerthe equation
z t
xqt) = | ®&(t) + tanh(  x(s)ds)
tir
which can be viewed as a simple model of a self-excitatory neuron with
(distributed) delayed self-excitation. Here, ®, > 0. The equation may be
written in the form (3.6) where
Z 0
f(A) = i ®A(0) + “tanh(  A(s)ds)

ir

21



Using the fact that the tanh hasa positive derivative of magnitude no larger
than one,we nd that
Z 0
ifA TA)) - QAO0)i AO)+  jAS)i A(s)jds
ir
(®+ r kA Ak:

Thereforef satis es a global Lipschitz condition (Lip). On the other hand,
the delayed logistic equation
Z t
Nqt) = N(t)[aj b  N(s)dg] (3.14)
tir
doesnot satisfy a global Lipschitz condition. Herea;b> 0.
HW#6: Show that Theorem 3.4 appliesto the initial value problem for
(3.14).

3.3 Contin uation of Solutions

Theorem 3.2 in our text is the key result which allows us to concludethat
the maximal interval of existenceof a solution of (3.7) is the half line [341 ).
I will illustrate the useof the result by consideringthe initial value problem
assaiated with the delayed Logistic equation(3.14). Let %= 0and A2 C be
givensatisfying A(l) , Oon[j r;0]. Let N(t) = N(t; A) beanon-cortinuable
solution of the initial value problem Ng = A and let [0; d) denoteits interval
of existence. By referring to N as a \non-continuable solution” we mean
that there doesnot exist any solutiony : [j r;c) ! IR wherec> d sud that
N (t) = y(t) on[j r;d). Our goalisto shav that d= +1 .

We rst show that, becauseA(0) , 0, N(t) , Ofor all t 2 [0;d). This
follows becauseN (t) satis esthe initial value problem for the ODE:

yAt) = at)y(t); y(0) = A0)
fort , O and therefore
Z t
N(t) = AQ)exp( a(s)ds), 0;0- t<d

0
where Z,
alt):=aj b N(s)ds; 0 t< d:

tir
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Now that we know that N (t) , O, we seethat a(t) - a on[0;d) sothat
0- N(t)- A0)e"; 0- t< d: (3.15)

Thesea priori bounds on the solution are crucial for applying Theorem
3.2.

Lets just ched that the right hand side of (3.14) is a completely cortin-
uous mapping from C into IR asrequired. Recall this meansthat it takes
closedand boundedsetsin C into boundedsubsetsof IR. This is simple:

Z 0
f(A) = AQ)aj b A(s)ds]
ir
o)
if (A)j - kAk[a+ brkAK]:

f takesthe closedboundedsubsetfA 2 C : kAk - Mg into the interval
[i N;N]whereN = M (a+ brM).
Now for eah s> 0 de ne

Us=f(;A):0- t- s;0- AW - kAke*;jr- p- Og:

Us is a closedand boundedsubsetof IR£ C (ched this) that dependson the
initial data A for N (seekAk in last inequality). Accordingto Theorem 3.2
in text, there existssomets , 0 sud that

(t; N¢) 2 Us;t 2 [ts; b)

How could this be? By virtue of (3.15), the only way isfor b> s. But s> 0
was arbitrary, sod= 1 .

3.4 Remarks on Backward Contin uation

This fancy term refersto solving (3.7) for t < % Recall that all our e®orts
were dewted to solving this equationfor t > 3% A glanceat someof the
delay di®erenial equationswe have introducedas examplesshould corvince
the reader of the fundamenrtal asymmetry betweenthe future and the past
for delay equations-anasymmetry that is absen from ODEs. For ODEs, we
do not make any fundamenal distinction betweensolvingforward in time or
badckward in time.
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Our text saysthat if ®> Othenx :[3%j rj ® %! IR"isa (badckward)
solution of the initial value problem (3.7) if x is cortinuous, X3, = A and x
satis es

xYt) = f(txo); 12 3 &

Becausexy, = A must hold aswell asthe equation above, we seethat x(t) =
A(ti %) must be cortinuously di®eretiable for t 2 [¥% ®; %4, or equivalertly
A must be cortinuously di®erettiable on [j ®;0] (or on all [j r;0]if ®, r).
Obviously, this meansA must be quite special among elemerts of C (the
typical elemenn of C will not be di®erertiable!). Even more, becausethe
equation above holds at t = %we must have

AX0j ) = f (%A (3.16)

where AY0; ) denotesthe left hand derivative at 0. This compatibility con-
dition is reminiscent of the compatibility conditions that arise for bound-
ary value problemsin PDEs. In any case,this meansthat A is really really
special-it must belongto the presumably\thin" sub-manifoldM of C where:

M =fA2C:A%0; ) = f (%Ag:

We concludefrom theseremarks that for the typical initial function A2 C
there will not exist a backward cortinuation of the initial value problem
(3.7)! Newertheless,Theorem5.1 of our text gives(very technical!!) sutcient
conditionsfor the existenceof badkward solutionsfor thesevery specialinitial
data.

We should keepin mind however that if x : [%j r;%+ A); A > 0Oisa
(forward) solution of (3.7) andif %4 2 (%4 % A) then the initial value problem
correspnding to the initial condition (34;A) whereA = x3, hasa badkward
solution, namely x. Later, we will seethat many solutions of autonomous
systemsextendto all t 2 IR. Steadystate and Periodic solutionsare speci ¢
examples.

4 Semi°o w generated by autonomous FDEs

In this sectionwe begin our study of the time-independen equation

xqt) = f (%) (4.1)
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We assumethat for eath A2 C, there exists a unique solution x(t; A) of the
initial value problemx, = Aandthat it extendsto the ertire half-line [0; 1 ).
Recall that the state of the solution at time t of this initial is denoted by
x:(A).

Following ODE theory, we aim to show that the mapping from [0;1 ) £
C! C givenby

A x(A)

is a dynamical systemor semi°owv on the spaceC. The \semi" in semi°ow
re°ects the fact that solutionsare typically only de ned fort , O.

Theorem 4.1 The mappingsatis es:
1) xo(A) = A
(2) xt(xs(A) = X+ s(A); s, O.
(3) (A ! x(A) is continuousfrom[0;1 )£ C! C.

The semigroupproperty (2) is aconsequencef the following un-surprising
fact.

Remark 4.2 If x(t) = x(t; A) is the solution of (4.1) on [0;1 ) satisfying
Xo = Aand %2 IR, theny(t) := x(t| %) is the solution of (4.1) on [¥%1 )
satisfying xs, = A. Indeed,

Ve(W) = y(t+ W) = x(ti ¥+ ) =Xy al); ir- B 0 t, %
which implies that y; = X; s, and ys, = X = A. Hene

yAt) = xAti ¥ = (X9 = f(yo):

Proof of Theorem 4.1: (1) is a de nition. Fix s, 0 and usethe Remark
to seethat y(t) := x(t + s;A) is the solution of (4.1) on [j s;1 ) satisfying
X, s = Aand

Yo(H) = y(1) = x(u+ s;A) = Xs(A)(W)
implying that yo = Xs. Sincey(t) and x(t; xs(A)) satisfy the sameinitial value
problem, they must agreeby uniqueness:y(t) = x(t + s;A) = x(t; xs(A)) for
t , 0. Cortinuity (2) follows directly from (3.12), or, in the generalcaseby

5

Theorem 2.2 in our text.
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The orbit of Ais de ned by
O(A) = fx(A):t, 0g¥%C

An e 2 C is called an equilibrium if its orbit is a single point O(e) = feg,
i.e., if you start at e, then you stay at e.

Prop osition 4.3 e is an equilibrium if and only if e is a constant function
satisfyingf (e) = 0.

Proof: If eis an equilibrium then x{(e) = eforallt, O0sox(t+ €)= e
forallt, Oandp2 [j r;0]. Putting p= 0 into this givesx(t; e) = e(0) for
all t, 0sox(t) is constart, xX{t) = 0, and thereforef (¢) = 0. Putting t = r
into the sameequality givese(0) = e(l) for all psoeis a constart function.
The converseis trivial (by uniquenessof solutions).

Obviously, if eis anequilibrium, then x(t; €) canbe extendedasa solution
of (4.1) for all t 2 R by x(t; €) = &0).

HW#7: Determinethe equilibria of equations(3.2), (3.3), (3.4), and (3.14).

The orbit of A is a periodic orbit if there exists ¢ > 0 sud that
X+ . (A) = x¢(A) for all t , 0. Clearly, this implies that x(t + ¢; A) = x(t; A)
for all t , 0 sothe vector solution x(t; A) is periodic as expected.

HW#8: Shaw that a periodic solution (i.e. onecorrespndingto a periodic
orbit) can be extendedto be a periodic solution de ned for all t 2 IR.

The omega limit set of O(A) is de ned asusual:

(A = fA2C:x, (A! Asomet," 1g
= \¢ ol s tXs(A)

Recall that we say that the sequence A,g in C corvergesto A, and write:
A1 A whenkA,; Ak! 0,ie.,whenA,(W)! A(l) uniformly on[j r;0].
If O(A) is either an equilibrium or a periodic orbit then it should be clear
that ! (A) = O(A) just asfor ODEs.
A subsetA 2 C issaidto bepositiv ely invariant of x;(A) 2 A whenewer
A2 A. It is saidto beinvariant if it is positively invariant and whenewer
A2 A ands, 0, thereexistsA 2 A sud that xs(A) = A
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The following result is essetially the sameasthe standard ODE result.
For ODEs, it suxcesto requirethat the forward orbit is bounded. Howeer,
by Bolzano-Weierstasgheorem,this is the sameasrequiring that the closure
of the forward orbit is compact.

Theorem 4.4 The omegalimit set! (A) is closel and positively invariant. If
O(A) is compactin C, then! (A) 6 ; andit is compact, connected, invariant
and

(A T(A); t! 1

This means that for 2 > 0 there existsT > 0 suchthat if t > T there exists
A2 1 (A suchthat kx;(A) j Ak < 2.

Proof: If A2 ! (A) there existst, " 1 sud that x,, (A) ! A. If t > 0then
by Theorem4.1 (c) x((Xi, (A) ! x((A) and by (b) X+, (A) ! x(A). Since
t+t," 1 weseethat x,(A) 2 ! (A). This provespositive invarianceof ! (A).
That it is closedfollows from the secondde nition.

If O(A) is compactin C andt, " 1 thenfx;, (A)g %2 O(A) soit must have
a cornvergen subsequenceObviously, the limit of this sequenceébelongsto
I (A) sothe latter is non-empty. Since! (A) is a closedsubsetof the compact
set O(A) it is compact. To establishinvariance,given A 2 | (A) ands > 0
we warnt to shav that there exists A 2 ! (A) sud that xs(A) = A. There
existst, " 1 sud that x,, (A ! A. fx, s(A)g ¥ O(A) has a corverger
subsequenceso we may assume,by renaming our corvergert subsequence,
that x.,; s(A) ! A for someA 2 C. Now using Theorem4.1 (b),(c) asabove
we seethat xs(A) = limur  Xs(Xt,; s(A) = Xy, (A) = A,

Finally, to show that x(A)! ! (A); t! 1, letsargueby cortradiction.
If it werefalsethen for some? > 0 thereis, for ead natural number T = n,
somet, > n sud that kx, (A)j Ak, 2forewery A2 ! (A). But fx, (Ag
has a corvergen subsequencso, on renumbering this subsequencewe may
assumethat x;, (A) ! » and obviously, » 2 ! (A). Taking the limit in the
above inequality, we nd that k»j Ak , 2 for every A 2 ! (A), including
A = »itself.

The following result givessuzxcient conditionsfor the compactnessondi-
tion in the previousresult to hold. Beforestating it, we require an important
result from real analysis. A subsetA of functions in C is equicontinuous if
for every 2 > 0 there exists + > 0 sud that jA(X) i A(y)] < 2 whenewer
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A2 A andx;y 2 [j r;0] satisfy jx j yj < = Note that the samez+ works for
every A2 A and every x;y 2 [j r;0] with jx i yj < + For example,if there
existsM > 0 sud that A°existsand jAYx)j - M for every A2 A and every
x 2 [i r;0], then A is equicortinuousbecausgA(x) i A(y)j - Mjxj yj holds
for every A 2 A. We require the famous Ascoli-Arzela Theorem, Theorem
7.25[25|.

Lemma 4.5 LetfA,gl_, beaseuene of functionsin C that is equicontin-
uousand suchthat there is someM > 0 suchthat jA,(W)j - M foralln, 1
andall u2 [j r;0]. Then somesubsguene of f A,gl_, convelgesuniformly
to an elementof C.

Prop osition 4.6 If f is completely continuous and O(A) is bounded, then
O(A) is compact in C.

Proof: Thereis an M > 0 sud that kx;(A)k - M fort , 0 and sincef is
completely cortinuous there is an L > 0 sudh that jxqt; A)j = jf (x,)j - L
fort . 0. Sofort, r, x.(A) is cortinuously di®ereriable with derivative
boundedin norm by L implying it's Lipschitz constart is L. Thus fx.(A) :
t ., rgis auniformly boundedand equiconinuous family of functionsin C.
Let f x,, (A)g be a sequencen O(A). O(A) is compactif we shaw that thereis
a convergert subsequencéwhy?). There are two cases.If the sequencdt,g
hasa corvergert subsequencét,, g with t, ! tothen Xto, ! Xto ask! 1
by Lemma2.1, p.40of our text. If ft,ghasno converger subsequencehen
t, ! 1. Sincefx,,gis a uniformly boundedand equicorinuous sequence,
it hasa uniformly corvergen subsequenc®y Ascoli-Arzela Theorem.

Hereis what the invarianceof ! (A) means:through ead point of it there
is both a badkward and forward orbit de ned for all t and belongingto ! (A):

Prop osition 4.7 If A2 ! (A) then there existsat least one backwad exten-
sion of the solution x(t; A); t, 0to (j1 ;0] suchthat x(t; A) is de ned for
all t 2 IR, it is a solution of (4.1) for all t, and x;(A) 2 ! (A) for allt2 IR .

Proof: We wart to extend x(t; A), which is de'ned for all t , j r sothat
it's de ned for negative times and is a solution for all t 2 IR. Obsene
that x.(A) 2 ! (A) for t , 0 becauseof the positive invarianceof ! (A). By
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invarianceof ! (A), there is someA 2 ! (A) sud that x,(A) = A wherer > 0
is the delay. x(t;A); t , jr is a solution of (4.1) for t , 0 and satis es
Xo = A. By Remark 4.2, y(t) := x(t+ r;A); t | i 2r is the solution of (4.1)
fort, i r satisfyingy, , = A. Notice that

Yo(H) = V() = x(u+ r;A) = X, (A)(W) = A(W;ir- - O

soyo = A = Xo(A). By uniquenessy; = x(A) fort , 0soy(t) = x(t; A) for
t . ir. We have extendedx(t; A) to [j 2r;1 ) solets drop the notation y
and just renameit asx(t; A) sinceit agreeswith the old x(t; A) fort , j r.

Now, lets do the samething againto extendx(t; A) is[j 3r;1 ). Thereis
a»2 ! (A sud that x,(» = A. By Remark4.2,z(t) = x(t+ 2r;»); t, j 3r
is the solution of (4.1) for t | j 2r satisfying z; ,r = ». Again, it's easyto
chek that z,, = A so, by uniquenessz(t) = y(t) fort , j 2r. Obviously,
we can cortinue this processby induction to extend x(t; A) to all of IR.

The following is an elemenary application of invariance of the omega
limit set.

Prop osition 4.8 Supmselimy; x(t; A) = c for someconstantc. If ¢ de-
notesthe elementof C identically equal to the value ¢, then ¢ is an equilib-
rium, f (€) = 0, and, of course,! (A) = fég.

Proof: It's easyto seethat x;(A)! ¢ast! 1 so! (A) = fég. Sinceomega
limit setsareinvariant setsO(€¢) = fég for all t , 0 soit's an equilibrium.

Considerthe equation
xXt) =i x(ti DL XX t, O (4.2)

It has three equilibria, the constart functions j 1;0;1. Let A 2 C satisfy
i 1- A0) - 1andlet x(t; A) be the solution to the initial value problem
Xo = A Because

[1i x(©1°= x(ti 1)@+ x(@O)Li x(1)]

we may concludethat
Z t
[1i x(t)]=[1i A)]exp( . X(si 1)1+ x(s))ds), O
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Since[1+ x(t)] satis esa similar linear equation, we concludethat
YA t

[1+x()] = [1+ AO)lexp(i  x(si 1)(Li x(s))ds), O
0

Therefore, we seethat

il x(tA- Lt, 0
and hencethe solution can be extendedto all of [0;1 ) by a standard ar-
gumert and it's bounded. As f (A) = A(j 1)[1i A?(0)] is easily seento be
completely cortinuous, Theorem 4.4 and Proposition 4.6 imply that ! (A) is
non-empty and hasall the usual properties.

HW# 9 Let x(t) = x(t; A) be a boundedsolution of x{t) = f (x,) satisfying
Xo = Awheref : C! IR" is locally Lipschitz and completely cortinuous.
Supposethat V : C! IR iscortin uougandthat %V(xt) - Ofort 0. Shaw
that there existsc 2 IR sudh that ! (A) is an invariant subsetof fA 2 C :
V(A) = cg. Hint: The proof is sameasthe ODE onefor La SalleInvariance
Principle. Are all the hypothesesneeded?

4.1 Delayed Logistic Equation

In 1948,G. Hutchinson ([20]) introducedto delayed Logistic equation
nqt) = a1 n(tj T)=K]n(t)

to model a single population whoseper-capita rate of growth at time t
nqt)=n(t) = a[1j n(tj T)=K]

depends on the population size T times units in the past. This would be
reasonablefor a population that dependson a resourcewhose density at
time t dependson the size of the population feedingon it at time tj T
becausdt takestime T for the resourceto recover. If welet N (t) = n(t)=K
and re-scaletime, then we get the discrete-delg Logistic equation

NYD) = N@®[Li N(ti nl;t, O (4.3)

30



The right hand side is clearly completely cortinuous. We are primarily in-
terestedin nonnegatiwe solutions. Argumernts similar to thoseusedfor (3.14)
establishthat for ead A 2 C with A | 0, there exists a unique solution
N (t; A) denedfor all t , 0. The questionis whetherO(A) = fN(A) :t, Og
is bounded.

Prop osition 4.9 Every orbit of (4.3) with A, 0 is boundel. In fact, for
each suchA, there exists T > 0 suchthat

0- NtA - €; t>T

Proof: There are three cases.If NYt) , O for all larget, say all t > tg, then
O- N(t)- 1fort>tgj r sowearedone. In this case,N(t) % 1; t! 1
by Proposition 4.8. If Nqt) - Oforall t > tg, then N(t) , 1fort> tyj r
but N is decreasingsoN (t) & 1ast! 1 by Proposition 4.8. We are done
in this case. Therefore we can assumethat no matter how largeis t,, there
isat, > t; andts; > t; sud that Nqt,) > 0 and N{t3) < 0. Of course,this
meansthat 0 - N(t,j r) < landN(tzj r) > 1. Thus N oscillatesabout
N = 1. If to, r andty is a local maximum of N (t), then Nqto) = 0 and
N(toj r) = 1. Therefore, by a now familiar argumen, treating (4.3) asa
linear equation
Z,,
N (to) = N(toj r)exp( [1i N(sj r)lds) - €
toi r
Therefore€ is an upper bound for the maximum of N on any interval [a;b]
whereN (t) > 1on(a;b) andN(a) = N(b) = 1 provideda, r.

Actually, our proof shoved that there are potentially three kinds of
(non-trivial) solutions of (4.3):

2 golutions that are ewvertually monotone non-decreasinglessthan or
equalto one,which convergeto the equilibrium 4 from below;

2 solutionsthat are evertually non-increasing,greaterequalto one,that
convergeto onefrom above;

2 solutionsthat repeatedly oscillate above and below oneast! 1 .

We expectthat the trivial equilibrium 0 is unstablesincethe linearization
of (4.3) about this solution givesthe equationN°= N. The following showvs
that ! (A) = f0g only in trivial cases.
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Prop osition 4.10 Let A, 0. Then! (A) = f0g if and only if A(0) = O.
Indeed, A(O) = O implies that N (t; A) = Ofor all t , O.

Proof: N (t) = A(0) exp(Rg[li N (si r)]dr) soeither A(0) = OandN (t; A) = 0
forallt, Oor AO)> Oand N(t;A) > Oforall t > 0. In the former case,
I (A) = f0g. Supposethat A(0) > 0,yet N(t;A)! Oast! 1. Then, for
someto > 0, N(t) < 1=2fort , to sOoNYt) > IN(t); t, to+ r, implying
that N(t) , N(to+ r)e¥?! 1 , acortradiction.

If we changevariables,putting u= N j 1, then (4.3) becomeghe famous
Wright's equation (seeKuang)

udt) = u(ti )1+ u@]: (4.4)

The steady state N = 1 is now u = 0 and we expect that if we drop the
nonlinearity u(t)u(t i r) in this equation, then the linear equation

vt) = § v(ti 1)

will determinethe stability of our N = 1 steadystate. The readerwill recall
that in Proposition 2.2 and its Corollary we provided evidenceto the e®ect
that if r < ¥£2 then v = 0 is asymptotically stable and if r > ¥&2, then
v = 0 is unstable. Therefore, we expect to be ableto shov that N = 1is
asymptotically stable in caser < ¥#2 and unstable whenr > ¥#2. Wright
(1955) proved:

Theorem 4.11 [see Kuang] If r - 3=2, thenN(;A) ! 1, t! 1 for all
solutions of (4.3) satisfying A(0) > 0.

Note that 3=2 = 1:5< 1:57¢¢¢= ¥#2. Wright's conjecture,still unsoled,
is that Theorem4.11holdswith ¥#2 instead of 3=2. There exist nonconstarn
periodic solutions of (4.3) whenr > ¥&2.

Let's rst get a positive lower bound for oscillating solutions.

Lemma 4.12 If N(t) repeatedly oscillates alove and belowoneast! 1,
thenN(t) , exp(j r(¢' i 1)) > O for all larget.

Proof: N(t) - € forallt > T by Proposition 4.9. If N(t) < 1 and (a;b) with
N(a)= N =1,a> T+ r,andif N reacesits minimum on (a;b) at t°,
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then NYt") = 0soN(t"j r) = 1. It followsthat t° r - a and integrating
(4.3) from a to t° gives

Z
N(t") = exp( [1i N(si r)lds)
Z
.oexp( [1i €]ds)
.ooexp(i (1% a)le’i 1))
exp(j rle" i 1]):

It follows from Proposition 4.9 and Proposition 4.12 that oscillatory so-
lutions satisfy
O<exp(r(ei 1) - N(t) - €

for all larget.

Lemma 4.13 Let N(t) > O repeatedly oscillate alove and belowoneast !
1 andsupmsethere existsO< A< 1< B and T > 0 suchthat

A- N(t)- B; t, T:

5

Then there existsS > T suchthat

(9+g)(A) - N(t) - (9g)(B); t>S
whee g(u) = @i v,
Proof: The sameargumeris usedin the proof of Proposition 4.9 and Propo-

sition 4.12tell usthat sincelj B - 1j N(sj r)- 1j A holdsfor larges,
we have

9(B) - N(t) - 9(A)
for larget. Applying this onceagain, we get the desiredresult.

We canshav that N(t) ! 1; t! 1 if wecanshow that for all xo > O,
the iteration

Xn+s1 = 9(Xn); n, O

satisesx,! 1, n! 1!
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Figure 4: Simulations of (4.3 for di®eren valuesof r; No = 0:5.

Proof of Theorem4.11 whenr < 1. We only needto shav that x, ! 1; n!
1 . Wewill useTheorem9.60of Thieme'sbook [29]. That theoremsaysthat if
g:(0;1)! (0;1)iscortinuous,hasauniqgue xed point x® > 0, is bounded
on (0;x"), and for somex; < x° < X, g(X1) > Xz, 9(X2) < X, and nally,
g+g hasno xed point otherthan x°, thenx, ! 1, n! 1 . All requiremerts
of this result aretrivial for our g with x® = 1 exceptthe last one. g(g(u)) = u
if and only if g' (u) = g(u) if and only if 1 = F(u) := g(u) + In(u)=r. We
show that FYu) > Ofor all uif r < 1. If ruFYu) = 0 then r2ug(u) = 1 but
the maximum of the left hand side occursat u = 1=r at which it takesthe
valuerei! < 1 sincer < 1 sowe concludethat F°> 0 and F is injective.
We are done!

HW#10: Show that if A2 C satisesA, 0 then the solution N (t; A) of
Nicholson'sblow°y equation

NYt) = i 2N(t) + pN(ti r)exp( aN(ti r)) (4.5)
satisesN(t;©), 0; t, 0andO(A) is bounded. % p;q;r > 0.

HW#11: Usethe Matlab software padkageto corroborate the assertions
made concerning(4.3).
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5 Linear Systems
Motivated primarily by stability theory we turn to the caseof linear FDEs
xqt) = L(x;); Xo= A (5.1)

whereL : C ! C' is a bounded and corntinuous linear operator. Here,
boundedmeansthat there existsK > 0 sud that

iL(A)j - KkAk; A2 C

and C = C([j r;0],C"), i.e., we consider complex-\alued solutions. As a
consequencef boundednessnd linearity of L, it followsthat K is a Lipschitz
constart for L so(5.1) hasa unique solution de ned for all t ;, 0 and

kxi(A)k - e“'kAk; t, O (5.2)
A hall mark of linear systemsis superposition.
Prop osition 5.1 The mapA! x(t; A) is linear:
x(t; aA+ bA) = ax(t; A) + bx(t;A); t, 0: A;/A2C; a;b2 C

Motivated by the ODE case,we naturally seeksolutions of (5.1) in the
form x(t) = e'v for somecomplexnumber , andv 2 C" to be determined.
As x; = e'e v where

e(w:=e" jr- pu G
we seeon substitution into (5.1) that , and v must satisfy
.V =L(ev):

P
Now L = (Li;Lp;¢¢¢;L,) and Li(e v) = jv,-Li((a,cq), wherefe g is the
usual basisfor C", sothe equation above may be written as

LIi AQ)Iv=0
where

A( )y = Li(e g):
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This leadsimmediately to the characteristic equation for |
¢(,):=det((l § A(,)) =0 (5.3)

The Appendix to our text provides many results on the existenceand
structure of the set of roots of (5.3). We will examinea number of special
casedn detail later. Our only generalresult is the following.

Theorem 5.2 The function ¢( , ), de ned for all , 2 C, is analytic. More-
over, for each real numter o, there are at most nitely many roots of (5.3)
satisfying<(,) , =.

Proof: To seethat ¢ is analytic, it sutcesto shaw that ead function | !

Li(e g) is di®ereniable. First obsere that

218y t.21 0
1 f 2!

uniformly on [j r; 0], wheref (W) = pe (p). It follows that

d e B4z €]
glhiee) = Imli(= =

= Li(f &)

8)

This provesanalyticity of €.

If Bv = v for somematrix B, vectorv 6 0 and scalar, , then j, jjvj -
kBkjvj sowe nd that j,j - kBk, wherekBk is a matrix norm compatible
with the vector norm. If | is a root of (5.3), then it must be an eigervalue
of A(,)! Since

IAG)I = iLi(eg)i- Kke gk  Kmade ™ ig

we seethat the ertries of A(,) are boundedby M = K maxfe "*;1g if
<(,) , ®©. Sowe have that the set G of roots satisfying<(,) , & isa
boundedsetj, j - n?M. Consequetly, if G werein nite, then it must have
an accunulation point. In that case,the analytic function ¢ would agree
with the idertically zerofunction on G so¢ ~ 0 by a well known theorem
in complexvariablestheory. This is a cortradiction soG is nite.
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HW#12: Determine steady statesfor the delayed chemostat model
ST = 1i SO fF(S)x()
xqt) = €@ "F(S(ti r)x(ti r)i x(t)
wheref (S) = mS=(a+ S) and x; S, 0. Assumethat m=(1+ a) > €' and

m;a;r > 0. For eat steady state, nd the linear variational equation and
the assaiated characteristic equation.

HW#13: Find the steady state with positive componerts for the delayed
predator-prey model

x{t) x((mi x(t)i y(t))
yqt) y(t)(i 1+ ax(ti r))

wherem;r;a > 0. Find the linear variational equation and the assaiated
characteristic equation.

As a consequencef the superposition principle and Theorem 5.2, solu-
tions of (5.1) may be constructed by taking linear combinations of the form

x(t) = tMelv

where , is a root of (5.3) of multiplicit y greaterthan m and v is a suitable
vector.

It is corveniert to de ne the operator T(t) : C! C by T(H)A = x(A)
foreahr A2 C; t . 0. Then T(t) is a linear operator by the superposition
principle and (5.2) implies that

KT (t)k := supfk T(t)Ak : kAk = 1g - €X'
Moreover, by the semigroupproperty, Theorem4.1, we have
T(A)T(S)A) = xe(Xs(A)) = Xea5(A) = T(t+ S)A
from which we concludethat
T@)T(s)=T(t+s9); t;s, O
In addition, T(0) = I, the idertity operator on C and the mapping:
t! T(H)A (5.4)
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is cortinuous from [0;1) ! C. A family of bounded linear operators
fT(t)a: o satisfyingthesepropertiesis calleda strongly contin uous semi-
group of operators. The adjective \strongly" refersto fact that the corti-
nuity assertion(5.4) doesnot imply that

troT(t)

is cortinuous from [0;1 ) ! L(C;C), whereL(C;C) denotesthe spaceof
boundedlinear operatorson C.
Our goalisto nd the sharpest exponertial growth estimate
kKT(k- Me*; t, 0

5

that we can,whereM , landa?2 IR areconstarts. Hopefully, we canrelate
a to the roots of (5.3)!
Considerwhat happensfor ODEs

x°= Ax
Here, we get the Group of operators T (t) = e
e = 9 52 IR
and x(t) = T(t)x(0). We canrecover the matrix A from T(t) by taking the
limit:
T()x | X eMxi x

Ax = lim = lim

= lim 1=t[At + (At)?=2+ ¢¢¢]x:
t& 0 t t& 0 t& 0

From Av = v we get e*v = elv soif 3A) denotesthe eigervaluesof A,
then we have the spectral theorem

ety = A (5.5)

This is extremely useful sincethe eigervaluesof a matrix are closelyrelated
to its norm. For ODES we have that for every 2 > 0, there existsK (2) , 1
sud that

keMk - K(@e™ %t 0

5

wherea := maxi< (,) :, 2 ¥{A)g. SeeTheorem2.10in Brauer and Nohel.
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Hereis our plan of action:
Step#1: We will try to de ne an operator A : D(A) ! C sud that

AA = lim M‘
t& 0 t

whereD(A) = fA2 C : the above limit existsy.
Step#2: Then, we will shov that u:[0;1)! C dened by u(t) := T(t)A
is the solution of the abstract ODE

uqt) = Au(t); u(0)=A;t, 0

provided A2 D(A). We think of T(t) asif it weree!.
Step#3: We will shaw that the spectrum (eigervalues)of A,

YYA)=f,2C:4(,)=0g

and we will shav that (5.5) holds.
Step#4: We will shawv that for every 2 > 0 thereis K (2) , 1 sud that

KT(Hk - K(®)e™ 2t 0

wherea ;= maxft< (,) : 4 (,) = 0g.
As a corollary we will have proved:
Theorem 5.3 If <(,) < O for all roots of (5.3), thena < Oandx = 0 is

asymptotially stablefor (5.1). In fact, for anya> j @ thereis K , 1 such
that

(5.6)

KT (t)Ak = kx(A)k - Ke'?: t O

Solet's begin. We will take for granted the following result (Lemma 1.1,
Chapter 7 text)

Lemma 5.4 If fT(t)g o is a strongly continuous semigoup on a Banach
smce B then the limit:

AX = lim TOxi x

t& 0 t
existsfor x belonginga densesubspce D (A) of B and the operator x !  Ax
is a closel linear operator. Closal meansthat if x, 2 D(A) satisesx, ! X
and Ax, ! vy, thenx 2 D(A) and Ax = y. Moreover, u(t) = T(t)x satis es
the di®ekential equation
u’= Au; u(0) = x

for x 2 D(A).
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The linear operator A is calledthe in nitesimal generator of the semi-
group T(t).
The following result is part of Lemma 1.2, Chapter 7 of our text.

Prop osition 5.5 If f T(t)g: o denotesthe semigoup for (5.1), i.e. T(t)A=
x¢(A), then AA= A’for all A2 D(A) wher

D(A)=fA2 C:A°2 C; AY0j ) = L(A)g

Proof: Wewant to shav that D (A) = G whereG is the seton the right hand
sideabove. By de nition of D(A), if A2 D(A) then the limit
AA = lim M

t& 0

existsand belongsto C. Then it follows that for ead u2 [j r;0]

xe(AW i A(Y)
t

(AA)(W = lim

If u< Othent+ p< Oforall smallt > 0and x;(A)(K) = At + 1) sowe see
that ) )
(AA)(H) = AYp+)
wherethe + indicates the right-hand derivative. If p= 0, then x;(A)(0) =
x(t) sowe get
(AA)(0) = xY0+) = L(A):
As A := AA must bein C we seethat
%) Y

Aw= L)

must be cortinuous. It follows that
Z

Ve u ~
“W=AGTN+ Als)ds; p2 i r;0]
ir
is cortinuously di®eretiable andh = Aj ~ satis esh(j r) = 0and h{u+) =
0 for all p 2 [j r;0). Consequetly, h must be a constart function and
h(j r) = O meansh = 0! (SeeHale's ODE book, Cor. 6.1,pg32.) But this
meansthat A= h+ ~ = is cortinuously di®ereniable and

AX0i ) = “%0i ) = A(0) = L(A):
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Furthermore, AA = A2 We have proved that if A2 D(A), then A2 G. The
corverseis not so hard.

HW#14: Provethat G %2 D(A) whereG is de ned in the proof.

Recallthat the spectrum of an operator A is de ned by,
YA)=f,2C:(,1 i A):C! C doesnot have a boundedinversey

An important part of ¥{A) is the so-called\p oint spectrum”, sometimes
called the set of eigervaluesof A and denotedby P3¥{A). More formally,

P¥A)=1, :N(I i A) 6 fOgg

where N (B) is the null spaceof B. The following is part of Lemma2.1in
our text.

Lemma 5.6 ¥A)=P¥A)=f, 2C:4(,) = 0g.

Proof: Let's seewhen | j A hasa boundedinverse. GivenA 2 C, we try
to sole
(I i A)A= A

for someA 2 D(A). SinceAA = Althis becomes

Ai A=A (5.7)

5

Solving,we nd that
Z 0
A = A0)et + e Wi IA(s)ds
u
wherewe must nd A(0) soAY0) = L(A). Let~ 2 C denotethe right hand
term above sothat A= A(0)e”® + ~. Then L(A) = L(A(0)e*) + L(") and,
using (5.7), we want

AX0) = ,A(0);i A0)=L(A = L(AO)e )+ L()
which holds if
AQ)i L(AO)e™) = A@0)+ L():
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If 4 (,) 6 0, then we can solve for A(0)
AO) = LI i AQ)THAQ©) + L())

where we have usedthat ,A(0) i L(AO)e®) = [[I i A(,)JA0). Finally,
straightforward estimatesshow that A= (|| j A)i A satis es

kAk - PkAk

for someconstart P, implying that (,I i A)' ! is bounded. This provesthat
Y(A) Y2f, 2 C:4 (,) = 0g.

The other inclusion is simpler sinceif , is a characteristic root, then
x(t) = etv is asolution of xqt) = L(x;) where[,I i A(,)]v= 0. Obviously,
xqt) i ,x (t) = O for all t, implying that AAj A = 0 for A(y) = etv and
AY0) = L(A). Thus,f, 2 C:4(,) = 0g %2 P¥A).

Now we jump to Lemma6.1 of our text-which might be calleda \sp ectral
theorem”. We take the following result for granted but recall for matricesA,
it just saysthat Av = v if and only if e"'v = el V!

Lemma 5.7 If T(t) is a strongly continuous semigioup of operators with
in nitesimal geneator A, then

exp(tP ¥{A)) 2 P3¥T(t)) Y2 exp(tP ¥{A)) [ fOg

More speci cally, if 1 6 Oand! 2 P3{(T(t)), thenthereis , 2 P¥A) such
that 1 = exp(,t). Conversely,if , 2 P¥A) thene' 2 P33T (t)).

Now comesthe key result (Lemma 6.2 in text) which relatesthe rate of
growth of kT (t)Ak to the spectrum of T(t) which, by the lemma above, is
related to the spectrum of A. Recallthat the spectral radius of a bounded
linear operator K : X ! X ona Banad spaceX is the de ned by

K) = maxfj,j:, 2 %UK)g:
It canbe computedby the formula

%K) = lim kK "k
n'l
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Lemma 5.8 If T(t) is a strongly continuous semigioup of operators on X
and for somer > 0, ¥2:= %T(r)) 6 0, andif r = log(*3, then for any
2> (Q, there existsK. , 1 suchthat

KT(t)xk - K:exp(( + 2)t)kxk; t, 0; x 2 X:

We will apply this result to our semigroupbut rst we show that it has
a special property of compactness.

Lemma 5.9 If fT(t)g: o denotesthe semigoup for (5.1), then T(t) is a
compact operator for each't ., r. This means that T(t)B is compact in
C, for each boundel subsetB % C. Therefore, for t | r, ¥T(t)) nf0g %
P3(T(t)), P¥T(t)) is a countable(or nite) set,and zer is its only possible
accumulation point.

Proof: If B is bounded,there existsM > 0 sud that kAk - M forall A2 B.
T()B = fx(A) : A2 Bg and

kxi(A)k - e'kAk - M et

which implies that T(t)B is uniformly bounded. Now x;(A) is cortinuously
di®erettiable fort , r and

ixq)j = jL(x)j - Kkx(Ak- MKt kAk- M:

ThereforeT(t)B = fx,(A) : A2 Bgis a uniformly boundedand equicorinu-
ousfamily of functions so T (t)B is compactin C by Ascoli-Arzela Theorem.
The last assertionis a well-known property of compact operators (seeany
text in functional analysis).

Now we can restate the analogof a well-known result for ODEs.

Theorem 5.10 LetfT(t)g: o denotesthe semigioup for (5.1) and let & :=
maxf< (,) :4 (,) = 0g. Then for every2 > 0, there existsK: , 1 suchthat

KT (1)Ak - K.exp((a + 2)t)kAk; t, 0; A2 C: (5.8)

Whena = j1 , weinterpret this to mean for every” 2 R, we can substitute
" for @ + 2 in (5.8) for a suitableK- > 1.
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Proof: Supposethat f, : 4(,) = 0g 6 ; soe 2 IR. By Lemma 5.9,
YT (r)) = P¥T(r)) [ fOg and so,by Lemmab’.7,

%T(r)) = maxfje-j:¢(,)=0g=¢€">0

and the result now follows by Lemma5.8.

Iff, :4(,)=0g=; thena = j1 . In this case,3(T(r)) = fOg so
YT (r)) = 0. Consequetly, lim,; KkT(r)"k*™ = 0sogiven” 2 IR, there
exists N sud that kT(r)"k* < e " for n, N. Thus, using the semigroup
property, we have kT(nr)k< € " forn, N.Ift, Nrwe nd n, N sudh
that nr - t< nr+r and

KT(t)k = KT(nr)T(tj nr)k- e"kT(nr)k- e " . Kdliret

This estimate leadsto the desiredconclusion.

6 The Characteristic Equation

By Theorem 5.2, the characteristic equationshas at most courtably many
roots and for a givena 2 IR, there are only nitely many roots , satisfying
<(,), a. This ensuresthat @ := maxf< (,) : 4 (,) = 0g makessenseand
that there existsat leastoneroot, but no morethan a nite number of roots,
of the form , = & + {° for some® 2 IR. It is theseroots which are \most
dangerous"and which we particularly want to focuson. We alsoexpect that
the roots comein complex conjugate pairs.

HW#15: If L(A) 2 IR" for every A 2 C satisfying A() 2 IR"; p2 [j r;0],
show that , is a characteristic root if and only if its conjugate® is a charac-
teristic root.

The following result, a special caseof Rouch$' s Theorem (see([1]), will
be usefulin studying the characteristic equation.

Theorem 6.1 [RoucHg' s Theorem] Let ° be a simple closa curve (non-
intersecting) in the complexplaneandlet f (z) and g(z) be functions analytic
in the complexplane and satisfying

@i 9@j<if(@i; z2°:

Then f (z) and g(z) havethe samenumler of zeos, counting multiplicity,
enclosd by °.
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To seewhy its useful, keepin mind that in practice our linear systems
always cortain many parametersso usually we have 4 (z) = 4 (p;z) where
p 2 IR* are parametersand we want to know how the characteristic roots
vary as p is varied. Lets write F(p;z) = 4 (p;z) becausewe hate greek
letters. Lets supposethat F is cortinuousin all argumerts but analytic in z
for xed p. Supposethat ° is a simple closedcurvein Cand F(z; pg) = 0 has
no roots on ° for parametervalue po. Now compactnessof °© and cortin uity
of F meansthat

2:=minfjF(z;p)j:z2 °g> O:

For the samereasonsthere exists+> 0 sud that
jPi Poj< % z2°=) jF(p;2)i F(po;2)j < ?

from which we conclude, by Theorem 6.1, that the number of roots of
F(p;z) = O inside ° is the sameas the number of roots of F(pg;z) = 0
provided jpj poj < %!

HW#16: UseTheorem6.1to prove that if p(z) is a polynomial of degree
n and 2 > 0 is sud that p(z) = 0 hasa root zo of multiplicit y m and no
other roots in jz i Zzp) - 2, then there exists £ > 0 sud that n-th degree
polynomial g(z) hasm zeros,courting multiplicit y, in jzj zoj - 2 provided
the coexcients of q are within + of those of p.

6.1 ,j ® ¢€e-=0
If we linearizethe discretedelay equation
xqt) = £ (x(@;x(ti r)); (6.1)

wheref (x;y) is a smooth scalar-alued function, about a steady state solu-
tion
f (Xo;%X0) = 0

we get the linear systems
Zqt) = &z(t) + ""z(ti r)

where
® = fy(Xo;Yo); "= fy(Xo;Yo):
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The characteristic equationis

, =&+ fef (6.2)
or, on setting
z=r,;, ®=r®; =17
we get the equation
z=®+ €% (6.3)
If we write z = x + iy, then the equationsare
0 = xj ® € *cosfy) (6.4)
0 = y+ € ”"sin(y)
Now, z = 0 aroot preciselywhen®+ = 0 and a portion of this line is

plotted in the Figure below.
HW#17: Shaow that z = 0is a doubleroot only when®= 1land =j 1

Setting x = 0 and solvingfor ® and  givesthe \neutral stability curves”
in parameter spacealong which (6.3) has purely imaginary roots z = iy.

® y cosfy)=sin(y) (6.5)
a i y=sin(y)
As roots comein complexconjugatepairs, we may restrict y , 0. Notice that

the curve is well-de ned at y = 0 where (®; ) = (1;j 1), which coincides
with the parametervaluesat which z = 0 is a doubleroot. We denote by

Co = f(® ) = (ycogy)=sin(y);i y=sin(y)); 0- y< ¥Yg

the curve alongwhich z = 8iy; 0- y < Yiareroots. It is depictedin the
Figure below. Easy calculations give ‘;—? < 0and ?j—y < 0Ofor0<y< ¥iso
both ®&(y); (y) decreasavith increasingy. Starting from (1;j 1) wheny = 0,
(®&y); (y)) meetsthe -axisat (0;j ¥&#2) wheny = ¥£2. It then enters the
third quadrant and approades(jl ;i1 ) from below and tangert to the
line ®= " asy % Yasince®= = j coqy)! 1whileboth® ! 1 as
y % Ya
We alsoneedto considerthe curves

Co = F(® ) = (ycody)=sin(y); i y=sin(y)); nv< y < (n+ 1jvg; n, 1

46



+ 3 ) 50 1 2 3 4
+1

29

43

+4°

Figure 5: Stability Regionfor (6.3) in (®; )-plane liesto the left

wherez = 8iy; n¥< y < (n+ 1)%areroots. Notice that (j 1)" sin(y) > Oon
nY< y < (n+1)¥so(; 1)"*~ > 0onC, but ®changessignaty = n¥s+ V&2,
On C,, § < 0but & changessignon (n¥; (n+ 1)) wheretan(y) = y. Since
- =®= j 1=coqy),] =® > 1onC, implying that Cy; Cs; ¢¢¢ lie strictly above
the graphof = j® while C,; Cy; ¢¢¢ lie strictly below the graphof = jj ®).
It is easyto seethat Cy,.1 liesstrictly above Cyy; 1 for n = 1; 2; ¢¢¢ and that
Com+1) lies strictly below Cy, for n = 1;2;¢¢¢. SeeFigure XI.1, pg 306,
Diekmannet al. C, never meetsC,, the line ®+ = 0, nor the open region
enclosedby thesetwo curves.

HW#18: Show that the curves C, have the properties descrilked above.
Shaw alsothat they are asymptotic to the lines = §®asy! n%(n+ 1)%

Prop osition 6.2 All roots of (6.3) have<(z) < 0 for (®, ) belongingto the
open region boundal by Co and = j ® whichmeet at (®, ) = (1;i 1). See
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the Figure. At least one root satis es <(z) > 0 for (®; ) belongingto the
open complementaryregion on the right.

Proof. Lets denoteby AS the openconnectedregionboundedby Cy and part
of the line = j ®in the (®, ) plane. Dene F(z;®, ) =z ®; e~
We will show that the function

Z(®7)=#fz2C:<(2)> 0; F(z;® ) = Og

which courts the "unstable roots"”, accordingto multiplicit y, is cortinuous
on AS. Taking this for granted for the momern, how can an integer-valued
function be cortinuouson a connectedset? It must be constari! To seethis,
‘rst obsene that because-(z;j 1;,0)=z+ 1= 0ifandonlyif z=j 1, we
know that Z(j 1;0) = 0. In fact, Z(®;0) = 0 for all ®< 0. So,

AS = ZiYfog) [ Z'1([1=2;1))

is a decomposition of AS into disjoint, closedsubsets.Connectednessf AS
implies that they cannot both be nonempty. SinceZi (f 0g) is non-empty,
it follows that AS = Zi 1(f0g)! Sincethere are no purely imaginary roots
or zeroroots in AS, we have shavn that <(z) < 0 for ewvery root when
(® )2 AS.

Now we will use Rouch$'s Theoremto prove cortinuity of Z. As a rst
step, we give boundsfor any root z = x + iy with x = <(z) , 0in terms of
® and . From (6.4) we get that suc a root must satisfy

O- x- J®&+j 1 Jyi-Jj

Now X (®; o) 2 AS. Let By be a closedball certered at (®y; () SO
small that By ¥2 AS. By the estimate above, we can nd M > 0 sud
that any root z = x + iy with x > 0 correspnding to any (®, ) 2 By
satis esx;jyj - M. Thus, any sud root lies inside the simple closedcurve
°, oriented courterclockwise, bounding the rectangleR := [0;2M ] £ [0;2M ]
in the (®;, )-plane. Hence,for (®, ) 2 By

Z(® )=#fz2C:F(z;® )=0; z2 inside°g:

By shrinking the radius of the closedball By, if necessarywe can assume
that

IF(z:® )i F(z®; o)< minfiF(z;®; 0)ig; (& ) 2 Bo:
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Note that the minimum is positive sinceF (z;®y; o) 6 0for z 2 ° (why?).
By Theorem6.1,Z(®, ) = Z(®; o) for all (®, ) 2 Bo. This provesthe
corntinuity of Z.

Now we show that asoneleavesAS by crossingthe boundary at a point
(®y; o) where®, + o = 0 but (Ry; o) 6 (1;i 1) that a real root changes
sign from negative to positive. Considerthe equation

G(X;® o) =xi ® &€*=0

whosesolutionsgive real roots of the characteristic equation. G(0; ®y; o) = 0
and G, (0;®y; o) = 1+ o > Osothe Implicit Function Theoremimpliesthere
isaroot x = xX(®) of G(x; ® ) = 0 for ® nearto ®,, satisfying x(®) = 0
and d G 1
X _ . be _

E@(@)) SRR P
This implies that x(®) < 0 for ® < ® and x(® > 0 for ® > ®,, at least
for ® near ®. Thus, there is a positive root of the characteristic equation
just outsidethe boundary of AS at (®; () where®,+ (= Obut (Ry; o) 6
(1§ 1).

Now we showv that as we crossthe boundary of AS through a point
(®; o) = (®&Yo); (Yo)) for someyo 2 (0;%) of Co, away from (1;j 1), that
the conjugate pair of roots 8iy, at (®y; o) move into the right half-plane
<(z) > 0. Again, we usethe Implicit Function Theoremand the formula for
®p; o Iin terms of yo. We have F (iyo; ®y; () = 0 and

Yo
sin(Yo)

> 0

F,(iyo;®; o) = 1+ o€ Yo = 1 e@o=(1j ®&)+iyo60
and

Fa(lyo;®; o) =i 1
sothe Implicit Function Theoremimplies that the equationF(z;®; ) = 0
(where is xed) hasa solution z = z(®) for ® near®, satisfying z(®) = iyg
and

92 @)= Fo- 1 _ (@i ®)iiyo.

d@ ™" F, T (i @)+ iyo (i @2+
> (i @) i
. i il

2(®) = iyo+ (B ®) 7 gharye + 0@ &)
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and we seethat

(1i ®)
(1i @)%+ Y3
for ® near ®. Because®, < 1, we seethat <(z(®)) > 0 for ® > ®. This

provesthat there is a complexconjugatepair of roots with positive real part
just outside but near C.

<(z(®) = (®i &) + O([®i ®&]*)

Recall that when ® = 0 we showed in Proposition 2.2 that the stability
regionfor isgivenby j ¥/2 < < 0 which correspndsto the segmeh on
the  axisin the stability region Figure.

Now lets return to our original problem of determining the stability of the
steady state of (6.1) which dependson the original characteristic equation
(6.2). We assumethat ® + ® 6 0 for otherwise(6.2) hasthe root , = 0.

Theorem 6.3 The following hold for (6.2):
(@ If &+ "> 0, thenx = Xq is unstablefor all r > 0.

(b) If ®+ "< 0and °, @ thenx = Xxq is asymptotially stablefor all
r>0.

(c) f &+ "< 0and °< @ thenthere existsr” > 0 suchthat x = Xxq
is asymptoti@lly stablefor 0 < r < r® and unstablefor r > r®.

In case(c), there exist a pair of purely imaginary roots of (6.2) atr = r®.

Proof: Consider(a). Then (®, ) = r(®"; °) never meetsAS or its boundary
sothereis aroot | = ri 1z with positive real part for all r > 0.
Consider(b). In this case,(®;, ) = r(®; °) lies ertirely within AS for
all r > Osoall its roots , = ri !z satisfy <(,) < 0.
In case(c), the ray (® ) = r(®"; °); r > 0, belongsto AS for small
r > 0 but meetsCy at exactly onevalue of r := r® and leavesAS forr > r”.
The fact that it meetsC, exactly oncefollows from a simple calculation

_ sin(y) .
—= i COS
<d_: y : sin6(/3)<1; 0< y < Y
d® 1j cogy)=¥

wherewe usedthe fact that s'r‘yﬂ strictly decrease$rom oneto zeroon (0;Y)

50



7 Hopf Bifurcation
Considerthe delay di®ererial equation
xqt) = x(ti D[ ®+ x3(t) + x3(tj 1)] (7.1)
where® is a real parameter. Its steadystatesx = a are given as solutions of
0= afj ®+ 2a7]

soa = 0 is a steady state for all ® and a = § P ®=2 is a steady state for
®> 0.

Lets focus on the steady state x = a = 0 rst. Linearizing about x = 0
by dropping the higher order terms x?(t) + x?(t i 1) from (7.1), we get the
linear equation

yt) =i ®y(ti 1) (7.2)
which was consideredin great detail in our rst section. Its characteristic
equationis the familiar one:

. =i @
From Proposition 2.2 we know that y = 0 is asymptotically stable for 0 <
® < ¥#2 sincethe roots have negative real part. At ®= 0,, = Oisthe only
root. At ® = ¥#2; . = 8i¥#2 areroots. Thereforex = 0 is asymptotically
stable for (7.1) when0 < ®< Y&2.

We would like to know what happensto solutions of (7.1) as ® passes
through O from positive to negative and we'd like to know what happensas
® passeghrough ¥#2. Lets take up the casea % 0 rst. The linear equation
(7.2) ought to tell us something. For ® 6 0, its only steady stateisy = 0
but when® = 0 ewery value of y givesa steady state. Thus there is a major
changein the structure of the setof steadystatesfor the linear equation (7.2)
at ®= 0. But we saw that the samehappensfor the nonlinearequation(7.1).
Namely, the new branch of steady states

P
a=8 ®2 ®>0

brancheso®from the trivial steadystate at ® = 0. This is called a steady
state bifurcation and it occurs precisely where the linear equation (7.2)
predicted it would-at ® = 0.
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HW#19 Determine the stability of the nontrivial branch of steady states.
Supposethe last two "+" signsin (7.1) are changedto "-" signs. Determine
the nontrivial steady statesand their stability in this case.

What doesthe linear equation predict will happen for ® near ¥#2? At
® = ¥#2, y(t) = sin(%t) is a solution of (7.2), asis y(t) = cost). Thus
the linear equation is predicting that a periodic solution appears suddenly
at ® = ¥#2. We had better listen to what the linear equation predicts! Lets
try

x(t) = asin(¥41=2)
as a solution of (7.1). Using that sin(¥(t i 1)) = i cog{3%t), we have, on
inserting the above into (7.1) and dividing out the commonfactor cos(%‘”t) in
ewvery term: .
Ya 3

a— = a®; a’:
> i

Dividing out a factor of a, wethat a= § P ®j 5 s0

r
.Y Y,
X(t) =8 ®j ¢sm(§4t); ®> 54

Z4

2

is a periodic solution of (7.1).
Now let's state the Hopf Bifurcation Theorem,following [17] and citeHas-
sard. We considerthe one-parameterfamily of delay equations

x{t) = F(xi;1) (7.3)

whereF : CE£ IR! IR" is twice cortinuously di®erettiable in its argumerts
and x = 0 is a steady state for all valuesof*:

F(@;t)" O:
We may linearize F about A= 0 asfollows
F(A;2) = L(u)A+ f (A1)
whereL(*) : C! IR" is a boundedlinear operator and f is higher order:

- jf (AL
H!mo KAk

)
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The characteristic equation assaiated with L is
0= det(,l i A% L)) Aj(t)=LM")i(eg):

The main assumptionis on the characteristic roots of this equation.

(H) For somea > 0, the characteristic equation has a pair of roots ®&*) §
i (1) where®0) = 0; ®/0) 8 0,! (*) > 0 and all other roots have strictly
negative real parts for all j1j < a.

Theorem 7.1 Let (H) hold. Then there exists+ > 0 and functions * (?) and
T(?) > 0, dened for 0+ 2 < +and satisfying* (0) = 0, T(0) = {45, such
that for each2 2 (0; %), equation (7.3) hasa non-constant periodic solution
p(t; 2) = p(t + T(?);2) of period T (2) for parametervalue! = 1(2).

Moreover, There exist1o; o > 0 suchthat if (7.3) has a non-constant
periodic solution x(t) for some?! satisfyingjlj < 1o and max jx(t)j < o,
then® = 1(2) and x(t) = p(t + | 2) for some? 2 (0;+) and some.

If F is analytic then:

1 (2) — 1 k22k
k=1
2y, R
T = 1+ a?®]
O

p(t;?) = 2q(t;?)

whee q(t; 0) is a !z(g;-periodic solution of @° = L(0)g. If 11 6 O, then for
smal 2, p(t; 2) existsfor * = 1,22+ O(2%4) positive if 1, > 0 and negative if

1, < 0. It is asymptotially stableif ®{0)!; > 0 and unstableif ®{0)!, < O.

The casethat ®{0) > 0 and *; > 0 is called a \super-critical" Hopf
bifurcation. In this case,the steady state x = 0, asymptotically stable for
1 < 0, loosesits stability for * > 0 wherethe periodic solution p(t; 2) exists
and the latter is asymptotically stable. Stability is lost by the steady state
and gainedby the periodic solution.

A quite di®eren qualitativ e picture emergesvhen®Y0) > Oand?, < 0,
the so-called\sub-critical* Hopf Bifurcation. In this case,althoughthe x = 0
steady state is asymptotically stable for 1 < 0, its basin of attraction must
becomevery small when® is small sincethe unstable periodic solution of
amplitude proportional to = j T is nearby. Most disturbingly, whenx = 0
loosesstability for * > 0, no small boundedsolution gains stability. If there
is a stable boundedsolution for * > 0, it is \large".
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7.1 Application to delayed Logistic equation
We return to the study of the delayed Logistic equation

Nqt) = N(©)[L1i N(tj r)]

The steady state of interestis N = 1 sowelet u= N j 1 to translate the
steady state to u = 0. The resulting Wright's equationis given by

udt) = i u(ti r[Li u(t)]

In order that the delay r appearsexplicitly asa parameterwe scaletime by
s = t=r and set U(s) = u(t) to get

U= jrU(si D[+ U(s)]=jrU(si 1)j rU(si 1U(s) (7.4)

wheredot denotesdi®erertiation with respectto s. The linearized equation
about U = Ois just
V=jrV(sj 1)

with the familiar characteristic equation

,tre-=0
As we know, the roots have negative real part whenO - r < ¥#2; = §i g
areroots at r = ¥#2 with all other roots having negative real part soit is
natural to setr = %/“+ 1 to connectwith the notation of the Hopf Bifurcation
Theorem. Writing the characteristic equation as

F(b;l)::, +(:|/4—_2+ 1)ei, =0 (75)
we nd that

F(¥=2,0) = 0

F (¥#2,0) = 1+ (¥#2)i60

F. (¥22; 0)

ji
sothe Implicit Function Theoremimplies that we cansolve F = O for , =
,(2)=®*) + il (*) satisfying, (0) = (¥#2)i and

d Ye2 + i

()= F=F = — .
A N
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Consequetly

ve2
1+ (V&2)?
When t = 0 there exists £ > 0 sud that the roots of the characteristic
equation consistof § i(¥#2) and roots , satisfying<(,) < j + SeeProposi-
tion 2.2. Consequetly, by the cortinuity of the roots with respectto !, there
exists! o > 0 sud that for jtj < 1, the roots of (7.5) consistof &* ) 8§ i! (*)
and other roots satisfy <(,) < j +=2. Thus the hypothesesof the Hopf
Bifurcation Theorem are satis ed; furthermore, F is analytic. As a conse-
guence,(7.4) hasa non-constarn T (2)-periodic solution p(t; 2) correspnding
tor = ¥&2+ 1(2) with 1 (0) = 0and T(0) = 2¥/=(¥&2) = 4.

Calculations given in [18] give:

d®, .
ROE

1
p(t;2) = 22 cos(g)+ 22[4=5coq¥t) + 2=5sin(*4)] + O(?%®); 0- t- T(®
34 2,
Ty
2
2y = “ 22 24
T(?) 4[1+ = + O(2")]

As ®X0)! ; > 0, the Hopf Bifurcation is super-critical and hencethe periodic
solution is asymptotically stable. This is corroborated by the numerical
simulations displayed in an earlier section.

As noted in Hale [17], Jonesshowed that there exists a periodic solution
of (7.4) foreath * > 0.

It is worth mertioning that the changeof variables

X = log(1+ U)
in (7.4) corverts the latter to the delayed negative feedba& equation
xt) = jrf(xti 1); fx)=¢& &

Negative feedba& is implied by xf (x) > 0for x 6 0. For generalsuc f , this

classof systemshasbeenextensiwely studied in the literature. Seeespecially

Mallet-Paret [23]. It can be seeby the remarks belov Proposition 2.2 that

the dimensionof the unstable manifold of the x = 0 steady state increases
steadily with * and the dynamicson it can becomeincreasinglycomplex.
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7.2 An ODE approximation to a Delay Equation

Considerthe discretedelay equation

xq0) = f(x(t);x(ti 1)) (7.6)
Let us assumethat x(t) is a solution with initial data given by xo, = A. We
want to appraximate x(t).
Fix a positive integer N and let
Xi(t) = x(tj ii)' O- i+ N:
i - | N y .
Note that xq(t) = x(t); xn(t) = x(tj 1) and
1
x)(t) aN[xi(t+ 1=N) j xi(t)] = N[xi; 1(t) i xi(D)];t> INE

The delay di®erertial equation can be approximated by the systemof N + 1
ODEs

f (Xo(t); Xn (1))
N[Xi;2(t) i xi(; 1- i- N (7.7)

xg(t)
x(t)

where x;(0) = A(j iNi). There is a considerableliterature on this approxi-
mation technique. Gedeonand Hines [14] relate the global attractor of the
delay equation to the global attractor of the discretization. W. Stone uses
the above approximation in his Ph.d. thesis under Frank Hoppensteadt's
direction [2§ in order to study nonlinear oscillationsin Wright's equation.
HW# 20 Considerthe equation (7.6) wheref (x;y) = i y and the ODE
approximation (7.7). Relate the eigervalue of the Jacobianof (7.7) at x = 0
with maximal real part with the correspnding root of the characteristic
equation (2.7).

7.3 A second order delayed feedback system

Supposewe cortrol the external forcing F (t) to the damped oscillator equa-
tion

x%% b2+ ax = F(t); a;b> O:
We'd like to cortrol x(t) in order to \stabilize" the systemnear x = O.
A common engineeringapproad is to obsene x(t) and, depending on its
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deviation from x = 0, apply a suitable forcing F (t). In other words, we want
to usestate feedback

F(t) = F(x(t)
Howewer, there will be a delay in our ability to implemert the forcing and
thusit is more reasonableto consider

F(t) = F(x(ti r)):
We will assumethat the negative feedba& condition for F
XF(xX) < 0; x6 0

andthat F{0) = d< 0.

See[5] for an interesting study of a related systemwherein it is shovn
that it exhibits complexand chaotic behavior for suitable parametervalues.
We are motivated here by the paper of Cooke and Grossman[6].

In systemform, our equation becomes

xqt) = (1)
v(t) i bvt) i ax(t) + F(x(ti r)) (7.8)

It's only steadystate is x = 0 and the correspnding characteristic equation
is

2+ Db, +a=de-: (7.9)
It will be usefullater to scaletime sothe delay becomesne. The scaling
X(&)=x(); V() =v(t); re=t
resultsin

X(¢) = V()
\(¢) i brv(¢)i arX(¢) + rE(X(¢i 1))

Lemma 7.2 There are no real roots satisfying, , O.

Proof: The graph of g(,) := .2+ b,, a parabola, cannot meet the graph
of h(() ;= ja+de" for, , Osinceh®> 0, h(0) = dj a< 0and
h(1) =i a< 0. Draw a picture!
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Lemma 7.3 There existsR > 0 suchthat if , is aroot with <(, ), O, then
j>j < R'

Proof: Letf(,;r)= .2+ b, +aj de . Then

f(.;r)
2

5

Sinceje -j - 1if <(,) , 0O, there exists R > 0 sud that the second
summand on the right is lessthan 1=2 in modulus when <(,) , 0 and
I.1. R. This provesour assertion.

=1+ i?[b, +aj dd "]

De ne
M(r)=#f, :<(,), Oandf(,; r) = 0g
where we count according to multiplicit y the roots with nonnegatiwe
real part.
The following result says that the only way that M (r) 6 M (r9 forr < r©

is for there to be a purely imaginary root for somer ®betweenr and r® It is
adaptedfrom [6].

Prop osition 7.4 LetO - ry < rp. Supmsethat for ry - r - r, there are
no roots of (7.9) on the imaginary axis. Then

M(ri) = M(ra):

Proof: Let ° be the Jordan curve consistingof the semi-circlej, j = R with
<(,) ., 0 and the portion of the imaginary axis between §iR, oriented
counterclockwise. By the previous Lemma, any root with <(,) , O lies
inside °. Let

m=minfjf(,;r)j:, 2°;r2[rqy;r.lg

By hypothesisand the previousLemma,jf (,; r)j> Ofor, 2 ° andry - r -
r, som > 0by cortinuity of (,; r) ! jf (,; r)j and compactnesof° £ [rq;r5].

By uniform cortinuity of (,;; r) ! f(,; r) onthe compactset® £ [ri;r5],
there exists+ > 0 sud that

TG FGrYy<m=2 2 g, 29 grj r§- %
By Theorem®6.1,
M(r)=M(T9; P2 [rorg); jri r§- =

58



ThereforeM (r1) = M (r,) sincewe can take \steps" of length +.

Now considerroots , = i! where! > 0. We must have
aj !2+ibl =de"’
o)
aj 1?2
b!

dcog! r)
i dsin(! r):

Squaringboth sidesand adding gives
14+ (P 2a)! 2+ &% d*=0:
De ne the discriminant by
4 = (i 2a)?i 4@ d):
Solving for ! 2, we have
12 = %[Zai b? § P 4] (7.10)
As we must have! > 0, the following casesemerge:
(1) 4 < Oimplies no purely imaginary roots.
(2) 4 >0, 2aj ¥ < 0; a> > d? implies no purely imaginary roots.
(3) 4 >0, 2aj < 0; a®> < d? impliesoneroot i! ..
(4) 4 >0, 2aj ¥ > 0; a®> < d? implies oneroot i! ..
(5) 4 >0, 2aj ¥> 0; a>> d? implies two roots i! s.

7.3.1 Delayed feedback dominates instan taneous feedback: a? < d?

Having determined! , we must now determiner. We consider cases (3)
and (4) together . Then a? < d? and
r

_ 2aj R+ 4
LIS —2
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and

(A=2idi)i B+ 4]

cos( r)

sin(! r) i g Iy >0 (7.12)

Thus 1 b
rn = —lsin (i 5 !+) + 2n%4; n = 0;1;2; 00¢;

where the branch of sini ! depends on the sign of term opposite cos( r)
above. If (1=2jdj)[i ¥+ = 4] < 0then we take the ine‘erseof the decreasing
branch sin: (¥&#2;3v#2) ! (i 1;1); if (1=2jdj)[j b+ =~ 4] > 0 then we take
the inverseof the incrf)asingbrandbsin (i Y&, v22)! (i L 1).

Multiplying [j °+" 4] by [P+ 4] doesn't changethe signof the former
and resultsin 4(d?; al?). Nate 4(d? | al?) > 4(a?; al¥) = 4a(aj b).

If &> < aP then [ P+ 4] < 0so¥2 < sin''(j 21,) < Ysothe
smallestdelay for which there is a purely imaginary pair of roots §1! . is

ro = 'isini 1 g )

L+

If d®>> al? then [j b? + p4_] > 0s00< sin (j g I +) < ¥&#2 sothe smallest
delay for which there is a purely imaginary pair of roots §i! . is

ro = 'isini 1 g I,):

Prop osition 7.5 Assumethat 4 > 0; a® < d> and0 - r < ro. Then
<(,) < Ofor everyroot of (7.9). x = 0 is asymptotially stable.

Proof: By Proposition 7.4,M (r) = M (0) = 0.

Now let's seeif a Hopf Bifurcation occursat r = ry. Di®ereniating
implicitly (7.9) with respectto r we nd that

d, d _ . .4
2,a+ba—|del (ra+,)
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Substituting , = i' + we nd that

d, N = i ! .dcoq!sr)j !.dsin( .r)
ar) = pe drcos( .r) +i(2' .+ i rdsin(! +r))

(7.12)

Using (7.11), multiplying top and bottom by the conjugate of the denomina-
tor, and taking real part, we get

d<(,) P

dr

412
jdenominatolj?

(ro) = (7.13)

where
p_
jdenominatof® = [b+ (ro=2)(*i 4)]°+!2(2+ reh)?> O

The fact that the above is positive (not zero) ensuresthe hypothesesof the
Implicit Function Theoremhold sowe may concludethat for r ¥%r thereis
a root

d<(,)
dr

This root crossedhe imaginary axisat r = rq from left to right in the sense
that ®< Oforr < roand®> Qwhenr > rg, at leastwhenr Yarq. Actually,

our calculation usedno information about rq; the sameconclusionholds at

any r = r, wherethere is a purely imaginary root i! .. Consequetly, we

concludethat

, =, (1) = @)+l (r); &ro) = 0; &HAro) = (ro) > 0; ! (ro) = !+

Prop osition 7.6 Assumethat 4 > 0; a> < d?. Forr > ro, Xx = O is
unstable.

Proof: Certainly forr > rq with rj rq small, the Implicit Function Theorem
(IFT) implies that there is a complex conjugate pair of roots with positive
real part. There are no other roots with positive real part. To make this
point clear, recall that the IFT implies there is a neighborhood U about
i' + and a small open interval | cortaining ro sud that the only root of
the characteristic equationin U forr 2 | is®r) + i! (r), the one given by
IFT. We may take U to be a disk of radius s > 0. Now lets apply Roudch§'s
Theoremusing the Jordan curve j which is the sameas® exceptthat when
the vertical part of ©° meetsU it tracesthe right half of the disk bounding
U. Then we can seethat, by shrinking | if necessaryfor r 2 |, there are no
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rootsonj andjf (,; r)i f(,; ro)i<jf(,;ro)jfor, 2i;r21. Consequetly
the sum of the multiplicit y of the roots inside j cannot changeasr varies
in I. Sincethat numberisOforr < rqg; r 2 |, by the previous Proposition,
it follows that there are no roots in the right half plane other than the one
insideU forr | ro; r 2 1. Hence,for sud r, the number of roots inside ° is
M (r) = 2; furthermore, by Proposition 7.4,M (r) = 2solongasrg - r < ry.
Forr Yarq, the IFT againimpliesthat a pair of roots crosseghe imaginary
axis:

() = @(r) + il o(r); ®u(ry) = 0; @(r) > 0; !o(ry) = !

Arguing asabove using a supplememary Jordan curve j which contains two
roots insideit this time, and using Proposition 7.4, we canseethat M (r) = 4
for ry - r < r,. Induction establishesthat M (r) = 2n forrp; 1 - r < rp.
Consequetly, for all r > rq there exists at least oneroot with positive real
part.

We have veri ed all the hypothesesof the Hopf Bifurcation Theorem.

Prop osition 7.7 Assumethat 4 > 0; a? < d? and that F is C2. Then a
Hopf Bifurcation occurs at r = rg.

7.3.2 Instan taneous feedback dominates delayed feedback

Now we study the case:a? > d?; 2aj b*> 0.
This is case(5) above. In this casethere are two purely imaginary roots
i with I > 0, namely:
;

Lo 24 g4
‘§ — —2

satisfying0< !, < !,. To determinefor which valuesof r, theseare roots
we proceedas before

(1=2idi)i 75 4]

i g lg >0 (7.14)

cos( gr)

sin(! sr)
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Since4 < (P 2a)? < b we seethat [j b* § p4_] < 0. Thus
§ 1 - . 1 b
ry = I—[smI (i d ls)+ 2nY]; n= 0;1;2 ¢¢C;
's

where we use the decreasingbranch sin : (¥#2;3¥#2) ! (i 1;1) because
cog! sr) < 0. For simplicity, de ne

b
bs = sin' °(i o !s):

Note that ¥#2 < |, < [, < ¥asince0O< !, < !, and sin' ! is decreasing.

Sowe have two sequencesf delays

s M+ 2n%a K+ 2n%a

L
! I

r

for which there are purely imaginary roots §1i! ., respectively, §i! . .

The IFT appliesat ead of theseroots and the formula (7.12) holdsfor ! .
asbeforesowe havefor | . (r) = & (r)+ il . (r), ®&(r})=0,!,.(r}) =1,
and

do%““ >0
as before. Howewer at r = ri,, wherei! ; is aroot, and wherethe IFT also
appliesso, ; (r) = ® (r)+i! ; (r), ® (r})=0,!; (r') =!,, the calculation
that gave (7.13) now gives
dﬂ(ri ) = i P 4_ I ‘2
dr *" jdenominatojj?

Thereforethis family of roots crossesn the opposite direction asr increases
through rj ! p_
Let's take the specialcasea= 3;b= 1;d=j 5 sothat

y=21, =1, W =203 i = 268

the last two valuesbeing approximations. Then
rr = 102+ n¥%
ri = 2:68+ 2n%
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sowe have
ro <ry<rj<r;<ri<cee:

As r is increased,starting from r = 0, the rst pair of complex conjugate
roots crossesrom the left half plane into the right half planeat r = rj at

i! + but then whenr = r} this samepair crossedrom the right half plane
badk into the left half plane, at i! ;. Another, not necessarilythe same,
pair of roots then crossesnto the right half planeat i' . whenr]. Now it

becomeshard to follow the action becauseyet another pair of roots crosses
from the left half plane into the right half plane at i! . whenr = r; after

which at r} a pair crossesn the opposite direction at i! , . It is now clear
that asr is further increased,roots crossfrom left to right more frequertly

(as r increases)than roots crossin the opposite direction. Therefore, we

conjecturethat

Prop osition 7.8 Leta= 3;b= 1;d = j pE. Then x = 0 is asymptotially
stablefor 0 - r < ry, unstableonr; < r < rj, asymptotially stablefor
ri <r <rj; andunstablefor r > rJ.

Proof: We arguethat 0= M (0) = M(r) for 0- r < rj asin the previous
case. Similarly, 2 = M(ry) = M(r) forry - r < rj. But now we want
to show that this pair of roots crossesbad into the left half plane when
r = ry. We arguein a similar way asin Proposition 7.6. We have a root
i, atr = ry andthe IFT implies the existenceof a closeddisk certered
at i! ; and an openinterval | about r = r| sud that the only root of the
characteristic equationin U forr 2 | istheroot , ; (r) = alpha, (r)+i! ; (r),
where® (ry) = 0!, (rj) = !, and® (r) < Oforr > r), ®(r) > O
forr < r},r 2 1. By shrinking |, if necessarywe can assumethat , ; (r)
does not lie on the boundary of U forr 2 |I. Let | be the Jordan curve
which is the sameasthat in Proposition 7.6 exceptthat instead of following
the right half of the circular boundary of U, it follows the left half of the
circle. By shrinking I again, if necessarywe canassumethat the hypotheses
of Rouch®'s Theorem holds: jf (,; ry) i f(,;r)j < jf(,; ry)jforr 21 and
, 2 j. Therefore,the number of roots, courting multiplicit y, of f = 0 inside
i isthe sameforallr 2 1. Forr < r}, that numberis 2 sinceM (r) = 2 and
® (r) > 0. Soit must alsobe2forr > rj,r 2 1. But forsucdhr, ® (r) < 0,
S0, ; (r) liesin the open left half plane. It followsthat M(r) = Oforr 2 I,
r>rj.
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Figure 6: Simulations of x%%+ x%+ 3x = j P Stanh(x(t j r)) for variousr

By Proposition 7.4, it follows that M(r) = Oforrj < r < rj. The

argumert that M (r) = 2forr; - r < r; isidentical to previousargumerts,
asis that for M(r) = 4forr; - r<ri,andM(r) = 2forri - r < rj3.
The remainder of the proof is more of the same.

In Figure 7.3.2we simulate the secondorder equation

x%% X%+ 3x = P Stanh(x(t r))

using three valuesof r. The rst r = 2 is betweenr, and r}, the second

r = 35 liesbetweenr) andr;, and the last, r = 5is greaterthan r .

HW#21: Considerthe linear secondorder equation

x%t) + bxdti r)+ cx(t) =0
whereb;c> Oandr , O.

(a) scaletime sothe delay becomesoneandr is a parameter.
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(b) nd the characteristic equation.
(c) arethere real roots satisfying, , 0?
(d) Find all (r;!) sud that §i! areroots.

(e) Determine the smallestry > 0 for which there is a purely imaginary
root.

(f) Verify the hypothesesof the Hopf Bifurcation Theoremwith r, as pa-
rameter.

7.3.3 Stabilizing the \up" steady state of the Pendulum Equation

Consider the damped Pendulum equation where we have added a delayed
negative state feedba& restoring force to try to stabilize the straight-up
equilibrium p= %

miptt) + kpd(t) + mgsin(u(t)) = R(¥4i W(ti r))

where | represets the (counterclockwise) angle from the straight down po-
sition. Parameterm denotesthe masson the end of the pendulum of length
I; g is the gravitational constart and k is a measureof the damping. Recall
that whenR = 0, the \down" steady state p = 0 is asymptotically stable if
k > 0 and the \up" steady state u= Yais an unstable saddlepoint. Can we
choosethe \gain" R > 0 soasto stabilize the up steady state?

As we are interestedin the up steady state, we changevariables

H=y+ Y
sothat the up steady state u= Y“sbecomesy = 0. The equation becomes
mlyXt) + kyXt) i mgsin(y(t)) = i Ry(ti r)

Setting
02:= g=I; d:= k=ml; p:= R=ml;

we get
yoRt) + dyXt) i °Zsin(y(t)) = i py(ti r) (7.15)
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If k = 0 the ordinary pendulum gscillatesabout the down steady state with
frequency® and period 2% = 2V, I=g so the natural time scaleof the un-
damped pendulum dependson the length of the pendulum|. The other time
scaleit our problem s the delay r in implemerting the restoring force.
Linearizing about the y = 0 steady state, we get the linear equation

YR + dYqt) i oY () =i pY(ti r)
which leadsto the characteristic equation
f()=f(inp:=,%+d i °*+pe’ =0

We seekthe stability region in the (r;p)-plane and expect that it will be
boundedby curvesalong which 0 is a root and curvesalong which §i! isa
root for some! .

Let's rst considerreal roots. Obsene that f(81 ) = +1 andf (0) =
pi °2so0isaroot whenp=°2 f40) = dj pr so0 is a multiplicit y-2
root whenp = °2? andr = d=°2. Obviously, if pj °? < 0then there are two
real roots, one positive by the intermediate value theorem. Thusp< °? isa
region of instability.

For, =i ;! > 0to bearoot we must have

i12+dil j o2+ pet’=
or

12402 = pcos(r)
d! psin(! r):

Squaringboth sidesdeterminesthe value of p asa function of ! :
(| 2+ 02)2+ d2| 2: p2:

The smallest value of the delay r is determined in the usual way by the
equationfor sin(! r) above, sowe nd that i! is aroot alongthe parametric
curve

Igl[sin‘ i@ = (2% 9%+ 1Y)

q
I

(120221 @212 1 >0 (7.16)

©
|
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Figure 7. Stability Regionlies inside the \nose", here,drawn for case:d =
02 — 1

wherethe inversesineis determinedby sin: (j ¥#2,¥#2)! (i 1;1) because
both sineand cosineare positive. It is plotted in "gure 7.3.3whered = °2 =
1. The readershould not be surprisedthat when! & 0, (r;p)! (d=°%;°2),
the point at which 0 is a double root. The parametric curve beginsthere
and goesto in nit y tangert to the p-axis. This curve along which i! is a
root and the curve p = °2 along which 0 is a root form the boundary of the
nose-shapd stability region.

Prop osition 7.9 The region of asymptotic stability for the zeio solution of
(7.15) is the \nose"-shaped region boundel by the linesr = 0, p= °2 and by
the curve (7.16).

Proof: Note that whenr = 0 and p > °2, both roots of the quadratic have
negative real part. Also, asnoted above there is a positive root whenp < °2
below the nose. Along the curve (7.16) there is a purely imaginary root i! .
A standard IFT argumert shows that

d f d?1 2+ 212124 02
<$y=<i M= SRR

dr if 2 0
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Figure 8: Simulation of y%% y°%; sin(y) = j Lly(tj r)

implying that the <(, (r)) > Oforr > r(! ) at leastforr nearr(! ). Therefore,
just below and to the right of the nose,there are roots with positive real patrt.

Now we apply Roud®'s Theorem, exactly like we did in Proposition 6.2
for the delayed Logistic equation, in order to shawv that the number of roots
satisfying<(, ), Oisacorninuousfunction of (r; p) insidethis regionand on
the r = O part of it. Therefore,this number must be zeroin the regionsince
it isOonther = 0 part ofit. A keyto this argumert is that no roots appear
in the imaginary axis exceptalong the line p = °2, on the curve (7.16) and
along the curvesobtained from (7.16) by adding n¥#! to the r part. These

curveslie to the right of our region; notice that as! & 0 alongthesecurves
that r(!) % 1 .

In summary p must exceed®? in order to stabilize the up steady state
and the delay cannot be large. Note that the corner of the noseoccurs at
(r;p) = (d=°?;°2), where 0 is a double root. Returning to the unscaled
parametersp = R=ml; d = k=ml; °2 = g=| we seethat the requiremen
that p> ©°2 for stabilization becomesR > mg. The delay r must necessarily
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satisfy r < d=°? = k=mg (but this is not suzcient!) in order to stabilize the
up steady state; this threshold may be very small for small damping!

Figure 7.3.3providestwo simulations for valuesof (r;p). The rst (r;p) =
(1:1; 1:1) is just above and to the left of the tip of the nose,which occursat
(1; 1); it shavs instability. The second,at (r;p) = (0:75;1:1), just inside the
nose,shaws that stabilization has beenadieved.

HW#22: Considerthe Lotka-Volterra competition system

xqt) X(D)[2i ax(t)j byt r)]
ya(t) y(O2i cx(ti r)i dy(t)]

a. Determine the stability of the positive steady state whena = d = 2 and
b= c= 1. How doesit dependonr?
b. Determine the stability of the positive steady state whena = d = 1 and
b= c= 2. How doesit dependonr?

8 Reducible Equations: linear chain tric k

Equations with distributed delay and unbounded delay are mertioned in
Chapter 12 of [17]. The book by Hino et. al. [19 is dewted to the theory
of in nite delay. We introduce somesimpleideas,following MacDonald [22],
which shaw that a special classof in nite delaysleadto ODEs. Basically, we
are goingto replacedelay terms like

y(ti r)
in our equationswith the in nite distributed delay
z 1 Z t
. y(ti s)gi(s)ds = y()gi(ti ")d’
il

wherethe kernel @ is the density function for a Gamma distribution

aPyPi lei au

BT I

oh(u) =
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Figure 9: g7(x); n= 1,2, 3;4.

with parametersa > Oandp = 1;2; ¢¢¢. A randomvariable X is saidto obey
a Gamma distribution if P(X < ¢) = Oc g?(u)du. Easy calculations shov
that the mean of the distribution is! = p=aand the varianceis %% = p=&.
We view ! as the averagedelay and 3% gives a measureof the degreeof
concettration of the delay about * .

If weletp=rn; a=n,then? =rand¥ =r=n! Oasn! 1. Hence
we might expect that

Zy
y(t+ s)g,"(s)ds! y(ti r);n! 1
il

for a bounded corntinuous function y. (This can be shovn to hold by estab-
lishing that the characteristic function of the Gammadistribution corverges
to the characteristic function of the Dirac distribution. Seea good book on
probability.)

The function g8(u) satis esthe di®eretial equation

d%gé’(u) = a[gd Mu)i Bl u, 0 p> L

In casep= 1, 2gi(u) = i agi(u).
To seethe utilit y of thesetype of delays, considerthe simple example
Z 1

yAt) = f( . y(ti s)ga(s)ds) (8.1)
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wherewe assumethat f is cortinuously di®eretiable and f (0) = 0 sothat
y = 0 is a steady state. We should expect to provide initial data on all of
(i1 ;0] )
x(s) = A(s); s2 (i1 ;0]

where A is bounded and cortinuous function. Other restrictions on A may
be used;see[17, 19.

If f {0) = d, then the linearized equation about the steadystatey = 0 s
given by Z,

ZAt)=d  z(ti s)gi(s)ds:
0

z(t) = et is a solution if

Z, 9
¢ aPsPi el s
, = d e ————ds
0 (pi L)
- d aP L (a+ ,)PsPi le (a+,)sds
@+ Pp (i D
aP
= (a+ )p , gg_'_’(S)dS
aP
BRNCERE

Thus the characteristic equationis a polynomial
L@+ ,)Pj da’=0

just like in the caseof ODES!

It is interesting to seewhat happenswhen we take p = rn; a = n and
let n! 1 in the characteristic equation as we should expect to get the
characteristic equation correspnding to

zqt) = dz(ti r):
Substituting, we get

n" . .
5=dmzd(l+>ﬁ)lrn! de'r’;n! 1

just as expected.
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In fact, (8.1) can be reducedto ODEs. Let
YA 1
yi() = y(ti s)gy(s)ds; j = 1,2,¢¢¢;p:

0

Then
yAt) = f (yo(D)
and for j > 1, whereg,(0) = 0, we have
d =
il y()ah(ti )d’]
. t Z, d .
= y()d(0) i y() go(ti )d
Z, t
= y(algy *(ti )i di(ti )d’
Z !
ooyt s)algy ()i di(9)lds
alyj; 1(t) i y;(t)]
while for j = 1, whered,(0) = a, the sameargumert gives
yo(t) = aly(t) i ya(t)]
Letting yo(t) = y(t), we arrive at the systemof ODEs
Yoty = f(yp(t)
yXt) = aly;;1(t)i y (0" = 1,2 ¢e¢;p:
Comparethis to (7.7).

yjo(t)

HW# 23 Considerthe delayed logistic equation
Z t
Nqt) = N(t)[bi aN(t)j d  N(s)g(ti s)ds]

il
whereb;d> 0,a, 0, and
S .
g(s) = ﬁe' s=T.

Thus T is the "averagedelay".
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(a) Determinethe stability of N = O.

(b) Find the characteristic equation correspnding to the positive steady
state.

(c) If a = 0, determine conditions on the averagedelay T suc that the
positive steady state is asymptotically stable.

Seethe book of Cushing [8] for applications of delay equationsto popu-
lations models.

9 Linear Inhomogeous Systems

9.1 Superposition principle
Consider

x9t) L(x;)+ f(t); t>0 (9.1)
Xo = A2 C

wheref : [0;1) ! C"is cortinuous (for now) L : C! C" is a bounded
linear operator (jL(A)j - KkAk, A2 C) and C = C([j r;0],C"). C denotes
the complexnumbers. As F (t; A) = L(A) + f (t) is cortinuousand satis esa
global Lipschitz condition, we know that (9.1) hasa unigue solution de ned
for all t , 0. We denoteit by x(t; A;f) in order to keeptrack of initial data
A and forcing f .
We rst estimateit. It satis esthe integral equation
Z t Z t
x(t)= AO)+ L(xs)ds+ f(s)ds;t>0
0 0
sotaking vector norms:
YA t Z t
x(®j - JAO)+  jL(xs)jds+  jf(s)ids
z.° z,°
kAk+  jf(s)jds+  Kkxskds
0 0
We seethat fortj r- ¢ - t
Z t YA t

ix(¢)j - kAk+  jf(s)jds+  Kkxskds
0 0
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thus,forO- t- T
Z Z,

kxik - kAk+  jf(s)jds+  Kkxskds
0 0

and Gronwall's inequality yields, for arbitrary T > O:
Z T

kxi(Af)k - [KAk+  jf(s)jdgle®; 0. t- T: (9.2)
0

We note that becausel is linear, it is easyto verify that
x(t; A;f) = x(t; A;0) + x(t; 0;f):

The st summandsolvesthe homogeneougproblem using the initial data A
while the secondsummandsolvesthe inhomogeneougquation but with zero
initial data-it dependsonly on f. Furthermore

f=cafi+ cfy) Xx(t0;f) = cx(t; 0;f 1) + ex(t; 0;5):

All together, theseare nothing but the superp osition principle . Obsene
that by (9.2), the map

f 2C(O;T;CY! x(t;0;f)2 C

is a boundedlinear operator.

9.2 Riesz Representation of L

In order to make further progress,it is usefulto have a represemation for
L. Consider rst the casen = 1 wherel is a linear functional on C. The
Riesz Represetation Theorem[13] implies that there exists” 2 BV]j r;0]
sud that Z,
LA = Apd (W):

ir
As1 =" + constant couldreplace” above, sinceonly di®erencesn the value
of ~ are important, we can choosethe arbitrary constart by, say, requiring
that " (0) = 0. It is alsousefulto extend” to all of IR by requiring that

W= RS T W=0 pu> 0

Incidently, we can always view theseintegrals as Riemann-Stieljes(R-S)
integrals (seeappendix in [10] for a nice review). The key facts are:

75



(1) If f is cortin Wous on [a;b] and g 2 BV|[a;b] then f is R-S integrable
w.rt g (e, »f(x)dg(x) exists)and
Zy
J . f (x)dg(x)j - Xrg[%fjf(X)nga(g)(b):
(2) If f is R-Sintegrablew.r.t. g, then gis R-Sintegrablew.r.t. f and
YA b Z b
f (x)dg(x) + . g0 d (x) = f () g(x)i}a

a

Recallthat V,(g)(b) is the total variation of g:

X" . .
sup  jo(xj) i 9(Xj; 1)
P j=1
over all partitions P of [a;b]. Also, note that (1) is only a sutcient condition
for f to be R-Sintegrablew.r.t. g.
Returning to our delay equation,whenn = 2, we note that if e; = (1;0)"
and e, = (0;1)", then the mapping

Al e ¢L((A;0)")

is a linear functional sothere exists” 1; 2 BV][j r;0] suc that
Z 0
e ¢L((A0)7) = A(Wd 1a(p):
ir
Similarly, there exist "1, 2 BV[j r; 0] suc that
Z 0
& C¢L((A07) = AWd 12(W);
ir
there exist “,; 2 BV]j r;0] suct that
Z 0
e ¢L(O;AT) = A(Wd 2u(W);
ir
there exist "5, 2 BV]j r;0] suct that
Z

0
& CL(0;AT) = AWd 2(1):
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As
L(A) = L((A;A)T) = L((A;0)") + L((0; A)T)
and any vectorv 2 IR2 can be written v = (v Ce))e, + (v ¢e2)e2 we have

R,
L(A) - ROr Al(“)d, 11(“) + Az(u)d lZ(H)
i A 21(H) + Az(ll)d 22(H)

or Z 0o " . i . Z 0
L(A) = d %% A= d” (AW
i 21 22 i
where ] o
— 11 12
’ 21 ’ 22

We assumehereafterthat " (0) = 0 and that they have beenextendedto all
of IR asabove. Similar argumerns apply to the generalcaseof arbitrary n.

9.3 Volterra Integral Equation of convolution type

Now we want to translate our FDE (9.1) into a Volterra integral equation of

convolution type, often called a reneval equation:
t

u(t) = k(ti s)u(s)ds+ g(t): (9.3)
0

We follow Chapter 6 of [17] and Chapter 1 in [10]. Let's rewrite our FDE as

follows:
0
xqt) = d” (Wx(t+ W+ f(t)
Zi it Z 0
= d (WAt + p) + td'(u)X(t + )+ (1)

z zZ,

= _l d (WAt + 1) | C(Wdx(t+ B+ X+ WIS+ T (D)
7 1rt Zl(t)
= dALH D T(xYt+ Wdui (i HAO) + f (1)
ir 7 : it
= git)yi  “(si HxYs)ds
z, °
k(ti s)x{s)ds+ g(t)
0
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where
k(s)
g(t)

'k'_(i S)
d (WAt + )i " (i DAQ) + f (1)

ir

and wherewe have made a changeof variables.

This is a Volterra integral equation for xq{t). It will also be useful to
integrate this equationin order to get a Volterra integral equation for x(t).
Integrating the above equationfrom 0O to t, we get:

zZ, Z,2 ., Z

X(®) = AD)+ f(s)ds+ ¢ WA+ dsi (i 9dsAQ)
7 tZ Z0 0 ir 0
i “(si z)xYs)dsdz
° 2 tZ t
= A@t) i “(si z)xYs)dzds
Zot -z sj z s
= @) + “(w)dw x¥s)ds
% sj zo s Z t
= ﬁ(t)+ “(wydw X(S)jZ; i “(si t)x(s)ds
z? 0
= h(t) i “(si t)x(s)ds
Z°,
= h(t) + k(tij s)x(s)ds (9.4)
0
where
Z, Z .- Z s s Z,
h(t) = AOQ)+ f(s)ds+ d (WA(s+ 1) dsij “(i s)dsA0)
7 0 0 ir 0
+ K (s)dsA(0) (9.5)
'tz Z,-Z,, .
= AQ0)+ f (s)ds+ d (WA(s+ ) ds:
0 0 ir

In summary, both x{t) and x(t) satisfy a Volterra integral equation.
What can we do with thesefacts? Two things cometo mind. We could use
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the theory of Volterra integral equationsto prove the existenceof a unique
solution of (9.1), even though we already know the existencefor A2 C and
cortinuousf , in the hope of relaxing theserestrictions. Secondly we could
hope that the theory of Volterra integral equations could lead to a useful
represemation of the solution of (9.1).

9.4 Theory of renewal equations

We will adopt the notation
Z t
(kaf)(t) = k(ti s)f (s)ds
0

for two complex-walued, locally integrable functions
Z
fik2Lj.:=fg:[0;1)! C: jog(s)ds< 1 ;T > Og:
0

Ll

ioc IS @ vector space.For T > 0, we write

YA T
kf ky = kf k] := jif (s)jds
0
wherewe sometimessuppresshe T for simplicity if it's valueis understood.
Fubini's (or Tonelli's) Theorem[13 leadsto the simple inequality

Kk afk; - kkkikf kg

Notice that this implies that k af 2 L[ if k;f 2 Ll It is easyto see
that the \m ultiplication" = on L} satis esthe distributiv e, asseiative and
commutativ e properties.

Howewer, we havein mind that k is a complex-aluedn£ n matrix function
with ertries belongingto L. (we then write k 2 L) and f is a complex-
valued function with componerts in L} (f 2 L{,.). Except for commutativ-
ity of the product, all the above properties hold asis, provided we choosea
compatible matrix and vector norm sothat jkxj - jkjjx;j.

Our reneval equation becomes
u=kaou+g (9.6)

which we view as an equationfor u 2 L\, giventhe \data" k;g2 L.
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The resolv ent matrix function R 2 L} correspnding to the kernelk is
de ned by the equation
R=Ruok+k: 9.7)

If we take for granted the existenceof R, then we have the following solution
to (9.6).

Prop osition 9.1 If R is the resolventmatrix function, then the solution of
(9.6) is givenhby
u=g+ Ruag:

Proof: Multiply (9.6) on the left by R to get
Rou = Ro(kau)+ Reg = (Rek)ou+ Reg = (Rj k)eu+ Reg = Rouj kou+ Rag

implying that
kau=Rgag:

Therefore,u= Rag+ g.

Theorem 9.2 Givenk 2 L}, there existsa unique resolventmatrix func-

tion R 2 LY . Moreover, R satisesRok = kaR.

loc*

R
Proof: Fix T > Oandlet L' = LY[0;T] = ff : [O;T]! C*%": [ jf (s)jds<
1g . Then L?! is a completemetric space[13. If R exists, it satis es
z t
R(t) = R(tj s)k(s)ds+ k(t):
0
multiplying by e °t gives
YA t
e’'R(t)= €& UIR(t| s)e “Sk(s)ds+ e "'k(t):
0
Choose® > 0 sud that Q(t) = e "'k(t) satis es
Zr
kkk, = & "tk(t)dt < 1=2
0

Let F:L'! L? begivenby
F(Z)= Zok+K:
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Then
KF (Z,)i F(Z1)ks = kZ10Rj Z10Rk = k(Z2i Z1)oRk - KZ,j ZikikRky < (1=2)KZ2i Z1ky:

F is a cortraction mapping on the complete metric spacelL?® soit hasa
unique xed point Zy 2 L. Z, satis es

Z t
Zo(t) =  Zo(ti s)€ “k(s)ds+ e “'k(t); 0- t- T (9.8)
0
SORt(t) = €''Zy(t) satis es
Z t
Rr(t) = Rr(ti s)k(s)ds+ k(t); 0- t- T: (9.9)
0

We have shavn that if R 2 L{_ exists,then R = Ry a.e. on [0;T] and
moreover, we have shovn that Ry existsfor eadh T > 0.

If 0< T, < T,, we shav below that Ry, = Ry, a.e. on [0; T;]. Therefore,
the de nition

R(t) == Rr (1)

for someT > t is meaningful. It clearly belongsto L} sinceeah Ry 2
L1([0; T]). Moreover, it satises(9.7)on0- t< 1 .
If 0 < T; < T,, we show belowv that R; := Rr; = Ry, =@ R, on [0; T4].
Sinceboth R; satisfy (9.9) on [0; T;] we have
z z

u(t) == € ®(Rx(t)i Ru(t)) = Ot e 9 (Ry(1)i Ru(t)) € *k(s)ds = Ot u(s)€ *k(s)ds

Taking norm k ¢k;* of both sides,dropping T from norm notation, we get
kuk; - Kkuk;kRk < (1=2)kuk;

if we choosed > 0 largeenough. This impliesthat u = 0in L* and establishes
the existenceof the resohent R 2 L}, Uniquenessof R follows by an
argumert similar to the onejust given.

Rok = kaR will follow from Zoak = K2z, whereK(s) := € °sk(s).
Recall, Z, is the xed point of F: Zg = Zoak+ k = F(Z,). By the
Contraction Mapping Theorem, Zo = limn,,  F"(K), whereF" is the n-fold
composition of F with itself (e.g. F2 = F +F). F2(k) = Rak+ K and
F3(K) = K+ kak+ Rakak. An easyinduction argumen implies that

FP(R) = K+ R?+ ¢ee+ K

81



wherek" denotesthe n-fold corvolution of K with itself. It follows that

Rozg= lim (ReF"(R)) = lim (F"(K) ak) = Zy e k:

Prop osition 9.3 Supmsethat kernelk 2 BV][0; T] for every T > 0. Then
resolventR correspnding to k hasthis sameproperty. Moreover, R(t+) 6
R(tj ) only if k(t+) 6 k(tj ), which can hold for at most countably many t,
and their \jJumps" are the same:

R(t+) i R(ti )= k(t+) i k(ti):

Proof: Fix T > 0. Without lossof generality, we can assumethat k(0) = 0.
ThenforO- t- T:
Z, Z
R(t) = k(t) + R(s)k(tj s)ds= k(t) + R(s)k(tj s)ds=: k(t) + G(t)
0 0
if weextendk(t) = Ofort< 0. LetP :0=ty < t; < ¢¢< t, =T bea
partition of [0; T]. Then

X Zq X
jG(t) i G(ti; 1) - . JR(S)]  Jk(tii s)i k(t;1i s)jds
i z. i
JR(S)jV, s(K)(T i s)ds
0 Z.

Vo(k)(T) . jR(g)jds:

The right hand side is independen of the partition P so taking supremum
over all P we get

Z 1

Vo(G)(T) - Vo(k)(T) ) IR(s)jds:

SinceR = k+ G and BV is a vector space,it followsthat R 2 BV[O; T].
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To show that R has jumps only wherek does, we note that if t, % t 2
(O; T], then taking the limit in the expressionfor R we get

Z T
R(ti) = k(tj)+ R(s)k((ti s)j )ds
ZO
;
= k(tj )+ R(s)k(tj s)ds
2z,

k(tj )+ R(s)k(tj s)ds
0

sincek(t) = k(tj ) at all but possibly courtably many t. If k(t) = k(tj ),
then R(t) = R(tj ). A similar analysisholdsif t, & t 2 [0;T). SoR has
jumps only whenk doesand the jumps are the same.

9.4.1 Back to the linear system of FDEs

We cannow apply theseresult to our linear system(9.1), which we converted
to a renewval equation (9.4),(9.5). By Proposition 9.1, we can write

X(¢A;f)=x=h+ Rah (9.10)

where Z, Z-Z. 4 :
h(t) = AQ)+ f(s)ds+ d"(WA(s+ 1) ds

0 0 ir
and
R=k+ Ruok; k(t)=j "(jt); t, O
We are particularly intereg.ted in a represemation of x(t; 0;f) sincewe
already know a lot about x(t; A;0). In this case
Z t
h(t) = F(t) := f (s)ds

0
SO Z,
x(t;0;f) = F(t) + R(tij s)F(s)ds:
0
We needto determineR somehav. Looking at the long formula for h(t) and

trying to seehow to make it simple, we seethat if f ~ 0 and A() = O for
ir- p< 0, then h(t) = A(). Of course,sud a A doesnot belongto C
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unlessA(0) = 0 but the beauty of the renewval equationapproad to the linear
system (9.1) is that it suggestshow to de ne solutions for not necessarily
cortinuous initial data-namely by using formula (9.10). Set A (0) := e, the
i-th standard basisvector. Then h(t) = e; t, 0 soformula (9.10) gives

Z t Z t
x(t A;0)= e+ R(tj s)eds= e+ R(s)ds
0 0
whereR' denotesthe i-th columnof matrix R. It followsthat if we de ne the
matrix X (t) with columnsgiven by the vector solutionsx(t; A;;0), 1+ i - n,
then 7
t

Xt)=1+ R(s)ds:
0

In particular, asR is at least locally integrable, X {t) = R(t) for almost all
t. X (t) is a good candidateto be calledthe fundamen tal matrix for (9.1)
sinceby the argumerts above, it is the "generalizedsolution” of the initial
value problem

z 0
d@WX((t+w; t>0 (9.11)

ir

0;t< 0; X(0)=1: (9.12)

X qt)
X ()

Prop osition 9.4 X (t) is continuous for t ;| 0, continuously di®eentiable
fort, r, andsatis es (9.11) fort, r.

Proof. Note that sinceR is locally integrable, X (t) is absolutely cortinuous
on[0; T] [13 henceit is di®eretiable almosteverywhere. By Proposition reg-
ular, R 2 BV[0; T] andis cortinuousfor t , r. It followsthat X (t) is di®er-
ertiable exceptpossiblyat a courtable setof points in [0; r] and cortinuously
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di®erertiable fort , r. Fort > 0 we have
Xqt) = Ei(t) = Rok+k=koR+k
t
= k(s)R(tj s)ds+ k(t)

Z°,
= dk(s)X (ti s)i k(X (ti s)jp+ Kk(t)
Z t
= dk(s)X (ti )
OZ .
= d (i )X (ti )
z,°

d” (WX (t+ 1)
it
and since” isconstart onu- j r, we seethat X (t) satis es(9.11)fort, r
because
Z 0 YA 0

Xq) = d@XE+W= d@Xt+t,

it ir

Now, integrating by parts in the formula for x(t; O; f ), we get

VA t
X(t;0;f) = F(t)+ R(tj s)F(s)ds
Z°,
= F(t)+ R(s)F(ti s)ds
0 7 .
= FO)+ X@OF(ti s)i+  X(9)f(ti )ds
Z, 0
= X(s)f (ti s)ds
0
Sowe get Z,
x(t; 0;f) = X(tj s)f(s)ds;t, O (9.13)
0
In summary, the solution of the initial value problem (9.1) can we repre-
serted as
Z t
x(tAf) = x(; A;0)+  X(tj s)f(s)ds; t, O:
0
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Recallthat Theorem5.10says that if @ := maxf< (,) : 4 (,) = Og, then for
ewery 2 > 0, there existsK: , 1 sud that

kx((A;0)k - K:exp((a + 2)t)kAk; t . 0; A2 C: (9.14)

Sinceour fundamertal matrix X satisesX!2 Cfor1- i- n (X' denotes
i-th column of X) and satis es the linear homogeneou®quationfor t | r,
we get

kX{ k- Kzexp((m +2)(tj r)kX/k t, r:

This implies, by choosinga larger K if necessarythat

IX(1)j - Keexp((= + 2)t): (9.15)

10 Principle of Linearized Stabilit y
Considerthe nonlinear functional di®erernial equation
xqt) = f(x,): (10.1)

We supposethat it has a steady state xo 2 IR" and write Xy 2 C for the
constart function equalto Xxo:

f (Xy) = O
Let
X=Xty
sothat y satis es
yAt) = f (X + y) (10.2)

We want to understandthe behavior of solutions of (10.1) which start near
Xy and for this, it suxcesto understandthe behavior of solutions of (10.2)
for solutions which start neary = 0. We assume that:

f(Xy+ A =LA+ gA;A2C (10.3)

whereL : C! IR" is a boundedlinear function andg: C! IR" is\higher
order" in the sensethat o
J9A) _

IAI!mo KAk
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Of course,this meansthat for every ! > 0, there exists+> 0 sud that
kAk - +=) jg(A)j - *KkAk:
Our goalis to prove the following result

Theorem 10.1 Let¢(,) = 0 denotethe characteristic equation correspnd-
ing to the linear equation z°= L(z) and supmwsethat

i %= max <(,)< O
¢(,)=0

Then Xy is a locally asymptotially stablesteady state of(10.1). In fact, there
existsb> 0 suchthat

KAi Xok < b=) kx((A)j Xk - KKAj xpke "2, t | 0

Proof: According to (9.14) and (9.15), we may nd K = K. > 1 sudc that
those estimateshold wherej 3+ 2 = j 3%#4. Now chooseK! < ¥#4. Then
there exists +> 0 sud that jg(A)j < * kAK if KAk - =+

Let kAk < #=(2K) and considerthe solution y(t) = y(t; A) of (10.2).
We claim that y(t) is dened for all t | 0 and ky;k - KkAk < =2 for
all t , 0. Becauset ! kyk is cortinuous and kypk < =2 it follows that
ft, O:kyk < g contains a half open interval [0; tg) whereeitherto = 1
orto< 1 andky;k =+ Wewill showv that to= 1 .

If we write h(t) = g(y;), then

yt) = L(y) + h(t); t, O

By the variation of constarts formula
Z t
y(t) = z(t; A;0)+  X(tj s)h(s)ds
0

wherez(t; A;0) satis esz’= L(z); t . 0andz, = A Taking norms, we get
Z t
jyi - jzG A0+ jX(ti 9)jih(s)jds
0 7 .
K kAkel 354+ K @ 3t 9%4jKh(s)jds
ZO
4 © Q3= t ¢ Bt =

K kAkel 34+ K @ A 91 ky kds; 0- t- tg

0
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This, by our usualargumer, leadsto
YA t

kyik - KkAkel ¥4+ K @ i1y kds; 0- t- tg
0

SO Z

t
e kyk - KkAk+ K1 e kyckds; 0- t- to:
0

Gronwall's Inequality gives
e kyk - KkAke“™; 0- t- tg;
and hence
kyik - K kAkel =4 Kt . K kAkel 72, 0. t - to:

If to < 1 thenky,,k = +but sincekAk < +=(2K), this is inconsistern with
the inequality above. Therefore,we concludethat to = 1 and, in particular,
the solution existsfor all t ; 0. Furthermore, the above estimate holdsfor all
t . 0. Both local stability and local asymptotic stability follow immediately
from this inequality.

HW# 24 Show that the positive steady state of problem #20 is asymptot-

ically stable assumingthat the real parts of the characteristic roots all have
negative real part. Verify the hypothesesof Theorem9.1.

11 Absolute Stabilit y
One often encourters the characteristic equationin the form

p(,)+q(,)e" =0 (11.1)

where p and g are polynomials with real coexcients and r > 0 is the delay.
Typically, p hashigher degreethan q. Brauer [3] provesthe following result.

Prop osition 11.1 Let p;q be a polynomials with real coetcients. Supmse

(@ p(.)60; <(,)., O
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(b) ja(iy)j < jp(iy)j; O- y< 1.
(€) limj 1 ;<) o0iqa(,)=p(,)i= 0.

Then <(,) < Ofor everyroot, andall r , O.

The proofis a simpleapplication of the maximum modulus principle. The
conclusionof Proposition 11.1is called absolute stability-as stability holds
for every value of the delay!

A simple corollary is stated and proved below.

Corollary 11.2 Letp be a polynomial with real coexcients, and haveleading
coetcient one. Let q= c be a constant. If

(i) all roots of p are real and negative and jp(0)j > j¢j, or
(i) p(,)=,2%+a, +b; a;b> 0 and either

2 pb> jg anda?, 2b, or
2 aP (@b; a2) > 2§ and a? < 2b,

Then <(,) < Ofor everyroot, andall r, O.

Proof (i) If thereisaroot , satisfying<(,), O,then putting the exponertial
term on oneside and the polynomial on the other and taking modulus leads

to
¥

pG)= g L= ide =t d; (11.2)
i=1
where , ; are the roots of@. Obviously, j, i ,ij . J.ij holdsof ,; < 0 and
<(,), 0. Thus,jp(0)j = ~.j,ij - jd musthold. As this cortradicts (i), the
result follows.
To prove (ii), note that jp(,)j > 0 for <(,) , O sincea;b> 0 imply
its roots lie in the open left half plane; also, jp(,)j ! 1 asj,j! 1.
Thus, jp(, )j will attain its minimum in <(,) , 0 on the imaginary axis by
the maximum modulus principle (or by elemenary considerationsasin (i)).
The minimum value of

jp(iy)j? = j(bi y?) +iayj* = (bi y?)?+ (ay)* = y*+ (&% 20)y*+ I;
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is the minimum value of g(x) = x?+ (a%j 2ox+ kP forx , 0.1f a®j 2b, O,
then this minimum is g(0) = ?, while if a2 2b< 0, it is g((2bj a?)=2) =

(4b& j a*)=4. Our hypothesisthat there is a root vlgith <(,), Oand(11.2)
leadsto b - jg in casea? 2b, 0 andto (a=2) (4bj a?) - jq in case
a’j 2b< 0. 1

It is interesting to comparethe result above with Proposition 11.1for
s | ®: _ei r,

whosestability regionis completelydescribedin Lemmaé.2. Proposition 11.1
assertsthat if ® < 0 and j® < j j then all roots satisfy <(,) < 0 for ewert
valueof r , 0. This region of absolutestability is substartially smallerthan
the stability regionfor r = 1 shown there.
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