
MAT598 Applied Delay Di®erential Equations, Spring 2004
Text: Intro. to Functional Di®erential Equations, Hale & Verduyn Lunel
Instructor: Hal L. Smith; URL: http://math.la.asu.edu/ » halsmith
O±ce: PSA 631,Phone: 965-3743,e-mail:halsmith@asu.edu
prerequisites:MAT475 and no fear of functions of a complexvariable.
O±ce Hours: 2:40-3:30W or 10:40-11:30MWF.

Students will selectone of two options. Option one is to do assignedhome-
work and, possibly, an optional project. Option two is to do a project.
Projects must involve at least two of the three following items: mathematical
modelling, mathematical analysis, computer simulation using either MAT-
LAB and XPP. If time permits, I may ask that projects be presented in
class.

Link to Yang Kuang's delay equation coursematerials-especially software:
http://math.la.asu.edu/%7Ekuang/oldclass/adde.html

Useful Texts & Monographs:
1.* Delay Di®erential Equations with applications to population dynamics,
Y. Kuang, AcademicPress(out of print).
2.* Delay Equations: functional-,complex-, and nonlinear analysis, Diek-
mann, van Gils, Verduyn Lunel, Walther, Springer.
3. Biological Delay Systems:linear stabilit y theory, MacDonald, Cambridge
Univ. Press.
4. Stabilit y and Oscillations in Delay Di®erential Equations of Population
Dynamics,Gopalsamy, Kluwer.
5. Integrodi®erential Equations and Delay Models in Population Dynamics,
J. Cushing,Springer-Verlag, Lect.Notesin Biomath.,#20.

*On reserve at Noble Library
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c° All righ ts reserv ed by Hal Smith

1 Examples of Dela y Di®eren tial Equations

The delayed Logistic equation introducedby Hutchinson [20]

N 0(t) = N (t)[b¡ aN(t ¡ r )]

describesthe growth of a singlepopulation with delayeddensity dependence:
a;b;r > 0. This would be reasonablefor a population that depends on
a resourcewhosedensity at time t depends on the size of the population
feedingon it at time t ¡ r becauseit takestime r for the resourceto recover.

Perhapsit would be more realistic to assumethat there is a distribution
of recovery times for the resourcerather than a single recovery time. Then
onewould get

N 0(t) = N (t)[b¡ aN(t) ¡ d
Z 0

¡1
N (s)k(t ¡ s)ds]

where kernel k(t ¡ s) ¸ 0, with
R0

¡1 k(s)ds = 1, measuresthe probability
that resourceeatenat time s < t recoversat time t. b> 0, a;d ¸ 0.

Volterra (1931) introducedthe predator-prey system

N 0
1 = N1[b1 ¡ a12N2]

N 0
2 = N2[¡ b2 + a21

Z t

¡1
N1(s)k(t ¡ s)ds]

where fraction k(t ¡ s) of prey ¯sh eaten at time t ¡ s get translated into
predator ¯sh biomassat time t (e.g. gestationperiod). SeeCushingfor more
on equationsof this type [8].

Mackey models the control of CO2 levels in the blood by the equation

x0(t) = ¸ ¡ ®x(t)Vm
x(t ¡ ¿)n

µn + x(t ¡ ¿)n

where x(t) is the partial pressureof CO2 in the blood and ¿ is the time
betweenoxygenationof blood in the lungsand stimulation of chemoreceptors
in the brainstem. SeeGlassand Mackey [15].
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The Mackey-Glassequationfor the density of certain blood cellsis famous
for its chaotic behavior. It is

x0(t) = ¡ ®x(t) +
¯ x(t ¡ ¿)

x(t ¡ ¿)n + An

where®; ¯ ; A; ¿ > 0 and ¿ is the delay betweeninitiation of cellular produc-
tion in the bonemarrow and releaseof mature cellsinto the blood. SeeGlass
and Mackey [15].

An S ! I ! R epidemicmodel with ¯xed period of temporary immunity
is given by

S0(t) = ¡ ¯ I (t)S(t) + ° I (t ¡ ! )

I 0(t) = ¯ I (t)S(t) ¡ ° I (t)

R0(t) = ° I (t) ¡ ° I (t ¡ ! )

S denotes susceptible individuals, I denotes infectives and R recovereds.
Note that an individual remains in the R classprecisely ! units of time.
¯ ; ° ; ! > 0. SeeBrauer and Castillo-Chavez [9]. One can alsoadd birth and
death to the model by adding ¹ ¡ ¹S to the ¯rst equationand subtracting ¹I
from secondand ¹R from third equation where¹ is the birth (death) rate.

De Gaetano- Arino [2, 4] model the intravenousglucosetolerance test
using

G0 = ¡ aG ¡ bIG + c

I 0 = ¡ dI + e
Z t

t ¡ ¿
G(s)ds

whereG is glucoseblood concentration and I is insulin blood plasmaconcen-
tration. The integral term represents the pancreatic releaseof insulin which
dependson the distribution of glucoseover the past ¿ time units. c > 0 is
a glucosesourcecoming from liver secretion; both insulin and glucoseare
removed from the blood by cellular uptake.

A simple model of a singleself-excitedneuron with delayed excitation is
given by

x0(t) = ¡ ®x(t) + tanh(x(t ¡ ¿))

where x(t) encodes the neurons \activit y level". The delay ¿ is the delay
represents the transmissiontime betweenoutput x(t) and input.
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Typically, many neuronsare connectedinto a neural network so onehas

y0
i = ¡ A i yi +

nX

j =1

Wij tanh(yj (t ¡ ¿ij ) + I i

where yi is the activit y of the i -th neuron, ¿ij is the delay in signal trans-
mission between j -th neuron and i -th neuron, Wij is the weighting of the
connectionbetween j -th neuron and i -th neuron, I i represent other inputs
to the i -th neuron.

Control of geneexpressionin cellsare often modeledwith time delays in
equationsof the form

x0
1 = g(xn (t ¡ rn )) ¡ ®1x1

x0
j = x j ¡ 1(t ¡ r j ¡ 1) ¡ ®j x j

The geneis transcribed producing mRNA(x1) which is translated into en-
zyme x2 and it in turn producesanother enzymex3 and so on. The end
product xn acts to repressthe transcription of the geneg0 < 0. Time delays
are introducedto account for time involved in transcription, translation and
transport. The ®j > 0 represent decay rates of the species. SeeSmith [26]
for more referenceson theseequations.

Similar delayed feedback systemshave beenintroducedto model the con-
trol of testosteronelevels in the blood stream. Murray chapt. 6, sec. 6, [24]
introducesthe model

R0 = f (T) ¡ b1R

L0 = g1R ¡ b2L

T0 = g2L(t ¡ ¿) ¡ b3T

The hypothalmus secretesLHRH, R, which controls the releaseof LH, L, by
the pituitary which controls the production of testosterone,T, in the gonads.
The delay ¿ accounts for the blood circulation time in the body. f (T) models
the feedback on the production of R by testosteroneT; it satis¯es f (0) > 0
and f 0 < 0.

Ellermeyer [11] and Ellermeyer et. al. [12] introducea delay in the stan-
dard bacterial growth model in a chemostat to obtain the Delayed Growth
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Responsemodel system

S0(t) = D(S0 ¡ S(t)) ¡
º mS(t)

Ch + S(t)
x(t)

x0(t) = exp(¡ D¿)
Yº mS(t ¡ ¿)
Ch + S(t ¡ ¿)

x(t ¡ ¿) ¡ Dx(t)

Here S(t) denotesthe substrate (food for bacteria), x(t) is the biomassof
bacteria, D is the dilution rate, S0 is the substrateconcentration in the feed
stream. The delay ¿ re°ects the assumption that whereascellular absorb-
tion of substrate is assumedto be an instantaneaousprocess,the changesin
microbial growth are assumedto lag behind changesin substrateconcentra-
tion by a ¯xed amount of time ¿. Experimental work in [12] found a delay
of 20 minutes for a strain of E. Coli. The factor exp(¡ D¿) accounts for a
suppressionin growth rate due to substrate stored inside cells that washes
out of the culture vesselbeforegiving rise to new growth.

Culshaw and Ruan [7] modify a standardmodel of within-host HIV model
to includea time delay betweeninfection of the CD4+ T-cell and the emission
of viral particles on a cellular level. The model is given by

T0(t) = s ¡ ¹ T T(t) + rT(t)(1 ¡
T(t) + I (t)

TM ax
) ¡ k1T(t)V(t)

I 0(t) = k0
1T(t ¡ ¿)V(t ¡ ¿) ¡ ¹ 1I (t)

V 0(t) = N ¹ bI (t) ¡ k1T(t)V(t) ¡ ¹ V V(t)

whereT denoteshealthy (uninfected) T cells in the blood, I are the T cells
infected by the HIV virus and V is the virus level in the blood.

2 Dela yed Negativ e Feedback

The simplest delay di®erential equation is given by

u0(t) = ¡ u(t ¡ ¿) (2.1)

where¿ > 0 is called the delay. When ¿ = 0, we recover the simple ODE

u0(t) = ¡ u(t) (2.2)
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whosegeneralsolution, u(t) = u(0)e¡ t , decays to zero. If we prescribe u(t)
for t · 0, then the equation (2.1) should have a unique solution for t > 0.
Supposewe set

u(t) = 1; t · 0 (2.3)

as \initial data" for (2.1). Then, on the interval 0 · t · ¿; t ¡ ¿ · 0 so

u0(t) = ¡ u(t ¡ ¿) = ¡ 1

and therefore

u(t) = u(0) +
Z t

0
(¡ 1)ds = 1 ¡ t; 0 · t · ¿:

On ¿ · t · 2¿, 0 · t ¡ ¿ · ¿ so

u0(t) = ¡ u(t ¡ ¿) = ¡ [1 ¡ (t ¡ ¿)]

and thus

u(t) = u(¿) +
Z t

¿
¡ [1 ¡ (s ¡ ¿)])ds

= 1 ¡ ¿ + [¡ s +
1
2

(s ¡ ¿)2js= t
s= ¿

= 1 ¡ t + (t ¡ ¿)2=2; ¿ · t · 2¿:

Clearly, wemay continuethis \stepping along", ¯nding an expressionfor u(t)
on the interval [2¿; 3¿], [3¿; 4¿] and so forth but its slow going and seemsto
provide little insight. We can seethat u is a polynomial of degreen on
[(n ¡ 1¿; n¿].

Can you ¯nd an expressionfor u on [(n¡ 1¿; n¿]? Can MAPLE becoaxed
to do it?

HW# 0 Determine u(t) on the interval [2¿; 3¿].

Lets begin by exploring this solution numerically by using the MATLAB
DDE23 package. We want to investigatethe behavior of the solution on the
interval t > 0 for di®erent valuesof the delay ¿. Figure 1 shows the results:

Notice that the case¿ = 0:25 looks very much like the solution of the
ODE (2.2) with u(0) = 1, namely it decays to zero without \overshooting"
zero, namely it doesnot oscillate. When ¿ = 0:6 the solution oscillates. In
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Figure 1: Solution of equation (2.1) with initial data (2.3) for various ¿

fact, despiteappearances,it repeatedlychangessign. Onecan prove that all
solutions oscillate whenever ¿ > e¡ 1. SeeTheorem 1.5.1 in [16]. We say
a solution oscillateswhen it has arbitrarily large zeros: for all T > 0, there
exists somet > T such that u(t) = 0. Why ¿ > e¡ 1 ¼ 0:36? We will see
later. As ¿ increasesthe oscillationsappear to be more pronouncedbut still
they are damped. That is, it appears that the amplitude is decreasing,at
least until ¿ = 2 wherenow the amplitude grows.

The reader will notice that u ´ 0 is a solution of the delay di®erential
equation (2.1)-we would call it a steady state solution. One can prove that
it is stable when ¿ < ¼=2 and unstable when ¿ > ¼=2 ¼ 1:58. We will see
why later.

Equation (2.1) is a simple illustration of what can go wrong in a negative
feedback system. Say you want to maintain a certain quantit y u at the value
u = 0. Imagine u satis¯es a simple equation like

u0(t) = c(t)

whereyou canprescribe the control c(t) in order to accomplishyour objective
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of maintaining u near zero. The system,of course,is subject to unexpected
perturbations so you better be ready to handle these. If you observe that
u(t) > 0 (u(t) < 0), you will want to choosec(t) < 0 (c(t) > 0). You might
want to choose

c(t) = ¡ u(t)

becausethen no matter what valueu is at time t0, it will return to u = 0. But
considerhow you would implement this feedback law. You must observe the
systemat time t to ¯nd u(t) and then immediately respond with the control
c(t) = ¡ u(t). This is clearly impossible-therewill necessarilybe sometime
delay betweenthe observation of the systemand the implementation of the
control. Therefore,an achievable control strategy would be

c(t) = ¡ u(t ¡ ¿)

where¿ > 0 is he delay betweenobservingu and implementing the control.
This results in (2.1). If this delay is too large you will not accomplishyour
goal! If ¿ > e¡ 1, u will repeatedly oscillate above and below the desired
setting after perturbation away from u = 0. But at least it will eventually
get so near u = 0 that you would be happy. However, if the delay exceeds
¼=2, then your goal is unattainable with this control strategy.

We now begin a more systematicstudy of delayed negative feedback by
consideringthe more generalequation

u0(t) = ¡ ®u(t ¡ r ) (2.4)

where ® is real and r ¸ 0. When r = 0, u = 0 is an asymptotically stable
steadystate for every ® > 0; it is unstablewhen® < 0. What happenswhen
r > 0?

By a scaling of time: ¿ = ´ t; ´ > 0, the equation for U(¿) = u(t)
becomes:

dU
d¿

= ´ ¡ 1 du
dt

= ¡ ®´ ¡ 1u(t ¡ r ) = ¡ ®´ ¡ 1U(¿ ¡ r ´ )

If we take ´ = 1=r and ¯ = ®r we get

dU
d¿

= ¡ ¯ U(¿ ¡ 1): (2.5)

If we take ´ = ® and s = r®, we get

dU
d¿

= ¡ U(¿ ¡ s):
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In order to determinestabilit y of the trivial solution, we proceedexactly
asfor ODEs. That is, weseek(complex)valuesof ¸ such that U(¿) = exp(̧ ¿ )
is a solution of (2.5).

It will be convenient to introduce the linear operator, de¯ned on the
di®erentiable functions, by

L(U) =
dU
d¿

+ ¯ U(¿ ¡ 1)

Then
L(e¸¿ ) = ¸e ¸¿ + ¯ e¸ (¿¡ 1) = e¸¿ [¸ + ¯ e¡ ¸ ] (2.6)

Clearly, we have L(ȩ ¿ ) ´ 0 (the zero function!) if and only if ¸ is a root of
the characteristic equation

h(¸ ) ´ ¸ + ¯ e¡ ¸ = 0: (2.7)

Furthermore, on di®erentiating (2.6) k times with respect to ¸ and using
that this kth-derivative commutes with L (why?) we ¯nd, by Liebnitz' rule
for the derivative of a product, that

L(¿ke¸¿ ) = (
@

@̧
)k [e¸¿ h(¸ )] = e¸¿ [

kX

j =0

Ck
j h(j )(¸ )¿k¡ j ]

whereCk
j are the binomial coe±cients k!=j !(k ¡ j )!. Therefore,we conclude

that ¿k ȩ ¿ is a solution of (2.5) if and only if

h(¸ ) = h0(¸ ) = h00(¸ ) = ¢¢¢= h(k)(¸ ) = 0

i.e., if and only if ¸ is a zeroof order at least k of the analytic function h.
Basedon our experiencewith ODEs, we have a right to expect that the

trivial solution is asymptotically stable if < (¸ ) < 0 for all roots ¸ of the
characteristic equation and that it is unstable if there is a root with positive
real part. We assumethis now; later it will be proved.

As h is an analytic function of the complex variable ¸ we have the fol-
lowing elementary properties

(A) The set of roots can have no accumulation point in C; therefore, for
each R > 0, the set of roots satisfying j¸ j · R is ¯nite. It follows that
the set of roots is a countable (possibly ¯nite) set.
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(B) If f ¸ ng is a sequenceof distinct roots, then j¸ n j ! 1 . Since j¸ n j =
j¯ je¡< (¸ n ) , it follows that < (¸ n ) ! ¡1 . For each a 2 IR, < (¸ ) ¸ a for
at most ¯nitely many roots.

(C) If ¸ is a root, then it is a root of ¯nite order. That is there is m 2 @
such that h(¸ ) = h0(¸ ) = ¢¢¢= h(m)(¸ ) = 0 and h(m+1) (¸ ) 6= 0.

(D) If ¸ is a root, so is its conjugate¸ .

Now lets focus attention on the characteristic equation (2.7). Letting
¸ = x + iy and consideringreal and imaginary parts, we get the system

x = ¡ ¯ e¡ x cos(y) (2.8)

y = ¯ e¡ x sin(y) (2.9)

Considering¯rst real roots (y = 0), we get the singleequation for ¸ = x

x = ¡ ¯ e¡ x

Graphing the two functions on left and right, we seethat if ¯ < 0, there is
a unique root ¸ 0 = x0 > 0. Consequently, the trivial solution is unstable
whenever ¯ < 0, i.e., in the positive feedback case.

Hereafter, we assume that ¯ > 0. In this case,the equation for real
roots is f (x) = xex = ¡ ¯ . If you graph f , you will seethat it is negative
(positive) when x is negative (positive), it hasa unique minimum at x = ¡ 1
where f (¡ 1) = ¡ e¡ 1, f 0 < 0 for x < ¡ 1, f 0 > 0 for x > ¡ 1, f (¡1 ) = 0.
From this, the following is true (draw the graph).

Lemma 2.1 The following hold:

1. If 0 < ¯ < e¡ 1, then there are exactly 2 real roots x1 < x2, both
negative. x1 ! ¡1 and x2 ! 0 as ¯ ! 0.

2. If ¯ = e¡ 1, there is a single real root of multiplicity two and it's nega-
tive.

3. If ¯ > e¡ 1, then there are no real roots.

Sothe real roots are harmlessbecausethey are negative! The next result
summarizesimportant info concerningthe roots.
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Prop osition 2.2 The following holdsfor (2.7):

1. For each ¯ satisfying 0 < ¯ < ¼=2, there is ± > 0 suchthat < (¸ ) · ¡ ±
for all roots.

2. If ¯ = ¼=2, then ¸ = § i¼=2 are roots.

3. If ¯ > ¼=2, there are roots ¸ = x § iy with x > 0; y 2 (¼=2; ¼).

The following immediate corollary of Proposition 2.2 will follow oncewe
establishthe expectedresult concerningthe relation of the roots of (2.7) and
the stabilit y of the zerosolution of (2.5).

Corollary 2.3 The following holdsfor (2.5):

1. If 0 < ¯ < ¼=2, U = 0 is asymptotically stable.

2. If ¯ = ¼=2, U = sin(¼¿=2); cos(¼¿=2) are solutions.

3. If ¯ > ¼=2, U = 0 is unstable.

Pro of of Prop osition 2.2: Becausē > 0, if there is a root x+ iy with x ¸ 0
and y > 0 of (2.8) then cos(y) · 0 < sin(y) soy 2 S ´ [ 1

n=0 f [¼=2; ¼) + 2n¼g.
Furthermore,

sin(y)
y

=
ex

¯

As
d
ds

sin(s)
s

=
scos(s) ¡ sin(s)

s2
< 0; s 2 S

and sin(s)
s = 2

¼ whens = ¼
2 , we concludethat sin(s)

s · 2
¼ for s 2 S even though

S is disconnected(check this). Therefore,for s = y,

1
¯

·
ex

¯
=

sin(y)
y

·
2
¼

so it follows that ¯ ¸ ¼=2. Thus, if ¯ < ¼=2 then < (¸ ) < 0 for every root ¸ .
This and the last assertionin (B) above proves(1).

It's easy to seefrom (2.8) that for ¯ = ¼
2 + 2n¼, n = 0; 1; 2; ¢¢¢, then

i [¼
2 + 2n¼] is a root.

11



Lets now turn to the ¯nal assertion(3). If we write z = reiµ , then (2.7)
becomes

r [cos(µ ¡ ¼) + i sin(µ ¡ ¼)] = ¯ e¡ x [cos(¡ y) + i sin(¡ y)]

Equivalently,
r = ¯ e¡ x and µ ¡ ¼= ¡ y + 2k¼

for someinteger k. Lets search for a root in the ¯rst quadrant on the ray
through the origin making angleµ 2 (0; ¼=2) with the positive x-axis. Then,
taking k = 0, y(µ) = ¼¡ µ > 0 and sox(µ) > 0 is determinedby trigonometry
since tan(µ) = y=x (Draw a picture!). Thus z = x + iy is a root of (2.7)
corresponding to ¯ = rex wherer 2 = x2+ y2. Clearly, x(µ); y(µ); ¯ (µ) depend
continuously on µ 2 (0; ¼=2) and

x(µ) ! + 1 ; y(µ) ! ¼; ¯ (µ) ! + 1 ; µ ! 0

and
x(µ) ! 0; y(µ) ! ¼=2; ¯ (µ) ! ¼=2; µ ! ¼=2:

Continuity of ¯ : (0; ¼=2) ! (0; 1 ) implies its range is connectedand in-
cludes(¼=2; 1 ).

Remark 2.4 We haveshownthe existence of a root z(µ) = x(µ) + iy (µ) with
x(µ) = y(µ) cot(µ) > 0; y(µ) = ¼¡ µ corresponding to ¯ (µ) = r (µ)ex(µ) > ¼=2
for 0 < µ < ¼=2 which satis¯es

z(µ) ! i¼=2; ¯ (µ) ! ¼=2; as µ ! ¼=2 (2.10)

Remark 2.5 It's easyto see from (2.8) that for ¯ = ¼
2 + 2n¼, n = 0; 1; 2; ¢¢¢,

then i [¼
2 + 2n¼] is a root.

3 Existence of solutions

3.1 the metho d of steps for discrete delay equations

Now lets considerthe nonlinear delay di®erential equation

x0(t) = f (t; x(t); x(t ¡ r )) (3.1)
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where r > 0 and f (t; x; y) and f x (t; x; y) are continuous on IR3. Let s 2 IR
be given and let Á : [s ¡ r; s] ! IR be continuous. We seeka solution x(t) of
(3.1) satisfying

x(t) = Á(t); s ¡ r · t · s

and satisfying (3.1) on s · t < s + ¾ for some¾> 0. Note that we must
interpret x0(s) as the right-hand derivative at s.

Equation (3.1) can be solved by the \metho d of steps" as follows. For
s · t · s + r , x(t) must satisfy the ODE:

x0(t) = f (t; x(t); Á(t ¡ r )) ; x(s) = Á(s)

As g(t; x) ´ f (t; x; Á(t ¡ r )) and gx (t; x) are continuous, a local solution of
this ODE is guaranteed by standard results form ODE theory. If this local
solution exists for the entire in terv al s · t · s+ r , then we may repeat
the above argument to extend our solution to some interval [s + r; ¾) ½
[s+ r; s+ 2r ]. Again, if the solution existson the entire interval [s+ r; s+ 2r ]
then wemay againrepeat the processto extendthe solution to [s+ 2r; s+ 3r ],
or somesubinterval of this interval.

Theorem 3.1 There exists¾> s and a unique solution of the initial value
problemon [s ¡ r; ¾). In addition, if f x is bounded then this solution extends
to a solution on [s ¡ r; 1 ).

HW#1: Prove Theorem3.1. Hint: Usestandard ODE results!

Remark 3.2 Theorem 3.1 extendsimmediately to the case that x 2 IRn

with almost no changein proof; it also extendsto multiple discrete delays
r0 < r1 < ¢¢¢< rm where f = f (t; y(t); y(t ¡ r 0); y(t ¡ r 1); ¢¢¢; y(t ¡ rm ))
with very little change.

HW#2: Verify the Laplace Transform calculation at bottom of pg 23 of
text. Carry out argument to obtain estimate (6.4) using (5.7).
HW#3: Find The fundamental solution for x0(t) = ¡ x(t ¡ 2) for as many
stepsas you can bear. Will Maple do it?
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3.2 A more general existence result

The method of stepswill not work for equationswith distributed delay such
as

x0(t) = ¡ [x(t) ¡
Z t

t ¡ r
x(s)ds] = ¡ x(t) +

Z 0

¡ r
x(t + µ)dµ: (3.2)

or for more exotic equationslike

x0(t) = ¡ max
t ¡ r · s· t

x(s) (3.3)

A more general approach is necessary. For motivation, lets return to the
simpler equation

x0(t) = ¡ x(t ¡ r ) (3.4)

wherer > 0. If we are given an initial condition:

x(t) = Á(t); ¡ r · t · 0

whereÁ 2 C := C([¡ r; 0]; IR), then the method of stepsis su±cient to solve
the equation for t ¸ 0. Now this equation is autonomousso we expect it to
generatea dynamical systemon somestate spaceX - a \solution" should be
represented by a curve or tra jectory in the state spaceX . What should this
state spacebe? What shouldbe the state of the systemat time t? The state
of the system at time t ¸ 0 should contain all the information necessary
to determine the solution for future times s ¸ t. In particular, it should
obviously contain the initial condition Á. This arguesfor X = C asthe state
space. Apparently, the state of the system at time t cannot be x(t) 2 IR
becauseas we know, knowledgeof only the value of x(t) is insu±cient to
determinex(s) for s ¸ t. For this we must know all the valuesof x(´ ) for all
´ 2 [t ¡ r; t]. Equivalently, we must know x(t + µ); ¡ r · µ · 0 in order to
determine the solution for s > t. Therefore,we are lead to call the state of
the dynamical systemat time t the element of C which we write as x t and
de¯ne by

x t (µ) := x(t + µ); ¡ r · µ · 0: (3.5)

Thus, we can view the tra jectory of our solution as the curve t ! x t in the
state spaceC. This will turn out to be the \correct" point of view for a
dynamical systemsframework for theseequations. The notation x t is very
convenient for other reasons. For example,we may write equation (3.2) in
the form

x0(t) = f (x t ) (3.6)

15



wheref : C ! IR is de¯ned by

f (Á) = ¡ Á(¡ r )

becausethen, using (3.5), f (x t ) = ¡ x t (¡ r ) = ¡ x(t ¡ r ).
Similarly, equation (3.2) may be written in the form (3.6) where

f (Á) = ¡ Á(0) +
Z 0

¡ r
Á(s)ds

becausethen, using (3.5),

f (x t ) = ¡ x t (0) +
Z 0

¡ r
x t (µ)dµ = ¡ x(t) +

Z 0

¡ r
x(t + µ)dµ

Equation (3.3) may be written in the form (3.6) where

f (Á) = ¡ maxÁ:

Our goal should be to obtain the usual existenceand uniquenessresults
for (3.6). More generally, we should consider the initial value problem for
the non-autonomoussystem

x0(t) = f (t; x t ); t ¸ ¾ (3.7)

x¾ = Á

where¾2 IR is the initial time and Á 2 C is the state of the systemat time
¾. This meansthat

x(¾+ µ) = Á(µ); ¡ r · µ · 0

or equivalently, that

x(t) = Á(t ¡ ¾); ¾¡ r · t · ¾:

An exampleof a nonautonomousequation is

x0(t) =
Z t

t ¡ r
k(t; s)x(s)ds

wherek(t; s) is a given continuous \k ernel".
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HW#4: Find an explicit formula for f (t; x t ) in this last case.

Furthermore, we should allow x to be a vector in IRn in (3.7). In this
case,the state spaceshould be C = C([¡ r; 0]; IRn), the spaceof continuous
functions from [¡ r; 0] into IRn and f : IR £ C ! IRn is a given continuous
function. We will usejxj for the norm of the vector x and

kÁk = supfj Á(µ)j : ¡ r · µ · 0g

for the norm of Á 2 C.
Besidescontinuity of f , we assumeit satis¯es a Lipschitz condition on

each boundedsubsetof IR £ C.

(Lip) For all a;b2 IR and M > 0, there is a K > 0 such that:

jf (t; Á) ¡ f (t; Ã)j · K kÁ¡ Ãk; a · t · b; kÁk; kÃk · M : (3.8)

Observe that K may depend on the interval a;b and M .

HW#5: Is condition (Lip) satis¯ed in the examples(3.2), (3.3), (3.4)? Find
K .

Lemma 3.3 Let f : IR£ C ! IRn be continuous and satisfy (Lip). Then for
each ¯nite interval [a;b] and M > 0, there existsL > 0 suchthat

jf (t; Ã)j · L; t 2 [a;b]; kÃk · M :

Pro of: If 0̂ denotesthe zero function in C, kÃk · M , and K is Lipschitz
constant for [a;b] and M then

jf (t; Ã)j · jf (t; Ã) ¡ f (t; 0̂)j + jf (t; 0̂)j · K kÃ ¡ 0̂k + jf (t; 0̂)j · K M + P

whereP = maxa· s· b jf (s; 0̂)j.

Let's try to ¯nd a solution of (3.7) on the interval [¾; ¾+ A] for some
A > 0. Integrating both sidesand applying the Fundamental Theorem of
Calculus,we get that x(t) should be a continuoussolution of

x(t) = Á(0) +
Z t

¾
f (s;xs)ds; ¾· t · ¾+ A (3.9)
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where,of course,x(t) = Á(t ¡ ¾); ¾¡ r · t · ¾. Seeespecially Lemma 1.1
and Lemma 2.1 in our text for certain details! In particular, we have used
that the mapping from [¾; ¾+ A] into IRn given by

s ! f (s;xs)

is continuous. This follows becausef is continuousand s ! (s;xs) 2 [¾; ¾+
A] £ C is continuous.

Supposethat kÁk · M . Let K be the Lipschitz constant for f on the
set [¾; ¾+ r ] £ f Ã 2 C : kÃk · 2M g and let L be the bound on jf j given in
Lemma 3.3 for that set. Let A = minf r; M =Lg.

Given any continuous function y(t) on [¾¡ r; ¾+ A] satisfying y¾ = Á
and jy(t)j · 2M on [¾; ¾+ A], we may de¯ne a new continuous function z
on [¾¡ r; ¾+ A] by

z(t) := Á(0) +
Z t

¾
f (s;ys)ds; ¾· t · ¾+ A

and z(t) = Á(t ¡ ¾) for t 2 [¾¡ r; ¾]. It satis¯es

jz(t)j · M + L(t ¡ ¾) · M + LA · 2M ; ¾· t · ¾+ A

Let's usethe method of successive approximations to solve (3.9) starting
with the initial guess

x(0) (t) = Á(0); ¾· t · ¾+ A

and x(0) (t) = Á(t ¡ ¾) for t 2 [¾¡ r; ¾]. Clearly, jx (0) (t)j · M on ¾· t ·
¾+ A.

Now de¯ne

x(m+1) (t) = Á(0) +
Z t

¾
f (s;x(m)

s )ds; ¾· t · ¾+ A; m = 0; 1; 2; ¢¢¢ (3.10)

Again, x(m)(t) = Á(t ¡ ¾); ¾¡ r · t · ¾sothey are de¯ned on [¾¡ r; ¾+ A].

jx(1) (t) ¡ x(0) (t)j = j
Z t

¾
f (s;x(0)

s )jds · L(t ¡ ¾); t 2 [¾; ¾+ A]:
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By (3.10), using (Lip), we ¯nd that

jx(m+1) (t) ¡ x(m)(t)j = j
Z t

¾
[f (s;x(m)

s ) ¡ f (s;x(m¡ 1)
s )]dsj

· K
Z t

¾
kx(m)

s ¡ x(m¡ 1)
s kds (3.11)

· K
Z t

¾
sup

¾· ´ · s
jx(m)(´ ) ¡ x(m¡ 1)(´ )jds:

In particular,

jx(2) (t) ¡ x(1) (t)j · K
Z t

¾
L(s ¡ ¾)ds = K L(t ¡ ¾)2=2

and

jx(3) (t) ¡ x(2) (t)j · K
Z t

¾
K L

(s ¡ ¾)2

2
ds =

L
K

[K (t ¡ ¾)]3

3!

An induction argument yields that

jx(m+1) (t) ¡ x(m)(t)j ·
L
K

[K (t ¡ ¾)]m+1

(m + 1)!

and a triangle inequality argument givesthat for m > n

jx(m)(t) ¡ x(n)(t)j · jx(m)(t) ¡ x(m¡ 1)(t)j + jx(m¡ 1)(t) ¡ x(m¡ 2)(t)j

¢¢¢+ jx(n+1) (t) ¡ x(n)(t)j

·
L
K

[
[K (t ¡ ¾)]m

(m)!
+

[K (t ¡ ¾)]m¡ 1

(m ¡ 1)!

¢¢¢+
L
K

[K (t ¡ ¾)]n+1

(n + 1)!
]

·
L
K

1X

j = n+1

(K A) j

j !

As the right hand side is the tail of a convergent seriesand so convergesto
zeroas n ! 1 , f x(m)g1

m=0 is a uniformly Cauchy sequenceon [¾; ¾+ A]. It
follows that there is a continuous function x : [¾; ¾+ A] ! IRn satisfying

sup
¾· t · ¾+ A

jx(m)(t) ¡ x(t)j ! 0; m ! 1 :
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Extending x(t) to [¾¡ r; ¾+ A] in the usual way by x(t) = Á(t ¡ ¾) for
¾¡ r · t · ¾, then x(t) satis¯es (3.9). To seethis ¯rst observe that

f (s;x(m)
s ) ! f (s;xs); ¾· s · ¾+ A; m ! 1

uniformly because

jf (s;x(m)
s ) ¡ f (s;xs)j · K kx(m)

s ¡ xsk · K sup
¾· t · ¾+ A

jx(m)(t) ¡ x(t)j:

This implies that

lim
m!1

Z t

¾
f (s;x(m)

s )ds =
Z t

¾
f (s;xs)ds:

Therefore,on taking limits of both sidesof (3.10), we get that (3.9) holds.
We have proved part of the following result.

Theorem 3.4 Supposethat f is continuous and satis¯es the Lipschitz con-
dition (Lip), ¾ 2 IR, and Á 2 C satis¯es kÁk · M . Then there exists a
unique solution x(t) = x(t; Á) of (3.7), de¯ned on [¾¡ r; ¾+ A] where A is
de¯ned above. In addition, if K is the Lipschitz constant for f corresponding
to [¾; ¾+ A] and M , then

max
¾¡ r · ´ · ¾+ A

jx(´ ; Á) ¡ x(´ ; Ã)j · kÁ ¡ ÃkeK A ; kÁk; kÃk · M (3.12)

Actually, the above proof establishesonly the existenceof a solution
x(t; Á) on [¾¡ r; ¾+ A] but not uniqueness.If y : [¾¡ r; ¾+ a] is a second
solution of the initial value problem x¾ = Á with 0 < a, we want to show
that y must agreewith our solution on [¾; ¾+ minf a;Ag]. To seethis, it's
¯rst necessaryto show that jy(t)j · 2M on this interval. As jy(¾)j · M , if
this failed to hold, then there would be a smallests < A with jy(s)j = 2M
so

jy(t)j · jÁ(0)j +
Z t

¾
jf (s;ys)jds · M + L(t ¡ ¾); ¾· t · s:

Putting t = s, we get the contradiction 2M < 2M so we conclude that
jy(t)j · 2M on [¾; ¾+ minf a;Ag]. Now we can show that y(t) = x(t; Á) on
this interval by usinga Gronwall argument just like the onethat gives(3.12).

The assertion(3.12)says that solutionsdependcontinuouslyon the initial
data. It is a consequenceof the Gronwall inequality as follows:
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jx(t; Á) ¡ x(t; Ã)j · jÁ(0) ¡ Ã(0)j + j
Z t

¾
[f (s;xs(Á)) ¡ f (s;xs(Ã))]dsj

· kÁ ¡ Ãk + K
Z t

¾
kxs(Á) ¡ xs(Ã)kds

· kÁ ¡ Ãk + K
Z t

¾
max

¾¡ r · ´ · s
jx(´ ; Á) ¡ x(´ ; Ã)jds

for ¾· t · ¾+ A. If we let

u(s) := max
¾¡ r · ´ · s

jx(´ ; Á) ¡ x(´ ; Ã)j; ¾· s · ¾+ A

then we have

u(t) · kÁ ¡ Ãk + K
Z t

¾
u(s)ds; ¾· s · ¾+ A

and Gronwall's inequality gives

u(t) · kÁ ¡ ÃkeK (t¡ ¾)

implying that (3.12) holds. Observe that as a special case,we also obtain
the inequality

kx t (Á) ¡ x t (Ã)k · kÁ ¡ ÃkeK (t¡ ¾) ; ¾· t · ¾+ A: (3.13)

Remark 3.5 If f satis¯es a global Lipschitz condition, that is, if K in (Lip)
can be chosenindependentof a;b and M , then we need makeno restriction
on A in Theorem 3.4. More precisely, its conclusionshold for all A > 0. In
this case, the solution exists for all t ¸ ¾and (3.13) holdsfor all t ¸ ¾.

As an exampleof the application of Theorem3.4 considerthe equation

x0(t) = ¡ ®x(t) + ¯ tanh(
Z t

t ¡ r
x(s)ds)

which can be viewed as a simple model of a self-excitatory neuron with
(distributed) delayed self-excitation. Here, ®; ¯ > 0. The equation may be
written in the form (3.6) where

f (Á) = ¡ ®Á(0) + ¯ tanh(
Z 0

¡ r
Á(s)ds)
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Using the fact that the tanh hasa positive derivative of magnitudeno larger
than one,we ¯nd that

jf (Á) ¡ f (Ã)j · ®jÁ(0) ¡ Ã(0)j + ¯
Z 0

¡ r
jÁ(s) ¡ Ã(s)jds

· (®+ r ¯ )kÁ ¡ Ãk:

Thereforef satis¯es a global Lipschitz condition (Lip). On the other hand,
the delayed logistic equation

N 0(t) = N (t)[a ¡ b
Z t

t ¡ r
N (s)ds] (3.14)

doesnot satisfy a global Lipschitz condition. Here a;b> 0.
HW#6: Show that Theorem 3.4 applies to the initial value problem for
(3.14).

3.3 Con tin uation of Solutions

Theorem 3.2 in our text is the key result which allows us to concludethat
the maximal interval of existenceof a solution of (3.7) is the half line [¾; 1 ).
I will illustrate the useof the result by consideringthe initial value problem
associated with the delayedLogistic equation(3.14). Let ¾= 0 and Á 2 C be
givensatisfyingÁ(µ) ¸ 0 on [¡ r; 0]. Let N (t) = N (t; Á) be a non-continuable
solution of the initial value problem N0 = Á and let [0; d) denoteits interval
of existence. By referring to N as a \non-continuable solution" we mean
that there doesnot exist any solution y : [¡ r; c) ! IR wherec > d such that
N (t) = y(t) on [¡ r; d). Our goal is to show that d = + 1 .

We ¯rst show that, becauseÁ(0) ¸ 0, N (t) ¸ 0 for all t 2 [0; d). This
follows becauseN (t) satis¯es the initial value problem for the ODE:

y0(t) = a(t)y(t); y(0) = Á(0)

for t ¸ 0 and therefore

N (t) = Á(0) exp(
Z t

0
a(s)ds) ¸ 0; 0 · t < d

where

a(t) := a ¡ b
Z t

t ¡ r
N (s)ds; 0 · t < d:
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Now that we know that N (t) ¸ 0, we seethat a(t) · a on [0; d) so that

0 · N (t) · Á(0)eat ; 0 · t < d: (3.15)

Thesea priori bounds on the solution are crucial for applying Theorem
3.2.

Lets just check that the right hand sideof (3.14) is a completely contin-
uous mapping from C into IR as required. Recall this meansthat it takes
closedand boundedsetsin C into boundedsubsetsof IR. This is simple:

f (Ã) = Ã(0)[a ¡ b
Z 0

¡ r
Ã(s)ds]

so
jf (Ã)j · kÃk[a + brkÃk]:

f takes the closedbounded subset f Ã 2 C : kÃk · M g into the interval
[¡ N; N ] whereN = M (a + brM ).

Now for each s > 0 de¯ne

Us = f (t; Ã) : 0 · t · s; 0 · Ã(µ) · kÁkeat ; ¡ r · µ · 0g:

Us is a closedand boundedsubsetof IR £ C (check this) that dependson the
initial data Á for N (seekÁk in last inequality). According to Theorem 3.2
in text, there exists somets ¸ 0 such that

(t; N t ) =2 Us; t 2 [ts; b)

How could this be? By virtue of (3.15), the only way is for b> s. But s > 0
was arbitrary, so d = 1 .

3.4 Remarks on Backw ard Con tin uation

This fancy term refers to solving (3.7) for t < ¾. Recall that all our e®orts
were devoted to solving this equation for t > ¾. A glanceat someof the
delay di®erential equationswe have introducedasexamplesshould convince
the reader of the fundamental asymmetry betweenthe future and the past
for delay equations-anasymmetry that is absent from ODEs. For ODEs, we
do not make any fundamental distinction betweensolving forward in time or
backward in time.
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Our text says that if ® > 0 then x : [¾¡ r ¡ ®; ¾] ! IRn is a (backward)
solution of the initial value problem (3.7) if x is continuous, x¾ = Á and x
satis¯es

x0(t) = f (t; x t ); t 2 [¾¡ ®; ¾]

Becausex¾ = Á must hold as well as the equation above, we seethat x(t) =
Á(t ¡ ¾) must be continuously di®erentiable for t 2 [¾¡ ®; ¾], or equivalently
Á must be continuously di®erentiable on [¡ ®; 0] (or on all [¡ r; 0] if ® ¸ r ).
Obviously, this meansÁ must be quite special among elements of C (the
typical element of C will not be di®erentiable!). Even more, becausethe
equation above holds at t = ¾we must have

Á0(0¡ ) = f (¾; Á) (3.16)

whereÁ0(0¡ ) denotesthe left hand derivative at 0. This compatibilit y con-
dition is reminiscent of the compatibilit y conditions that arise for bound-
ary value problemsin PDEs. In any case,this meansthat Á is really really
special-it must belongto the presumably\thin" sub-manifoldM of C where:

M = f Ã 2 C : Ã0(0¡ ) = f (¾; Ã)g:

We concludefrom theseremarks that for the typical initial function Á 2 C
there will not exist a backward continuation of the initial value problem
(3.7)! Nevertheless,Theorem5.1of our text gives(very technical!!) su±cient
conditionsfor the existenceof backward solutionsfor thesevery special initial
data.

We should keep in mind however that if x : [¾¡ r; ¾+ A); A > 0 is a
(forward) solution of (3.7) and if ¾1 2 (¾; ¾+ A) then the initial valueproblem
corresponding to the initial condition (¾1; Ã) whereÃ = x¾1 hasa backward
solution, namely x. Later, we will seethat many solutions of autonomous
systemsextend to all t 2 IR. Steadystate and Periodic solutionsare speci¯c
examples.

4 Semi°o w generated by autonomous FDEs

In this sectionwe begin our study of the time-independent equation

x0(t) = f (x t ) (4.1)
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We assumethat for each Á 2 C, there exists a unique solution x(t; Á) of the
initial valueproblemx0 = Á and that it extendsto the entire half-line [0; 1 ).
Recall that the state of the solution at time t of this initial is denoted by
x t (Á).

Following ODE theory, we aim to show that the mapping from [0; 1 ) £
C ! C given by

(t; Á) ! x t (Á)

is a dynamical systemor semi°ow on the spaceC. The \semi" in semi°ow
re°ects the fact that solutions are typically only de¯ned for t ¸ 0.

Theorem 4.1 The mappingsatis¯es:

(1) x0(Á) = Á.

(2) x t (xs(Á)) = x t+ s(Á); t; s ¸ 0.

(3) (t; Á) ! x t (Á) is continuous from [0; 1 ) £ C ! C.

The semigroupproperty (2) is a consequenceof the following un-surprising
fact.

Remark 4.2 If x(t) = x(t; Á) is the solution of (4.1) on [0; 1 ) satisfying
x0 = Á and ¾2 IR, then y(t) := x(t ¡ ¾) is the solution of (4.1) on [¾; 1 )
satisfying x¾ = Á. Indeed,

yt (µ) = y(t + µ) = x(t ¡ ¾+ µ) = x t ¡ ¾(µ); ¡ r · µ · 0; t ¸ ¾

which implies that yt = x t ¡ ¾ and y¾ = x0 = Á. Hence

y0(t) = x0(t ¡ ¾) = f (x t ¡ ¾) = f (yt ):

Proof of Theorem 4.1: (1) is a de¯nition. Fix s ¸ 0 and use the Remark
to seethat y(t) := x(t + s;Á) is the solution of (4.1) on [¡ s;1 ) satisfying
x¡ s = Á and

y0(µ) = y(µ) = x(µ + s;Á) = xs(Á)(µ)

implying that y0 = xs. Sincey(t) and x(t; xs(Á)) satisfy the sameinitial value
problem, they must agreeby uniqueness:y(t) = x(t + s;Á) = x(t; xs(Á)) for
t ¸ 0. Continuity (2) follows directly from (3.12), or, in the generalcaseby
Theorem2.2 in our text.
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The orbit of Á is de¯ned by

O(Á) = f x t (Á) : t ¸ 0g ½ C

An e 2 C is called an equilibrium if its orbit is a singlepoint O(e) = f eg,
i.e., if you start at e, then you stay at e.

Prop osition 4.3 e is an equilibrium if and only if e is a constant function
satisfying f (e) = 0.

Proof: If e is an equilibrium then x t (e) = e for all t ¸ 0 so x(t + µ; e) = e(µ)
for all t ¸ 0 and µ 2 [¡ r; 0]. Putting µ = 0 into this givesx(t; e) = e(0) for
all t ¸ 0 sox(t) is constant, x0(t) = 0, and thereforef (e) = 0. Putting t = r
into the sameequality givese(0) = e(µ) for all µ so e is a constant function.
The converseis trivial (by uniquenessof solutions).

Obviously, if e is an equilibrium, then x(t; e) canbeextendedasa solution
of (4.1) for all t 2 R by x(t; e) = e(0).

HW#7: Determinethe equilibria of equations(3.2), (3.3), (3.4), and (3.14).

The orbit of Á is a perio dic orbit if there exists ¿ > 0 such that
x t+ ¿(Á) = x t (Á) for all t ¸ 0. Clearly, this implies that x(t + ¿; Á) = x(t; Á)
for all t ¸ 0 so the vector solution x(t; Á) is periodic as expected.

HW#8: Show that a periodic solution (i.e. onecorresponding to a periodic
orbit) can be extendedto be a periodic solution de¯ned for all t 2 IR.

The omega limit set of O(Á) is de¯ned as usual:

! (Á) = f Ã 2 C : x tn (Á) ! Ã sometn " 1g

= \ t ¸ 0[ s¸ txs(Á)

Recall that we say that the sequencef Áng in C convergesto Á, and write:
Án ! Á, when kÁn ¡ Ák ! 0, i.e., when Án (µ) ! Á(µ) uniformly on [¡ r; 0].

If O(Á) is either an equilibrium or a periodic orbit then it shouldbe clear
that ! (Á) = O(Á) just as for ODEs.

A subsetA 2 C is saidto bepositiv ely invarian t of x t (Á) 2 A whenever
Á 2 A. It is said to be invarian t if it is positively invariant and whenever
Á 2 A and s ¸ 0, there exists Ã 2 A such that xs(Ã) = Á.
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The following result is essentially the sameas the standard ODE result.
For ODEs, it su±cesto require that the forward orbit is bounded. However,
by Bolzano-Weierstasstheorem,this is the sameasrequiring that the closure
of the forward orbit is compact.

Theorem 4.4 The omegalimit set ! (Á) is closed and positively invariant. If
O(Á) is compact in C, then ! (Á) 6= ; and it is compact, connected, invariant
and

x t (Á) ! ! (Á); t ! 1 :

This means that for ² > 0 there existsT > 0 such that if t > T there exists
Ã 2 ! (Á) suchthat kx t (Á) ¡ Ãk < ².

Proof: If Ã 2 ! (Á) there exists tn " 1 such that x tn (Á) ! Ã. If t > 0 then
by Theorem4.1 (c) x t (x tn (Á)) ! x t (Ã) and by (b) x t+ tn (Á)) ! x t (Ã). Since
t + tn " 1 we seethat x t (Ã) 2 ! (Á). This provespositive invarianceof ! (Á).
That it is closedfollows from the secondde¯nition.

If O(Á) is compactin C and tn " 1 then f x tn (Á)g ½ O(Á) soit must have
a convergent subsequence.Obviously, the limit of this sequencebelongsto
! (Á) sothe latter is non-empty. Since! (Á) is a closedsubsetof the compact
set O(Á) it is compact. To establish invariance, given Ã 2 ! (Á) and s > 0
we want to show that there exists Â 2 ! (Á) such that xs(Â) = Ã. There
exists tn " 1 such that x tn (Á) ! Ã. f x tn ¡ s(Á)g ½ O(Á) has a convergent
subsequenceso we may assume,by renaming our convergent subsequence,
that x tn ¡ s(Á) ! Â for someÂ 2 C. Now using Theorem4.1 (b),(c) asabove
we seethat xs(Â) = limn!1 xs(x tn ¡ s(Á)) = x tn (Á) = Ã.

Finally, to show that x t (Á) ! ! (Á); t ! 1 , lets argueby contradiction.
If it were falsethen for some² > 0 there is, for each natural number T = n,
sometn > n such that kx tn (Á) ¡ Ãk ¸ ² for every Ã 2 ! (Á). But f x tn (Á)g
hasa convergent subsequenceso, on renumbering this subsequence,we may
assumethat x tn (Á) ! » and obviously, » 2 ! (Á). Taking the limit in the
above inequality, we ¯nd that k» ¡ Ãk ¸ ² for every Ã 2 ! (Á), including
Ã = » itself.

The following result givessu±cient conditions for the compactnesscondi-
tion in the previousresult to hold. Beforestating it, we requirean important
result from real analysis. A subsetA of functions in C is equicontinuous if
for every ² > 0 there exists ± > 0 such that jÁ(x) ¡ Á(y)j < ² whenever
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Á 2 A and x; y 2 [¡ r; 0] satisfy jx ¡ yj < ±. Note that the same± works for
every Á 2 A and every x; y 2 [¡ r; 0] with jx ¡ yj < ±. For example,if there
exists M > 0 such that Á0 exists and jÁ0(x)j · M for every Á 2 A and every
x 2 [¡ r; 0], then A is equicontinuousbecausejÁ(x) ¡ Á(y)j · M jx ¡ yj holds
for every Á 2 A. We require the famousAscoli-Arzela Theorem, Theorem
7.25[25].

Lemma 4.5 Let f Áng1
n=1 be a sequence of functions in C that is equicontin-

uousand suchthat there is someM > 0 suchthat jÁn (µ)j · M for all n ¸ 1
and all µ 2 [¡ r; 0]. Then somesubsequence of f Áng1

n=1 convergesuniformly
to an elementof C.

Prop osition 4.6 If f is completelycontinuous and O(Á) is bounded, then
O(Á) is compact in C.

Proof: There is an M > 0 such that kx t (Á)k · M for t ¸ 0 and sincef is
completely continuous there is an L > 0 such that jx0(t; Á)j = jf (x t )j · L
for t ¸ 0. So for t ¸ r , x t (Á) is continuously di®erentiable with derivative
bounded in norm by L implying it's Lipschitz constant is L. Thus f x t (Á) :
t ¸ r g is a uniformly boundedand equicontinuous family of functions in C.
Let f x tn (Á)g be a sequencein O(Á). O(Á) is compactif we show that there is
a convergent subsequence(why?). There are two cases.If the sequencef tng
hasa convergent subsequencef tnk g with tnk ! t0 then x tn k

! x t0 ask ! 1
by Lemma2.1, p.40of our text. If f tng hasno convergent subsequence,then
tn ! 1 . Sincef x tn g is a uniformly boundedand equicontinuous sequence,
it hasa uniformly convergent subsequenceby Ascoli-Arzela Theorem.

Hereis what the invarianceof ! (Á) means:through each point of it there
is both a backward and forward orbit de¯ned for all t and belongingto ! (Á):

Prop osition 4.7 If Ã 2 ! (Á) then there existsat least one backward exten-
sion of the solution x(t; Ã); t ¸ 0 to (¡1 ; 0] suchthat x(t; Ã) is de¯ned for
all t 2 IR, it is a solution of (4.1) for all t, and x t (Ã) 2 ! (Á) for all t 2 IR .

Proof: We want to extend x(t; Ã), which is de¯ned for all t ¸ ¡ r so that
it's de¯ned for negative times and is a solution for all t 2 IR. Observe
that x t (Ã) 2 ! (Á) for t ¸ 0 becauseof the positive invarianceof ! (Á). By
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invarianceof ! (Á), there is someÂ 2 ! (Á) such that x r (Â) = Ã wherer > 0
is the delay. x(t; Â); t ¸ ¡ r is a solution of (4.1) for t ¸ 0 and satis¯es
x0 = Â. By Remark 4.2, y(t) := x(t + r; Â); t ¸ ¡ 2r is the solution of (4.1)
for t ¸ ¡ r satisfying y¡ r = Â. Notice that

y0(µ) = y(µ) = x(µ + r; Â)) = x r (Â)(µ) = Ã(µ); ¡ r · µ · 0

so y0 = Ã = x0(Ã). By uniqueness,yt = x t (Ã) for t ¸ 0 so y(t) = x(t; Ã) for
t ¸ ¡ r . We have extendedx(t; Ã) to [¡ 2r; 1 ) so lets drop the notation y
and just renameit as x(t; Ã) sinceit agreeswith the old x(t; Ã) for t ¸ ¡ r .

Now, lets do the samething again to extend x(t; Ã) is [¡ 3r; 1 ). There is
a » 2 ! (Á) such that xr (») = Â. By Remark 4.2, z(t) = x(t + 2r; »); t ¸ ¡ 3r
is the solution of (4.1) for t ¸ ¡ 2r satisfying z¡ 2r = ». Again, it's easyto
check that z¡ r = Â so, by uniqueness,z(t) = y(t) for t ¸ ¡ 2r . Obviously,
we can continue this processby induction to extend x(t; Ã) to all of IR.

The following is an elementary application of invariance of the omega
limit set.

Prop osition 4.8 Suppose lim t !1 x(t; Á) = c for someconstant c. If ĉ de-
notes the elementof C identically equal to the value c, then ĉ is an equilib-
rium, f (ĉ) = 0, and, of course, ! (Á) = f ĉg.

Proof: It's easyto seethat x t (Á) ! ĉ as t ! 1 so ! (Á) = f ĉg. Sinceomega
limit setsare invariant setsO(ĉ) = f ĉg for all t ¸ 0 so it's an equilibrium.

Considerthe equation

x0(t) = ¡ x(t ¡ 1)[1 ¡ x2(t)]; t ¸ 0: (4.2)

It has three equilibria, the constant functions ¡ 1; 0; 1. Let Á 2 C satisfy
¡ 1 · Á(0) · 1 and let x(t; Á) be the solution to the initial value problem
x0 = Á. Because

[1 ¡ x(t)]0 = x(t ¡ 1)(1 + x(t))[1 ¡ x(t)]

we may concludethat

[1 ¡ x(t)] = [1 ¡ Á(0)] exp(
Z t

0
x(s ¡ 1)(1 + x(s))ds) ¸ 0:
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Since[1 + x(t)] satis¯es a similar linear equation, we concludethat

[1 + x(t)] = [1 + Á(0)] exp(¡
Z t

0
x(s ¡ 1)(1 ¡ x(s))ds) ¸ 0:

Therefore,we seethat

¡ 1 · x(t; Á) · 1; t ¸ 0

and hencethe solution can be extended to all of [0; 1 ) by a standard ar-
gument and it's bounded. As f (Á) = Á(¡ 1)[1 ¡ Á2(0)] is easily seento be
completely continuous,Theorem 4.4 and Proposition 4.6 imply that ! (Á) is
non-empty and hasall the usual properties.

HW# 9 Let x(t) = x(t; Á) be a boundedsolution of x0(t) = f (x t ) satisfying
x0 = Á where f : C ! IRn is locally Lipschitz and completely continuous.
Supposethat V : C ! IR is continuousand that d

dt V(x t ) · 0 for t ¸ 0. Show
that there exists c 2 IR such that ! (Á) is an invariant subsetof f Ã 2 C :
V(Ã) = cg. Hint: The proof is sameas the ODE onefor La SalleInvariance
Principle. Are all the hypothesesneeded?

4.1 Dela yed Logistic Equation

In 1948,G. Hutchinson ([20]) introducedto delayed Logistic equation

n0(t) = a[1 ¡ n(t ¡ T)=K ]n(t)

to model a singlepopulation whoseper-capita rate of growth at time t

n0(t)=n(t) = a[1 ¡ n(t ¡ T)=K ]

depends on the population size T times units in the past. This would be
reasonablefor a population that depends on a resourcewhosedensity at
time t depends on the size of the population feeding on it at time t ¡ T
becauseit takestime T for the resourceto recover. If we let N (t) = n(t)=K
and re-scaletime, then we get the discrete-delay Logistic equation

N 0(t) = N (t)[1 ¡ N (t ¡ r )]; t ¸ 0: (4.3)
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The right hand side is clearly completely continuous. We are primarily in-
terestedin nonnegative solutions. Arguments similar to thoseusedfor (3.14)
establish that for each Á 2 C with Á ¸ 0, there exists a unique solution
N (t; Á) de¯ned for all t ¸ 0. The questionis whetherO(Á) = f N t (Á) : t ¸ 0g
is bounded.

Prop osition 4.9 Every orbit of (4.3) with Á ¸ 0 is bounded. In fact, for
each suchÁ, there existsT > 0 suchthat

0 · N (t; Á) · er ; t > T

Proof: There are three cases.If N 0(t) ¸ 0 for all large t, say all t > t0, then
0 · N (t) · 1 for t > t0 ¡ r so we are done. In this case,N (t) % 1; t ! 1
by Proposition 4.8. If N 0(t) · 0 for all t > t0, then N (t) ¸ 1 for t > t0 ¡ r
but N is decreasingsoN (t) & 1 as t ! 1 by Proposition 4.8. We are done
in this case.Thereforewe can assumethat no matter how large is t1, there
is a t2 > t1 and t3 > t1 such that N 0(t2) > 0 and N 0(t3) < 0. Of course,this
meansthat 0 · N (t2 ¡ r ) < 1 and N (t3 ¡ r ) > 1. Thus N oscillatesabout
N = 1. If t0 ¸ r and t0 is a local maximum of N (t), then N 0(t0) = 0 and
N (t0 ¡ r ) = 1. Therefore, by a now familiar argument, treating (4.3) as a
linear equation

N (t0) = N (t0 ¡ r ) exp(
Z t0

t0 ¡ r
[1 ¡ N (s ¡ r )]ds) · er :

Thereforeer is an upper bound for the maximum of N on any interval [a;b]
whereN (t) > 1 on (a;b) and N (a) = N (b) = 1 provided a ¸ r .

Actually, our proof showed that there are poten tially three kinds of
(non-trivial) solutions of (4.3):

² solutions that are eventually monotone non-decreasing,less than or
equal to one,which convergeto the equilibrium 1̂ from below;

² solutions that are eventually non-increasing,greaterequal to one,that
convergeto one from above;

² solutions that repeatedly oscillate above and below oneas t ! 1 .

Weexpect that the trivial equilibrium 0 is unstablesincethe linearization
of (4.3) about this solution givesthe equation N 0 = N . The following shows
that ! (Á) = f 0̂g only in trivial cases.
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Prop osition 4.10 Let Á ¸ 0. Then ! (Á) = f 0̂g if and only if Á(0) = 0.
Indeed, Á(0) = 0 implies that N (t; Á) = 0 for all t ¸ 0.

Proof: N (t) = Á(0) exp(
Rt

0 [1¡ N (s¡ r )]dr) soeither Á(0) = 0 and N (t; Á) = 0
for all t ¸ 0 or Á(0) > 0 and N (t; Á) > 0 for all t > 0. In the former case,
! (Á) = f 0̂g. Supposethat Á(0) > 0, yet N (t; Á) ! 0 as t ! 1 . Then, for
somet0 > 0, N (t) < 1=2 for t ¸ t0 so N 0(t) > 1

2N (t); t ¸ t0 + r , implying
that N (t) ¸ N (t0 + r )et=2 ! 1 , a contradiction.

If we changevariables,putting u = N ¡ 1, then (4.3) becomesthe famous
Wright's equation (seeKuang)

u0(t) = ¡ u(t ¡ r )[1 + u(t)]: (4.4)

The steady state N = 1 is now u = 0 and we expect that if we drop the
nonlinearity u(t)u(t ¡ r ) in this equation, then the linear equation

v0(t) = ¡ v(t ¡ r )

will determinethe stabilit y of our N = 1 steadystate. The readerwill recall
that in Proposition 2.2 and its Corollary we provided evidenceto the e®ect
that if r < ¼=2 then v = 0 is asymptotically stable and if r > ¼=2, then
v = 0 is unstable. Therefore, we expect to be able to show that N = 1 is
asymptotically stable in caser < ¼=2 and unstable when r > ¼=2. Wright
(1955) proved:

Theorem 4.11 [see Kuang] If r · 3=2, then N (t; Á) ! 1; t ! 1 for all
solutions of (4.3) satisfying Á(0) > 0.

Note that 3=2 = 1:5 < 1:57¢¢¢= ¼=2. Wright's conjecture,still unsolved,
is that Theorem4.11holdswith ¼=2 insteadof 3=2. There exist nonconstant
periodic solutions of (4.3) when r > ¼=2.

Let's ¯rst get a positive lower bound for oscillating solutions.

Lemma 4.12 If N (t) repeatedly oscillates above and below one as t ! 1 ,
then N (t) ¸ exp(¡ r (er ¡ 1)) > 0 for all large t.

Proof: N (t) · er for all t > T by Proposition 4.9. If N (t) < 1 and (a;b) with
N (a) = N (b) = 1, a > T + r , and if N reachesits minimum on (a;b) at t¤,
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then N 0(t¤) = 0 so N (t¤ ¡ r ) = 1. It follows that t¤ ¡ r · a and integrating
(4.3) from a to t¤ gives

N (t¤) = exp(
Z t¤

a
[1 ¡ N (s ¡ r )]ds)

¸ exp(
Z t¤

a
[1 ¡ er ]ds)

¸ exp(¡ (t¤ ¡ a)[er ¡ 1])

¸ exp(¡ r [er ¡ 1]):

It follows from Proposition 4.9 and Proposition 4.12 that oscillatory so-
lutions satisfy

0 < exp(¡ r (er ¡ 1)) · N (t) · er

for all large t.

Lemma 4.13 Let N (t) > 0 repeatedly oscillate aboveand belowone as t !
1 and supposethere exists0 < A < 1 < B and T > 0 suchthat

A · N (t) · B ; t ¸ T:

Then there existsS > T suchthat

(g ±g)(A) · N (t) · (g ±g)(B); t > S;

where g(u) := er (1¡ u) .

Proof: The samearguments usedin the proof of Proposition 4.9 and Propo-
sition 4.12tell us that since1¡ B · 1 ¡ N (s ¡ r ) · 1 ¡ A holds for large s,
we have

g(B) · N (t) · g(A)

for large t. Applying this onceagain, we get the desiredresult.

We can show that N (t) ! 1; t ! 1 if we can show that for all x0 > 0,
the iteration

xn+1 = g(xn ); n ¸ 0

satis¯es xn ! 1; n ! 1 !

33



0 20 40 60 80 100
�2

�1

0

1

2
r=0.25

x

0 20 40 60 80 100
0

0.5

1

1.5

2
r=1.52

x

0 20 40 60 80 100
�2

�1

0

1

2
r=1.60

x

Figure 4: Simulations of (4.3 for di®erent valuesof r ; N0 = 0:5.

Proof of Theorem 4.11 whenr < 1: We only needto show that xn ! 1; n !
1 . Wewill useTheorem9.6of Thieme'sbook [29]. That theoremsays that if
g : (0; 1 ) ! (0; 1 ) is continuous,hasa unique¯xed point x¤ > 0, is bounded
on (0; x¤), and for somex1 < x¤ < x2, g(x1) > x1, g(x2) < x2, and ¯nally ,
g±g hasno ¯xed point other than x¤, then xn ! 1; n ! 1 . All requirements
of this result are trivial for our g with x¤ = 1 exceptthe last one. g(g(u)) = u
if and only if g¡ 1(u) = g(u) if and only if 1 = F (u) := g(u) + ln(u)=r. We
show that F 0(u) > 0 for all u if r < 1. If r uF 0(u) = 0 then r 2ug(u) = 1 but
the maximum of the left hand side occurs at u = 1=r at which it takes the
value rer ¡ 1 < 1 sincer < 1 so we concludethat F 0 > 0 and F is injective.
We are done!

HW#10: Show that if Á 2 C satis¯es Á ¸ 0 then the solution N (t; Á) of
Nicholson'sblow°y equation

N 0(t) = ¡ ±N (t) + pN(t ¡ r ) exp(¡ qN (t ¡ r )) (4.5)

satis¯es N (t; ©) ¸ 0; t ¸ 0 and O(Á) is bounded. ±; p;q; r > 0.
HW#11: Use the Matlab software package to corroborate the assertions
madeconcerning(4.3).
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5 Linear Systems

Motivated primarily by stabilit y theory we turn to the caseof linear FDEs

x0(t) = L(x t ); x0 = Á (5.1)

where L : C ! Cn is a bounded and continuous linear operator. Here,
boundedmeansthat there exists K > 0 such that

jL(Á)j · K kÁk; Á 2 C

and C = C([¡ r; 0]; Cn ), i.e., we consider complex-valued solutions. As a
consequenceof boundednessand linearity of L, it followsthat K is a Lipschitz
constant for L so (5.1) hasa unique solution de¯ned for all t ¸ 0 and

kx t (Á)k · eK tkÁk; t ¸ 0: (5.2)

A hall mark of linear systemsis superposition.

Prop osition 5.1 The map Á ! x(t; Á) is linear:

x(t; aÁ+ bÃ) = ax(t; Á) + bx(t; Ã); t ¸ 0; Á;Ã 2 C; a;b2 C:

Motivated by the ODE case,we naturally seeksolutions of (5.1) in the
form x(t) = ȩ t v for somecomplexnumber ¸ and v 2 Cn to be determined.
As x t = ȩ t ȩ v where

ȩ (µ) := e¸µ ; ¡ r · µ · 0;

we seeon substitution into (5.1) that ¸ and v must satisfy

¸v = L(ȩ v):

Now L = (L 1; L2; ¢¢¢; L n ) and L i (ȩ v) =
P

j vj L i (ȩ ej ), where f ej g is the
usual basisfor Cn , so the equation above may be written as

[¸I ¡ A(¸ )]v = 0

where
A(¸ ) ij = L i (ȩ ej ):
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This leadsimmediately to the characteristic equation for ¸

¢( ¸ ) := det (¸I ¡ A(¸ )) = 0 (5.3)

The Appendix to our text provides many results on the existenceand
structure of the set of roots of (5.3). We will examinea number of special
casesin detail later. Our only generalresult is the following.

Theorem 5.2 The function ¢( ¸ ), de¯ned for all ¸ 2 C, is analytic. More-
over, for each real number ¤ , there are at most ¯nitely many roots of (5.3)
satisfying < (¸ ) ¸ ¤ .

Proof: To seethat ¢ is analytic, it su±ces to show that each function ¸ !
L i (ȩ ej ) is di®erentiable. First observe that

ȩ + z ¡ ȩ
z

! f ¸ ; z ! 0

uniformly on [¡ r; 0], wheref ¸ (µ) = µȩ (µ). It follows that

d
d¸

L i (ȩ ej ) = lim
z! 0

L i (
[ȩ + z ¡ ȩ ]

z
ej )

= L i (f ¸ ej )

This provesanalyticit y of ¢.
If Bv = ¸v for somematrix B , vector v 6= 0 and scalar ¸ , then j¸ jjvj ·

kBkjvj so we ¯nd that j¸ j · kBk, where kBk is a matrix norm compatible
with the vector norm. If ¸ is a root of (5.3), then it must be an eigenvalue
of A(¸ )! Since

jA(¸ ) ij j = jL i (ȩ ej )j · K kȩ ej k · K maxf e¡ r < ¸ ; 1g

we seethat the entries of A(¸ ) are bounded by M := K maxf e¡ r ¤ ; 1g if
< (¸ ) ¸ ¤. So we have that the set G of roots satisfying < (¸ ) ¸ ¤ is a
boundedset:j¸ j · n2M . Consequently, if G were in¯nite, then it must have
an accumulation point. In that case,the analytic function ¢ would agree
with the identically zero function on G so ¢ ´ 0 by a well known theorem
in complexvariablestheory. This is a contradiction so G is ¯nite.
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HW#12: Determine steadystates for the delayed chemostatmodel

S0(t) = 1 ¡ S(t) ¡ f (S(t))x(t)

x0(t) = e¡ r f (S(t ¡ r ))x(t ¡ r ) ¡ x(t)

where f (S) = mS=(a + S) and x; S ¸ 0. Assumethat m=(1 + a) > er and
m; a; r > 0. For each steady state, ¯nd the linear variational equation and
the associated characteristic equation.

HW#13: Find the steady state with positive components for the delayed
predator-prey model

x0(t) = x(t)(m ¡ x(t) ¡ y(t))

y0(t) = y(t)(¡ 1 + ax(t ¡ r ))

where m; r; a > 0. Find the linear variational equation and the associated
characteristic equation.

As a consequenceof the superposition principle and Theorem 5.2, solu-
tions of (5.1) may be constructedby taking linear combinations of the form

x(t) = tme¸t v

where ¸ is a root of (5.3) of multiplicit y greater than m and v is a suitable
vector.

It is convenient to de¯ne the operator T(t) : C ! C by T(t)Á = x t (Á)
for each Á 2 C; t ¸ 0. Then T(t) is a linear operator by the superposition
principle and (5.2) implies that

kT(t)k := supfk T(t)Ák : kÁk = 1g · eK t :

Moreover, by the semigroupproperty, Theorem4.1, we have

T(t)(T(s)Á) = x t (xs(Á)) = x t+ s(Á) = T(t + s)Á

from which we concludethat

T(t)T(s) = T(t + s); t; s ¸ 0:

In addition, T(0) = I , the identit y operator on C and the mapping:

t ! T(t)Á (5.4)
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is continuous from [0; 1 ) ! C. A family of bounded linear operators
f T(t)gt ¸ 0 satisfying theseproperties is calleda strongly contin uous semi-
group of operators. The adjective \strongly" refers to fact that the conti-
nuity assertion(5.4) doesnot imply that

t ! T(t)

is continuous from [0; 1 ) ! L(C; C), where L(C; C) denotesthe spaceof
boundedlinear operators on C.

Our goal is to ¯nd the sharpest exponential growth estimate

kT(t)k · M eat ; t ¸ 0

that we can,whereM ¸ 1 and a 2 IR areconstants. Hopefully, we canrelate
a to the roots of (5.3)!

Considerwhat happensfor ODEs

x0 = Ax

Here,we get the Group of operators T(t) = eAt

eAt eAs = eA(t+ s) ; t; s 2 IR

and x(t) = T(t)x(0). We can recover the matrix A from T(t) by taking the
limit:

Ax = lim
t& 0

T(t)x ¡ x
t

= lim
t& 0

eAt x ¡ x
t

= lim
t& 0

1=t[At + (At )2=2 + ¢¢¢]x:

From Av = ¸v we get eAt v = ȩ t v so if ¾(A) denotesthe eigenvaluesof A,
then we have the spectral theorem

¾(eAt ) = et¾(A) : (5.5)

This is extremely useful sincethe eigenvaluesof a matrix are closelyrelated
to its norm. For ODES we have that for every ² > 0, there exists K (²) ¸ 1
such that

keAt k · K (²)e(¤+ ²)t ; t ¸ 0

where¤ := maxf< (¸ ) : ¸ 2 ¾(A)g. SeeTheorem2.10 in Brauer and Nohel.
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Here is our plan of action:
Step #1: We will try to de¯ne an operator A : D(A) ! C such that

AÁ := lim
t& 0

T(t)Á ¡ Á
t

(5.6)

whereD(A) = f Á 2 C : the above limit existsg.
Step #2: Then, we will show that u : [0; 1 ) ! C de¯ned by u(t) := T(t)Á
is the solution of the abstract ODE

u0(t) = Au(t); u(0) = Á; t ¸ 0

provided Á 2 D(A). We think of T(t) as if it wereeAt .
Step #3: We will show that the spectrum (eigenvalues)of A,

¾(A) = f ¸ 2 C : 4 (¸ ) = 0g

and we will show that (5.5) holds.
Step #4: We will show that for every ² > 0 there is K (²) ¸ 1 such that

kT(t)k · K (²)e(¤+ ²)t ; t ¸ 0

where¤ := maxf< (¸ ) : 4 (¸ ) = 0g.
As a corollary we will have proved:

Theorem 5.3 If < (¸ ) < 0 for all roots of (5.3), then ¤ < 0 and x = 0 is
asymptotically stablefor (5.1). In fact, for any a > ¡ ¤ there is K ¸ 1 such
that

kT(t)Ák = kx t (Á)k · K e¡ at ; t ¸ 0:

So let's begin. We will take for granted the following result (Lemma 1.1,
Chapter 7 text)

Lemma 5.4 If f T(t)gt ¸ 0 is a strongly continuous semigroup on a Banach
space B then the limit:

Ax := lim
t& 0

T(t)x ¡ x
t

exists for x belonginga densesubspace D(A) of B and the operator x ! Ax
is a closed linear operator. Closed means that if xn 2 D(A) satis¯es xn ! x
and Ax n ! y, then x 2 D(A) and Ax = y. Moreover, u(t) = T(t)x satis¯es
the di®erential equation

u0 = Au; u(0) = x

for x 2 D(A).
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The linear operator A is calledthe in¯nitesimal generator of the semi-
group T(t).

The following result is part of Lemma 1.2, Chapter 7 of our text.

Prop osition 5.5 If f T(t)gt ¸ 0 denotesthe semigroup for (5.1), i.e. T(t)Á =
x t (Á), then AÁ = Á0 for all Á 2 D(A) where

D(A) = f Á 2 C : Á0 2 C; Á0(0¡ ) = L(Á)g

Proof: We want to show that D(A) = G whereG is the set on the right hand
sideabove. By de¯nition of D(A), if Á 2 D(A) then the limit

AÁ = lim
t& 0

x t (Á) ¡ Á
t

exists and belongsto C. Then it follows that for each µ 2 [¡ r; 0]

(AÁ)(µ) = lim
t& 0

x t (Á)(µ) ¡ Á(µ)
t

If µ < 0 then t + µ < 0 for all small t > 0 and x t (Á)(µ) = Á(t + µ) so we see
that

(AÁ)(µ) = Á0(µ+)

where the + indicates the right-hand derivative. If µ = 0, then x t (Á)(0) =
x(t) so we get

(AÁ)(0) = x0(0+) = L(Á):

As Ã := AÁ must be in C we seethat

Ã(µ) =
½

Á0(µ+) , ¡ r · µ < 0
L(Á) , µ = 0

¾

must be continuous. It follows that

´ (µ) = Á(¡ r ) +
Z µ

¡ r
Ã(s)ds; µ 2 [¡ r; 0]

is continuously di®erentiable and h = Á¡ ´ satis¯esh(¡ r ) = 0 and h0(µ+) =
0 for all µ 2 [¡ r; 0). Consequently, h must be a constant function and
h(¡ r ) = 0 meansh ´ 0! (SeeHale's ODE book, Cor. 6.1,pg32.) But this
meansthat Á = h + ´ = ´ is continuously di®erentiable and

Á0(0¡ ) = ´ 0(0¡ ) = Ã(0) = L(Á):
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Furthermore, AÁ = Á0. We have proved that if Á 2 D(A), then Á 2 G. The
converseis not so hard.

HW#14: Prove that G ½ D(A) whereG is de¯ned in the proof.

Recall that the spectrum of an operator A is de¯ned by,

¾(A) = f ¸ 2 C : (¸I ¡ A) : C ! C doesnot have a boundedinverseg

An important part of ¾(A) is the so-called \p oint spectrum", sometimes
called the set of eigenvaluesof A and denotedby P¾(A). More formally,

P¾(A) = f ¸ : N (¸I ¡ A) 6= f 0gg

where N (B) is the null spaceof B . The following is part of Lemma 2.1 in
our text.

Lemma 5.6 ¾(A) = P¾(A) = f ¸ 2 C : 4 (¸ ) = 0g.

Proof: Let's seewhen ¸I ¡ A has a bounded inverse. Given Ã 2 C, we try
to solve

(¸I ¡ A)Á = Ã

for someÁ 2 D(A). SinceAÁ = Á0 this becomes

¸Á ¡ Á0 = Ã: (5.7)

Solving, we ¯nd that

Á(µ) = Á(0)e¸µ +
Z 0

µ
e¸ (µ¡ s)Ã(s)ds

wherewe must ¯nd Á(0) so Á0(0) = L(Á). Let ´ 2 C denote the right hand
term above so that Á = Á(0)ȩ ² + ´ . Then L(Á) = L(Á(0)ȩ ² ) + L(´ ) and,
using (5.7), we want

Á0(0) = ¸Á (0) ¡ Ã(0) = L(Á) = L(Á(0)e¸ ² ) + L(´ )

which holds if
¸Á (0) ¡ L(Á(0)e¸ ² ) = Ã(0) + L(´ ):
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If 4 (¸ ) 6= 0, then we can solve for Á(0)

Á(0) = [¸I ¡ A(¸ )]¡ 1(Ã(0) + L(´ ))

where we have used that ¸Á (0) ¡ L(Á(0)ȩ ² ) = [¸I ¡ A(¸ )]Á(0). Finally,
straightforward estimatesshow that Á = (¸I ¡ A) ¡ 1Ã satis¯es

kÁk · PkÃk

for someconstant P, implying that (¸I ¡ A)¡ 1 is bounded. This provesthat
¾(A) ½ f ¸ 2 C : 4 (¸ ) = 0g.

The other inclusion is simpler since if ¸ is a characteristic root, then
x(t) = ȩ t v is a solution of x0(t) = L(x t ) where[¸I ¡ A(¸ )]v = 0. Obviously,
x0(t) ¡ ¸x (t) = 0 for all t, implying that AÁ ¡ ¸Á = 0 for Á(µ) = e¸µ v and
Á0(0) = L(Á). Thus, f ¸ 2 C : 4 (¸ ) = 0g ½ P¾(A).

Now we jump to Lemma6.1of our text-which might be calleda \spectral
theorem". We take the following result for granted but recall for matricesA,
it just says that Av = ¸v if and only if eAt v = ȩ t v!

Lemma 5.7 If T(t) is a strongly continuous semigroup of operators with
in¯nitesimal generator A, then

exp(tP ¾(A)) ½ P¾(T(t)) ½ exp(tP ¾(A)) [ f 0g

More speci¯c ally, if ¹ 6= 0 and ¹ 2 P¾(T(t)) , then there is ¸ 2 P¾(A) such
that ¹ = exp(¸t ). Conversely,if ¸ 2 P¾(A) then e¸t 2 P¾(T(t)) .

Now comesthe key result (Lemma 6.2 in text) which relates the rate of
growth of kT(t)Ák to the spectrum of T(t) which, by the lemma above, is
related to the spectrum of A. Recall that the spectral radius of a bounded
linear operator K : X ! X on a Banach spaceX is the de¯ned by

½(K ) = maxfj ¸ j : ¸ 2 ¾(K )g:

It can be computedby the formula

½(K ) = lim
n!1

kK nk1=n:
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Lemma 5.8 If T(t) is a strongly continuous semigroup of operators on X
and for somer > 0, ½:= ½(T(r )) 6= 0, and if ¯ r = log(½), then for any
² > 0, there existsK ² ¸ 1 suchthat

kT(t)xk · K ² exp((¯ + ²)t)kxk; t ¸ 0; x 2 X :

We will apply this result to our semigroupbut ¯rst we show that it has
a special property of compactness.

Lemma 5.9 If f T(t)gt ¸ 0 denotesthe semigroup for (5.1), then T(t) is a
compact operator for each t ¸ r . This means that T(t)B is compact in
C, for each bounded subsetB ½ C. Therefore, for t ¸ r , ¾(T(t)) n f 0g ½
P¾(T(t)) , P¾(T(t)) is a countable(or ¯nite) set, and zero is its only possible
accumulation point.

Proof: If B is bounded,there existsM > 0 such that kÁk · M for all Á 2 B.
T(t)B = f x t (Á) : Á 2 Bg and

kx t (Á)k · eK tkÁk · M eK t

which implies that T(t)B is uniformly bounded. Now x t (Á) is continuously
di®erentiable for t ¸ r and

jx0(t)j = jL(x t )j · K kx t (Á)k · M K eK t ; kÁk · M :

ThereforeT(t)B = f x t (Á) : Á 2 Bg is a uniformly boundedand equicontinu-
ousfamily of functions soT(t)B is compact in C by Ascoli-ArzelaTheorem.
The last assertionis a well-known property of compact operators (seeany
text in functional analysis).

Now we can restate the analogof a well-known result for ODEs.

Theorem 5.10 Let f T(t)gt ¸ 0 denotesthe semigroup for (5.1) and let ¤ :=
maxf< (¸ ) : 4 (¸ ) = 0g. Then for every ² > 0, there existsK ² ¸ 1 suchthat

kT(t)Ák · K ² exp((¤ + ²)t)kÁk; t ¸ 0; Á 2 C: (5.8)

When ¤ = ¡1 , we interpret this to mean for every´ 2 R, wecan substitute
´ for ¤ + ² in (5.8) for a suitableK ´ > 1.
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Proof: Suppose that f ¸ : 4 (¸ ) = 0g 6= ; so ¤ 2 IR. By Lemma 5.9,
¾(T(r )) = P¾(T(r )) [ f 0g and so,by Lemma 5.7,

½(T(r )) = maxfj er ¸ j : ¢( ¸ ) = 0g = e¤ r > 0

and the result now follows by Lemma 5.8.
If f ¸ : 4 (¸ ) = 0g = ; then ¤ = ¡1 . In this case,¾(T(r )) = f 0g so

½(T(r )) = 0. Consequently, limn!1 kT(r )nk1=n = 0 so given ´ 2 IR, there
exists N such that kT(r )nk1=n < é r for n ¸ N . Thus, using the semigroup
property, we have kT(nr )k < en´ r for n ¸ N . If t ¸ N r we ¯nd n ¸ N such
that nr · t < nr + r and

kT(t)k = kT(nr )T(t ¡ nr )k · eK r kT(nr )k · eK r en´ r · eK r ej´ jr e´ t

This estimate leadsto the desiredconclusion.

6 The Characteristic Equation

By Theorem 5.2, the characteristic equationshas at most countably many
roots and for a given a 2 IR, there are only ¯nitely many roots ¸ satisfying
< (¸ ) ¸ a. This ensuresthat ¤ := maxf< (¸ ) : 4 (¸ ) = 0g makessenseand
that there existsat leastoneroot, but no morethan a ¯nite number of roots,
of the form ¸ = ¤ + iº for someº 2 IR. It is theseroots which are \most
dangerous"and which we particularly want to focuson. We alsoexpect that
the roots comein complexconjugatepairs.

HW#15: If L(Á) 2 IRn for every Á 2 C satisfying Á(µ) 2 IRn; µ 2 [¡ r; 0],
show that ¸ is a characteristic root if and only if its conjugate ¹̧ is a charac-
teristic root.

The following result, a special caseof Rouch¶e' s Theorem (see([1]), will
be useful in studying the characteristic equation.

Theorem 6.1 [Rouch¶e' s Theorem] Let ° be a simple closed curve (non-
intersecting) in the complexplaneand let f (z) and g(z) be functions analytic
in the complexplane and satisfying

jf (z) ¡ g(z)j < jf (z)j; z 2 ° :

Then f (z) and g(z) have the samenumber of zeros, counting multiplicity,
enclosed by ° .
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To seewhy its useful, keep in mind that in practice our linear systems
always contain many parametersso usually we have 4 (z) = 4 (p;z) where
p 2 IRk are parametersand we want to know how the characteristic roots
vary as p is varied. Lets write F (p;z) = 4 (p;z) becausewe hate greek
letters. Lets supposethat F is continuousin all arguments but analytic in z
for ¯xed p. Supposethat ° is a simpleclosedcurve in C and F (z; p0) = 0 has
no roots on ° for parametervalue p0. Now compactnessof ° and continuity
of F meansthat

² := minfj F (z; p0)j : z 2 ° g > 0:

For the samereasons,there exists ± > 0 such that

jp ¡ p0j < ±; z 2 ° =) jF (p;z) ¡ F (p0; z)j < ²

from which we conclude, by Theorem 6.1, that the number of roots of
F (p;z) = 0 inside ° is the sameas the number of roots of F (p0; z) = 0
provided jp ¡ p0j < ± !

HW#16: UseTheorem 6.1 to prove that if p(z) is a polynomial of degree
n and ² > 0 is such that p(z) = 0 has a root z0 of multiplicit y m and no
other roots in jz ¡ z0j · ², then there exists ± > 0 such that n-th degree
polynomial q(z) has m zeros,counting multiplicit y, in jz ¡ z0j · ² provided
the coe±cients of q are within ± of thoseof p.

6.1 ¸ ¡ ®¡ ¯ e¡ ¸ = 0

If we linearize the discretedelay equation

x0(t) = f (x(t); x(t ¡ r )) ; (6.1)

where f (x; y) is a smooth scalar-valued function, about a steady state solu-
tion

f (x0; x0) = 0

we get the linear systems

z0(t) = ®¤z(t) + ¯ ¤z(t ¡ r )

where
®¤ := f x (x0; y0); ¯ ¤ = f y(x0; y0):
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The characteristic equation is

¸ = ®¤ + ¯ ¤e¡ ¸r (6.2)

or, on setting
z := r ¸; ® = r®¤; ¯ := r ¯ ¤;

we get the equation
z = ®+ ¯ e¡ z: (6.3)

If we write z = x + iy , then the equationsare

0 = x ¡ ®¡ ¯ e¡ x cos(y) (6.4)

0 = y + ¯ e¡ x sin(y)

Now, z = 0 a root preciselywhen ®+ ¯ = 0 and a portion of this line is
plotted in the Figure below.

HW#17: Show that z = 0 is a double root only when ® = 1 and ¯ = ¡ 1

Setting x = 0 and solving for ® and ¯ givesthe \neutral stabilit y curves"
in parameterspacealong which (6.3) haspurely imaginary roots z = iy .

® = y cos(y)=sin(y) (6.5)

¯ = ¡ y=sin(y)

As roots comein complexconjugatepairs, wemay restrict y ¸ 0. Notice that
the curve is well-de¯ned at y = 0 where (®; ¯ ) = (1; ¡ 1), which coincides
with the parametervaluesat which z = 0 is a double root. We denoteby

C0 := f (®; ¯ ) = (y cos(y)=sin(y); ¡ y=sin(y)); 0 · y < ¼g

the curve along which z = § iy ; 0 · y < ¼are roots. It is depicted in the
Figure below. Easy calculations give d®

dy < 0 and d¯
dy < 0 for 0 < y < ¼so

both ®(y); ¯ (y) decreasewith increasingy. Starting from (1; ¡ 1) wheny = 0,
(®(y); ¯ (y)) meetsthe ¯ -axis at (0; ¡ ¼=2) when y = ¼=2. It then enters the
third quadrant and approaches (¡1 ; ¡1 ) from below and tangent to the
line ® = ¯ as y % ¼since®=¯ = ¡ cos(y) ! 1 while both ®; ¯ ! ¡1 as
y % ¼.

We alsoneedto considerthe curves

Cn := f (®; ¯ ) = (y cos(y)=sin(y); ¡ y=sin(y)); n¼< y < (n + 1)¼g; n ¸ 1;
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Figure 5: Stabilit y Regionfor (6.3) in (®; ¯ )-plane lies to the left

wherez = § iy ; n¼< y < (n+ 1)¼areroots. Notice that (¡ 1)n sin(y) > 0 on
n¼< y < (n+ 1)¼so(¡ 1)n+1 ¯ > 0 on Cn but ®changessignat y = n¼+ ¼=2.
On Cn , d®

dy < 0 but d¯
dy changessignon (n¼; (n+ 1)¼) wheretan(y) = y. Since

¯ =®= ¡ 1=cos(y), j¯ =®j > 1 on Cn implying that C1; C3; ¢¢¢lie strictly above
the graphof ¯ = j®j while C2; C4; ¢¢¢ lie strictly below the graphof ¯ = ¡j ®j.
It is easyto seethat C2n+1 lies strictly above C2n¡ 1 for n = 1; 2; ¢¢¢ and that
C2(n+1) lies strictly below C2n for n = 1; 2; ¢¢¢. SeeFigure XI.1, pg 306,
Diekmann et al. Cn never meetsC0, the line ®+ ¯ = 0, nor the open region
enclosedby thesetwo curves.

HW#18: Show that the curves Cn have the properties described above.
Show alsothat they are asymptotic to the lines ¯ = § ® asy ! n¼; (n + 1)¼.

Prop osition 6.2 All roots of (6.3) have< (z) < 0 for (®; ¯ ) belongingto the
open region bounded by C0 and ¯ = ¡ ® which meet at (®; ¯ ) = (1; ¡ 1). See
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the Figure. At least one root satis¯es < (z) > 0 for (®; ¯ ) belonging to the
open complementaryregion on the right.

Proof: Lets denoteby AS the openconnectedregionboundedby C0 and part
of the line ¯ = ¡ ® in the (®; ¯ ) plane. De¯ne F (z; ®; ¯ ) := z ¡ ® ¡ ¯ e¡ z.
We will show that the function

Z(®; ¯ ) = # f z 2 C : < (z) > 0; F (z; ®; ¯ ) = 0g

which counts the "unstable roots", according to multiplicit y, is continuous
on AS. Taking this for granted for the moment, how can an integer-valued
function be continuouson a connectedset? It must be constant! To seethis,
¯rst observe that becauseF (z; ¡ 1; 0) = z + 1 = 0 if and only if z = ¡ 1, we
know that Z (¡ 1; 0) = 0. In fact, Z (®; 0) = 0 for all ® < 0. So,

AS = Z ¡ 1(f 0g) [ Z ¡ 1([1=2; 1 ))

is a decomposition of AS into disjoint, closedsubsets.Connectednessof AS
implies that they cannot both be nonempty. SinceZ ¡ 1(f 0g) is non-empty,
it follows that AS = Z ¡ 1(f 0g)! Since there are no purely imaginary roots
or zero roots in AS, we have shown that < (z) < 0 for every root when
(®; ¯ ) 2 AS.

Now we will useRouch¶e's Theorem to prove continuity of Z . As a ¯rst
step, we give boundsfor any root z = x + iy with x = < (z) ¸ 0 in terms of
® and ¯ . From (6.4) we get that such a root must satisfy

0 · x · j®j + j¯ j; jyj · j¯ j:

Now ¯x (®0; ¯ 0) 2 AS. Let B0 be a closed ball centered at (®0; ¯ 0) so
small that B0 ½ AS. By the estimate above, we can ¯nd M > 0 such
that any root z = x + iy with x > 0 corresponding to any (®; ¯ ) 2 B0

satis¯es x; jyj · M . Thus, any such root lies inside the simple closedcurve
° , oriented counterclockwise,bounding the rectangleR := [0; 2M ] £ [0; 2M ]
in the (®; ¯ )-plane. Hence,for (®; ¯ ) 2 B0

Z(®; ¯ ) = # f z 2 C : F (z; ®; ¯ ) = 0; z 2 inside ° g:

By shrinking the radius of the closedball B0, if necessary, we can assume
that

jF (z; ®; ¯ ) ¡ F (z; ®0; ¯ 0)j < min
z2 °

fj F (z; ®0; ¯ 0)jg; (®; ¯ ) 2 B0:
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Note that the minimum is positive sinceF (z; ®0; ¯ 0) 6= 0 for z 2 ° (why?).
By Theorem 6.1, Z (®; ¯ ) = Z(®0; ¯ 0) for all (®; ¯ ) 2 B0. This proves the
continuity of Z .

Now we show that asone leavesAS by crossingthe boundary at a point
(®0; ¯ 0) where ®0 + ¯ 0 = 0 but (®0; ¯ 0) 6= (1; ¡ 1) that a real root changes
sign from negative to positive. Considerthe equation

G(x; ®; ¯ 0) = x ¡ ®¡ ¯ 0e¡ x = 0

whosesolutionsgivereal roots of the characteristicequation. G(0; ®0; ¯ 0) = 0
and Gx (0; ®0; ¯ 0) = 1+ ¯ 0 > 0 sothe Implicit Function Theoremimplies there
is a root x = x(®) of G(x; ®; ¯ 0) = 0 for ® near to ®0, satisfying x(®0) = 0
and

dx
d®

(®0) = ¡
G®

Gx
=

1
1 + ¯ 0

> 0:

This implies that x(®) < 0 for ® < ®0 and x(®) > 0 for ® > ®0, at least
for ® near ®0. Thus, there is a positive root of the characteristic equation
just outsidethe boundary of AS at (®0; ¯ 0) where®0 + ¯ 0 = 0 but (®0; ¯ 0) 6=
(1; ¡ 1).

Now we show that as we cross the boundary of AS through a point
(®0; ¯ 0) = (®(y0); ¯ (y0)) for somey0 2 (0; ¼) of C0, away from (1; ¡ 1), that
the conjugate pair of roots § iy0 at (®0; ¯ 0) move into the right half-plane
< (z) > 0. Again, we usethe Implicit Function Theoremand the formula for
®0; ¯ 0 in terms of y0. We have F (iy0; ®0; ¯ 0) = 0 and

Fz(iy0; ®0; ¯ 0) = 1 + ¯ 0e¡ iy 0 = 1 ¡
y0

sin(y0)
e¡ iy 0 = (1 ¡ ®0) + iy0 6= 0

and
F®(iy0; ®0; ¯ 0) = ¡ 1

so the Implicit Function Theorem implies that the equation F (z; ®; ¯ 0) = 0
(where¯ is ¯xed) hasa solution z = z(®) for ® near®0 satisfyingz(®0) = iy0

and
dz
d®

(®0) = ¡
F®

Fz
=

1
(1 ¡ ®0) + iy0

=
(1 ¡ ®0) ¡ iy0

(1 ¡ ®0)2 + y2
0
:

So

z(®) = iy0 + (®¡ ®0)
(1 ¡ ®0) ¡ iy0

(1 ¡ ®0)2 + y2
0

+ O([®¡ ®0]2)
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and we seethat

< (z(®)) = (®¡ ®0)
(1 ¡ ®0)

(1 ¡ ®0)2 + y2
0

+ O([®¡ ®0]2)

for ® near ®0. Because®0 < 1, we seethat < (z(®)) > 0 for ® > ®0. This
provesthat there is a complexconjugatepair of roots with positive real part
just outside but near C0.

Recall that when ® = 0 we showed in Proposition 2.2 that the stabilit y
region for ¯ is given by ¡ ¼=2 < ¯ < 0 which correspondsto the segment on
the ¯ axis in the stabilit y region Figure.

Now lets return to our original problemof determining the stabilit y of the
steady state of (6.1) which dependson the original characteristic equation
(6.2). We assumethat ®¤ + ¯ ¤ 6= 0 for otherwise(6.2) has the root ¸ = 0.

Theorem 6.3 The following hold for (6.2):

(a) If ®¤ + ¯ ¤ > 0, then x = x0 is unstablefor all r > 0.

(b) If ®¤ + ¯ ¤ < 0 and ¯ ¤ ¸ ®¤, then x = x0 is asymptotically stablefor all
r > 0.

(c) If ®¤ + ¯ ¤ < 0 and ¯ ¤ < ®¤, then there exists r ¤ > 0 such that x = x0

is asymptotically stablefor 0 < r < r ¤ and unstablefor r > r ¤.

In case(c), there exist a pair of purely imaginary roots of (6.2) at r = r ¤.

Proof: Consider(a). Then (®; ¯ ) = r (®¤; ¯ ¤) never meetsAS or its boundary
so there is a root ¸ = r ¡ 1z with positive real part for all r > 0.

Consider(b). In this case,(®; ¯ ) = r (®¤; ¯ ¤) lies entirely within AS for
all r > 0 so all its roots ¸ = r ¡ 1z satisfy < (¸ ) < 0.

In case(c), the ray (®; ¯ ) = r (®¤; ¯ ¤); r > 0, belongsto AS for small
r > 0 but meetsC0 at exactly onevalue of r := r ¤ and leavesAS for r > r ¤.
The fact that it meetsC0 exactly oncefollows from a simple calculation

0 <
d¯
d®

=
sin(y)

y ¡ cos(y)

1 ¡ cos(y) sin(y)
y

< 1; 0 < y < ¼

wherewe usedthe fact that sin(y)
y strictly decreasesfrom oneto zeroon (0; ¼)
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7 Hopf Bifurcation

Considerthe delay di®erential equation

x0(t) = x(t ¡ 1)[¡ ®+ x2(t) + x2(t ¡ 1)] (7.1)

where® is a real parameter. Its steadystatesx = a are given assolutionsof

0 = a[¡ ®+ 2a2]

so a = 0 is a steady state for all ® and a = §
p

®=2 is a steady state for
® > 0.

Lets focus on the steady state x = a = 0 ¯rst. Linearizing about x = 0
by dropping the higher order terms x2(t) + x2(t ¡ 1) from (7.1), we get the
linear equation

y0(t) = ¡ ®y(t ¡ 1) (7.2)

which was consideredin great detail in our ¯rst section. Its characteristic
equation is the familiar one:

¸ = ¡ ®e¡ ¸ :

From Proposition 2.2 we know that y = 0 is asymptotically stable for 0 <
® < ¼=2 sincethe roots have negative real part. At ® = 0, ¸ = 0 is the only
root. At ® = ¼=2; ¸ = § i¼=2 are roots. Thereforex = 0 is asymptotically
stable for (7.1) when 0 < ® < ¼=2.

We would like to know what happens to solutions of (7.1) as ® passes
through 0 from positive to negative and we'd like to know what happensas
® passesthrough ¼=2. Lets take up the casea ¼ 0 ¯rst. The linear equation
(7.2) ought to tell us something. For ® 6= 0, its only steady state is y = 0
but when ® = 0 every value of y givesa steadystate. Thus there is a major
changein the structure of the setof steadystatesfor the linear equation(7.2)
at ® = 0. But wesaw that the samehappensfor the nonlinearequation(7.1).
Namely, the new branch of steadystates

a = §
p

®=2; ® > 0

brancheso®from the trivial steady state at ® = 0. This is called a steady
state bifurcation and it occurs precisely where the linear equation (7.2)
predicted it would-at ® = 0.
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HW#19 Determine the stabilit y of the nontrivial branch of steady states.
Supposethe last two "+" signsin (7.1) are changedto "-" signs. Determine
the nontrivial steadystatesand their stabilit y in this case.

What does the linear equation predict will happen for ® near ¼=2? At
® = ¼=2, y(t) = sin(¼

2 t) is a solution of (7.2), as is y(t) = cos(¼2 t). Thus
the linear equation is predicting that a periodic solution appears suddenly
at ® = ¼=2. We had better listen to what the linear equation predicts! Lets
try

x(t) = asin(¼t=2)

as a solution of (7.1). Using that sin(¼
2 (t ¡ 1)) = ¡ cos( ¼

2 t), we have, on
inserting the above into (7.1) and dividing out the commonfactor cos(¼2 t) in
every term:

a
¼
2

= a®¡ a3:

Dividing out a factor of a, we that a = §
p

®¡ ¼
2 so

x(t) = §

r

®¡
¼
2

¢sin(
¼
2

t); ® >
¼
2

is a periodic solution of (7.1).
Now let's state the Hopf Bifurcation Theorem,following [17] and citeHas-

sard. We considerthe one-parameterfamily of delay equations

x0(t) = F (x t ; ¹ ) (7.3)

whereF : C £ IR ! IRn is twice continuously di®erentiable in its arguments
and x = 0 is a steadystate for all valuesof ¹ :

F (0; ¹ ) ´ 0:

We may linearizeF about Á = 0 as follows

F (Á;¹ ) = L(u)Á+ f (Á;¹ )

whereL(¹ ) : C ! IRn is a boundedlinear operator and f is higher order:

lim
Á! 0

jf (Á;¹ )j
kÁk

= 0:
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The characteristic equation associated with L is

0 = det(¸I ¡ A(¹; ¸ )) ; A ij (¹ ) := L(¹ ) i (ȩ ej ):

The main assumptionis on the characteristic roots of this equation.
(H) For somea > 0, the characteristic equation has a pair of roots ®(¹ ) §
i! (¹ ) where®(0) = 0; ®0(0) 6= 0, ! (¹ ) > 0 and all other roots have strictly
negative real parts for all j¹ j < a.

Theorem 7.1 Let (H) hold. Then there exists± > 0 and functions ¹ (²) and
T(²) > 0, de¯ned for 0 · ² < ± and satisfying ¹ (0) = 0, T(0) = 2¼

! (0) , such
that for each ² 2 (0; ±), equation (7.3) has a non-constant periodic solution
p(t; ²) = p(t + T(²); ²) of period T(²) for parameter value ¹ = ¹ (²).

Moreover, There exist ¹ 0; ¯ 0 > 0 such that if (7.3) has a non-constant
periodic solution x(t) for some¹ satisfying j¹ j < ¹ 0 and maxt jx(t)j < ¯ 0,
then ¹ = ¹ (²) and x(t) = p(t + µ; ²) for some² 2 (0; ±) and someµ.

If F is analytic then:

¹ (²) =
1X

k=1

¹ k²2k

T(²) =
2¼

! (0)
[1 +

1X

k=1

¿k²2k ]

p(t; ²) = ²q(t; ²)

where q(t; 0) is a 2¼
! (0) -periodic solution of q0 = L(0)q. If ¹ 1 6= 0, then for

small ², p(t; ²) exists for ¹ = ¹ 1²2 + O(²4) positive if ¹ 1 > 0 and negative if
¹ 1 < 0. It is asymptotically stableif ®0(0)¹ 1 > 0 and unstableif ®0(0)¹ 1 < 0.

The casethat ®0(0) > 0 and ¹ 1 > 0 is called a \super-critical" Hopf
bifurcation. In this case,the steady state x = 0, asymptotically stable for
¹ < 0, loosesits stabilit y for ¹ > 0 wherethe periodic solution p(t; ²) exists
and the latter is asymptotically stable. Stabilit y is lost by the steady state
and gainedby the periodic solution.

A quite di®erent qualitativ e picture emergeswhen ®0(0) > 0 and ¹ 1 < 0,
the so-called\sub-critical" Hopf Bifurcation. In this case,although the x = 0
steady state is asymptotically stable for ¹ < 0, its basin of attraction must
becomevery small when ¹ is small since the unstable periodic solution of
amplitude proportional to

p
¡ ¹ is nearby. Most disturbingly, when x = 0

loosesstabilit y for ¹ > 0, no small boundedsolution gainsstabilit y. If there
is a stable boundedsolution for ¹ > 0, it is \large".
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7.1 Application to delayed Logistic equation

We return to the study of the delayed Logistic equation

N 0(t) = N (t)[1 ¡ N (t ¡ r )]

The steady state of interest is N = 1 so we let u = N ¡ 1 to translate the
steadystate to u = 0. The resulting Wright's equation is given by

u0(t) = ¡ u(t ¡ r )[1 ¡ u(t)]

In order that the delay r appearsexplicitly as a parameterwe scaletime by
s = t=r and set U(s) = u(t) to get

_U = ¡ rU(s ¡ 1)[1+ U(s)] = ¡ rU(s ¡ 1) ¡ rU(s ¡ 1)U(s) (7.4)

wheredot denotesdi®erentiation with respect to s. The linearizedequation
about U = 0 is just

_V = ¡ rV(s ¡ 1)

with the familiar characteristic equation

¸ + re¡ ¸ = 0

As we know, the roots have negative real part when 0 · r < ¼=2; ¸ = § i ¼
2

are roots at r = ¼=2 with all other roots having negative real part so it is
natural to set r = ¼

2 + ¹ to connectwith the notation of the Hopf Bifurcation
Theorem. Writing the characteristic equation as

F (¸; ¹ ) := ¸ + (¼=2 + ¹ )e¡ ¸ = 0 (7.5)

we ¯nd that

F (¼=2; 0) = 0

F¸ (¼=2; 0) = 1 + (¼=2)i 6= 0

F¹ (¼=2; 0) = ¡ i

so the Implicit Function Theorem implies that we can solve F = 0 for ¸ =
¸ (¹ ) = ®(¹ ) + i! (¹ ) satisfying ¸ (0) = (¼=2)i and

d¸
d¹

(0) = ¡ F¸ =F¸ =
¼=2 + i

1 + (¼=2)2
:
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Consequently
d®
d¹

(0) =
¼=2

1 + (¼=2)2
:

When ¹ = 0 there exists ± > 0 such that the roots of the characteristic
equation consistof § i (¼=2) and roots ¸ satisfying < (¸ ) < ¡ ±. SeeProposi-
tion 2.2. Consequently, by the continuity of the roots with respect to ¹ , there
exists¹ 0 > 0 such that for j¹ j < ¹ 0, the roots of (7.5) consistof ®(¹ ) § i! (¹ )
and other roots satisfy < (¸ ) < ¡ ±=2. Thus the hypothesesof the Hopf
Bifurcation Theorem are satis¯ed; furthermore, F is analytic. As a conse-
quence,(7.4) hasa non-constant T(²)-periodic solution p(t; ²) corresponding
to r = ¼=2 + ¹ (²) with ¹ (0) = 0 and T(0) = 2¼=(¼=2) = 4.

Calculations given in [18] give:

p(t; ²) = 2² cos(
¼t
2

) + ²2[4=5cos(¼t) + 2=5sin(¼t)] + O(²3); 0 · t · T(²)

u =
3¼¡ 2

10
²2

T(²) = 4[1+
2

5¼
²2 + O(²4)]

As ®0(0)¹ 1 > 0, the Hopf Bifurcation is super-critical and hencethe periodic
solution is asymptotically stable. This is corroborated by the numerical
simulations displayed in an earlier section.

As noted in Hale [17], Jonesshowed that there exists a periodic solution
of (7.4) for each ¹ > 0.

It is worth mentioning that the changeof variables

x = log(1 + U)

in (7.4) converts the latter to the delayed negative feedback equation

x0(t) = ¡ r f (x(t ¡ 1)); f (x) = ex ¡ 1:

Negative feedback is implied by xf (x) > 0 for x 6= 0. For generalsuch f , this
classof systemshasbeenextensively studied in the literature. Seeespecially
Mallet-Paret [23]. It can be seeby the remarks below Proposition 2.2 that
the dimensionof the unstable manifold of the x = 0 steady state increases
steadily with ¹ and the dynamicson it can becomeincreasinglycomplex.
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7.2 An ODE appro ximation to a Dela y Equation

Considerthe discretedelay equation

x0(t) = f (x(t); x(t ¡ 1)) (7.6)

Let us assumethat x(t) is a solution with initial data given by x0 = Á. We
want to approximate x(t).

Fix a positive integer N and let

x i (t) = x(t ¡ i
1
N

); 0 · i · N:

Note that x0(t) = x(t); xN (t) = x(t ¡ 1) and

x0
i (t) ¼ N [x i (t + 1=N ) ¡ x i (t)] = N [x i ¡ 1(t) ¡ x i (t)]; t > i

1
N

:

The delay di®erential equation can be approximated by the systemof N + 1
ODEs

x0
0(t) = f (x0(t); xN (t))

x0
i (t) = N [x i ¡ 1(t) ¡ x i (t)]; 1 · i · N (7.7)

where x i (0) = Á(¡ i 1
N ). There is a considerableliterature on this approxi-

mation technique. Gedeonand Hines [14] relate the global attractor of the
delay equation to the global attractor of the discretization. W. Stone uses
the above approximation in his Ph.d. thesis under Frank Hoppensteadt's
direction [28] in order to study nonlinear oscillations in Wright's equation.
HW# 20 Consider the equation (7.6) where f (x; y) = ¡ ¯ y and the ODE
approximation (7.7). Relate the eigenvalue of the Jacobianof (7.7) at x = 0
with maximal real part with the corresponding root of the characteristic
equation (2.7).

7.3 A second order delayed feedback system

Supposewe control the external forcing F (t) to the damped oscillator equa-
tion

x00+ bx0+ ax = F (t); a;b> 0:

We'd like to control x(t) in order to \stabilize" the system near x = 0.
A common engineeringapproach is to observe x(t) and, depending on its
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deviation from x = 0, apply a suitable forcing F (t). In other words, we want
to usestate feedback

F (t) = F (x(t))

However, there will be a delay in our abilit y to implement the forcing and
thus it is more reasonableto consider

F (t) = F (x(t ¡ r )) :

We will assumethat the negative feedback condition for F

xF (x) < 0; x 6= 0;

and that F 0(0) = d < 0.
See[5] for an interesting study of a related system wherein it is shown

that it exhibits complexand chaotic behavior for suitable parametervalues.
We are motivated hereby the paper of Cooke and Grossman[6].

In systemform, our equation becomes

x0(t) = v(t)

v0(t) = ¡ bv(t) ¡ ax(t) + F (x(t ¡ r )) (7.8)

It's only steadystate is x = 0 and the corresponding characteristic equation
is

¸ 2 + b¸ + a = de¡ ¸r : (7.9)

It will be useful later to scaletime sothe delay becomesone. The scaling

X (¿) = x(t); V(¿) = v(t); r¿ = t

results in

_X (¿) = rV(¿)
_V(¿) = ¡ brV(¿) ¡ arX (¿) + rF (X (¿ ¡ 1))

Lemma 7.2 There are no real roots satisfying ¸ ¸ 0.

Proof: The graph of g(¸ ) := ¸ 2 + b¸, a parabola, cannot meet the graph
of h(¸ ) := ¡ a + de¡ r ¸ for ¸ ¸ 0 since h0 > 0, h(0) = d ¡ a < 0 and
h(1 ) = ¡ a < 0. Draw a picture!
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Lemma 7.3 There existsR > 0 suchthat if ¸ is a root with < (¸ ) ¸ 0, then
j¸ j < R.

Proof: Let f (¸; r ) = ¸ 2 + b¸ + a ¡ de¡ ¸r . Then

f (¸; r )
¸ 2

= 1 + ¸ ¡ 2[b¸ + a ¡ de¡ r ¸ ]:

Since je¡ r ¸ j · 1 if < (¸ ) ¸ 0, there exists R > 0 such that the second
summand on the right is less than 1=2 in modulus when < (¸ ) ¸ 0 and
j¸ j ¸ R. This provesour assertion.

De¯ne
M (r ) = # f ¸ : < (¸ ) ¸ 0 and f (¸; r ) = 0g

where we count according to multiplicit y the roots with nonnegative
real part.

The following result says that the only way that M (r ) 6= M (r 0) for r < r 0

is for there to be a purely imaginary root for somer 00betweenr and r 0. It is
adapted from [6].

Prop osition 7.4 Let 0 · r 1 < r2. Suppose that for r 1 · r · r2 there are
no roots of (7.9) on the imaginary axis. Then

M (r1) = M (r2):

Proof: Let ° be the Jordan curve consistingof the semi-circlej¸ j = R with
< (¸ ) ¸ 0 and the portion of the imaginary axis between § iR , oriented
counterclockwise. By the previous Lemma, any root with < (¸ ) ¸ 0 lies
inside ° . Let

m = minfj f (¸; r )j : ¸ 2 ° ; r 2 [r 1; r2]g

By hypothesisand the previousLemma, jf (¸; r )j > 0 for ¸ 2 ° and r 1 · r ·
r2 som > 0 by continuity of (¸; r ) ! jf (¸; r )j and compactnessof ° £ [r 1; r2].

By uniform continuity of (¸; r ) ! f (¸; r ) on the compactset ° £ [r 1; r2],
there exists ± > 0 such that

jf (¸; r ) ¡ f (¸; r 0)j < m=2; r; r 0 2 [r1; r2]; ¸ 2 ° ; jr ¡ r 0j · ±:

By Theorem6.1,

M (r ) = M (r 0); r; r 0 2 [r1; r2]; jr ¡ r 0j · ±:
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ThereforeM (r 1) = M (r2) sincewe can take \steps" of length ±.

Now considerroots ¸ = i! where! > 0. We must have

a ¡ ! 2 + ib! = de¡ i! r

so

a ¡ ! 2 = dcos(! r )

b! = ¡ dsin(! r ):

Squaringboth sidesand adding gives

! 4 + (b2 ¡ 2a)! 2 + a2 ¡ d2 = 0:

De¯ne the discriminant by

4 = (b2 ¡ 2a)2 ¡ 4(a2 ¡ d2):

Solving for ! 2, we have

! 2
§ =

1
2

[2a ¡ b2 §
p

4 ] (7.10)

As we must have ! > 0, the following casesemerge:

(1) 4 < 0 implies no purely imaginary roots.

(2) 4 > 0; 2a ¡ b2 < 0; a2 > d2 implies no purely imaginary roots.

(3) 4 > 0; 2a ¡ b2 < 0; a2 < d2 implies oneroot i! + .

(4) 4 > 0; 2a ¡ b2 > 0; a2 < d2 implies oneroot i! + .

(5) 4 > 0; 2a ¡ b2 > 0; a2 > d2 implies two roots i! § .

7.3.1 Dela yed feedback dominates instan taneous feedback: a2 < d2

Having determined ! , we must now determine r . We consider cases (3)
and (4) together . Then a2 < d2 and

! + =

r
2a ¡ b2 +

p
4

2

59



and

cos(! r ) = (1=2jdj)[¡ b2 +
p

4 ]

sin(! r ) = ¡
b
d

! + > 0: (7.11)

Thus

rn =
1

! +
[sin¡ 1(¡

b
d

! + ) + 2n¼]; n = 0; 1; 2; ¢¢¢;

where the branch of sin¡ 1 depends on the sign of term opposite cos(! r )
above. If (1=2jdj)[¡ b2 +

p
4 ] < 0 then we take the inverseof the decreasing

branch sin : (¼=2; 3¼=2) ! (¡ 1; 1); if (1=2jdj)[¡ b2 +
p

4 ] > 0 then we take
the inverseof the increasingbranch sin : (¡ ¼=2; ¼=2) ! (¡ 1; 1).

Multiplying [¡ b2+
p

4 ] by [b2+
p

4 ] doesn't changethe signof the former
and results in 4(d2 ¡ ab2). Note 4(d2 ¡ ab2) > 4(a2 ¡ ab2) = 4a(a ¡ b2).

If d2 < ab2 then [¡ b2 +
p

4 ] < 0 so ¼=2 < sin¡ 1(¡ b
d ! + ) < ¼ so the

smallestdelay for which there is a purely imaginary pair of roots § i! + is

r0 =
1

! +
sin¡ 1(¡

b
d

! + ):

If d2 > ab2 then [¡ b2 +
p

4 ] > 0 so0 < sin¡ 1(¡ b
d ! + ) < ¼=2 so the smallest

delay for which there is a purely imaginary pair of roots § i! + is

r0 =
1

! +
sin¡ 1(¡

b
d

! + ):

Prop osition 7.5 Assume that 4 > 0; a2 < d2 and 0 · r < r 0. Then
< (¸ ) < 0 for every root of (7.9). x = 0 is asymptotically stable.

Proof: By Proposition 7.4, M (r ) = M (0) = 0.

Now let's seeif a Hopf Bifurcation occurs at r = r 0. Di®erentiating
implicitly (7.9) with respect to r we ¯nd that

2¸
d¸
dr

+ b
d¸
dr

= ¡ de¡ ¸r (r
d¸
dr

+ ¸ )
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Substituting ¸ = i! + we ¯nd that

d¸
dr

(r ) =
¡ i! + dcos(! + r ) ¡ ! + dsin(! + r )

b+ dr cos(! + r ) + i (2! + ¡ r dsin(! + r ))
(7.12)

Using (7.11), multiplying top and bottom by the conjugateof the denomina-
tor, and taking real part, we get

d< (¸ )
dr

(r0) =

p
4 ! 2

+

jdenominatorj2
(7.13)

where

jdenominatorj2 = [b+ (r 0=2)(b2 ¡
p

4 )]2 + ! 2
+ (2 + r0b)2 > 0:

The fact that the above is positive (not zero) ensuresthe hypothesesof the
Implicit Function Theoremhold sowe may concludethat for r ¼ r 0 there is
a root

¸ = ¸ (r ) = ®(r ) + i! (r ); ®(r 0) = 0; ®0(r0) =
d< (¸ )

dr
(r0) > 0; ! (r 0) = ! + :

This root crossesthe imaginary axis at r = r 0 from left to right in the sense
that ® < 0 for r < r 0 and ® > 0 whenr > r 0, at leastwhenr ¼ r 0. Actually,
our calculation usedno information about r 0; the sameconclusionholds at
any r = rn where there is a purely imaginary root i! + . Consequently, we
concludethat

Prop osition 7.6 Assume that 4 > 0; a2 < d2. For r > r 0, x = 0 is
unstable.

Proof: Certainly for r > r 0 with r ¡ r 0 small, the Implicit Function Theorem
(IFT) implies that there is a complex conjugate pair of roots with positive
real part. There are no other roots with positive real part. To make this
point clear, recall that the IFT implies there is a neighborhood U about
i! + and a small open interval I containing r 0 such that the only root of
the characteristic equation in U for r 2 I is ®(r ) + i! (r ), the one given by
IFT. We may take U to be a disk of radius s > 0. Now lets apply Rouch¶e's
Theoremusing the Jordan curve ¡ which is the sameas° except that when
the vertical part of ° meetsU it traces the right half of the disk bounding
U. Then we can seethat, by shrinking I if necessary, for r 2 I , there are no
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roots on ¡ and jf (¸; r ) ¡ f (¸; r 0)j < jf (¸; r 0)j for ¸ 2 ¡ ; r 2 I . Consequently
the sum of the multiplicit y of the roots inside ¡ cannot changeas r varies
in I . Sincethat number is 0 for r < r 0; r 2 I , by the previousProposition,
it follows that there are no roots in the right half plane other than the one
inside U for r ¸ r 0; r 2 I . Hence,for such r , the number of roots inside ° is
M (r ) = 2; furthermore, by Proposition 7.4, M (r ) = 2 solong asr 0 · r < r1.
For r ¼ r1, the IFT again implies that a pair of roots crossesthe imaginary
axis:

¸ (r ) = ®¤(r ) + i! ¤(r ); ®¤(r1) = 0; ®0
¤(r1) > 0; ! ¤(r1) = ! +

Arguing asabove using a supplementary Jordan curve ¡ which contains two
roots insideit this time, and usingProposition 7.4,we canseethat M (r ) = 4
for r1 · r < r2. Induction establishesthat M (r ) = 2n for r n¡ 1 · r < rn .
Consequently, for all r > r 0 there exists at least one root with positive real
part.

We have veri¯ed all the hypothesesof the Hopf Bifurcation Theorem.

Prop osition 7.7 Assumethat 4 > 0; a2 < d2 and that F is C2. Then a
Hopf Bifurcation occurs at r = r 0.

7.3.2 Instan taneous feedback dominates delayed feedback

Now we study the case:a2 > d2; 2a ¡ b2 > 0.
This is case(5) above. In this casethere are two purely imaginary roots

i! with ! > 0, namely:

! § =

r
2a ¡ b2 §

p
4

2

satisfying 0 < ! ¡ < ! + . To determine for which valuesof r , theseare roots
we proceedas before

cos(! § r ) = (1=2jdj)[¡ b2 §
p

4 ]

sin(! § r ) = ¡
b
d

! § > 0: (7.14)
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Since4 < (b2 ¡ 2a)2 < b4 we seethat [¡ b2 §
p

4 ] < 0. Thus

r §
n =

1
! §

[sin¡ 1(¡
b
d

! § ) + 2n¼]; n = 0; 1; 2; ¢¢¢;

where we use the decreasingbranch sin : (¼=2; 3¼=2) ! (¡ 1; 1) because
cos(! § r ) < 0. For simplicity, de¯ne

µ§ = sin¡ 1(¡
b
d

! § ):

Note that ¼=2 < µ¡ < µ+ < ¼since0 < ! ¡ < ! + and sin¡ 1 is decreasing.
Sowe have two sequencesof delays

r +
n =

µ+ + 2n¼
! +

; r ¡
n =

µ¡ + 2n¼
! ¡

for which there are purely imaginary roots § i! + , respectively, § i! ¡ .
The IFT appliesat each of theseroots and the formula (7.12)holdsfor ! +

as beforeso we have for ¸ + (r ) = ®+ (r ) + i! + (r ), ®+ (r +
n ) = 0, ! + (r n

+ ) = ! +

and
d®+

dr
(r +

n ) > 0

as before. However at r = r ¡
n , where i! ¡ is a root, and where the IFT also

appliesso¸ ¡ (r ) = ®¡ (r ) + i! ¡ (r ), ®¡ (r ¡
n ) = 0, ! ¡ (r n

¡ ) = ! ¡ , the calculation
that gave (7.13) now gives

d®¡

dr
(r ¡

n ) =
¡

p
4 ! 2

¡

jdenominatorj2
< 0:

Thereforethis family of roots crossesin the opposite direction as r increases
through r ¡

n !
Let's take the special casea = 3; b= 1; d = ¡

p
5 so that

! + = 2; ! ¡ = 1; µ+ = 2:03; µ¡ = 2:68;

the last two valuesbeing approximations. Then

r +
n = 1:02+ n¼

r ¡
n = 2:68+ 2n¼
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so we have
r +

0 < r ¡
0 < r +

1 < r +
2 < r ¡

1 < ¢¢¢:

As r is increased,starting from r = 0, the ¯rst pair of complex conjugate
roots crossesfrom the left half plane into the right half plane at r = r +

0 at
i! + but then when r = r ¡

0 this samepair crossesfrom the right half plane
back into the left half plane, at i! ¡ . Another, not necessarilythe same,
pair of roots then crossesinto the right half plane at i! + when r +

1 . Now it
becomeshard to follow the action becauseyet another pair of roots crosses
from the left half plane into the right half plane at i! + when r = r +

2 after
which at r ¡

1 a pair crossesin the opposite direction at i! ¡ . It is now clear
that as r is further increased,roots crossfrom left to right more frequently
(as r increases)than roots cross in the opposite direction. Therefore, we
conjecturethat

Prop osition 7.8 Let a = 3; b = 1; d = ¡
p

5. Then x = 0 is asymptotically
stable for 0 · r < r +

0 , unstableon r +
0 < r < r ¡

0 , asymptotically stable for
r ¡

0 < r < r +
1 and unstablefor r > r +

1 .

Proof: We argue that 0 = M (0) = M (r ) for 0 · r < r +
0 as in the previous

case. Similarly, 2 = M (r +
0 ) = M (r ) for r +

0 · r < r ¡
0 . But now we want

to show that this pair of roots crossesback into the left half plane when
r = r ¡

0 . We argue in a similar way as in Proposition 7.6. We have a root
i! ¡ at r = r ¡

0 and the IFT implies the existenceof a closeddisk centered
at i! ¡ and an open interval I about r = r ¡

0 such that the only root of the
characteristic equationin U for r 2 I is the root ¸ ¡ (r ) = alpha¡ (r ) + i! ¡ (r ),
where ®¡ (r ¡

0 ) = 0; ! ¡ (r ¡
0 ) = ! ¡ and ®¡ (r ) < 0 for r > r ¡

0 , ®¡ (r ) > 0
for r < r ¡

0 , r 2 I . By shrinking I , if necessary, we can assumethat ¸ ¡ (r )
does not lie on the boundary of U for r 2 I . Let ¡ be the Jordan curve
which is the sameas that in Proposition 7.6 except that insteadof following
the right half of the circular boundary of U, it follows the left half of the
circle. By shrinking I again, if necessary, we canassumethat the hypotheses
of Rouch¶e's Theorem holds: jf (¸; r ¡

0 ) ¡ f (¸; r )j < jf (¸; r ¡
0 )j for r 2 I and

¸ 2 ¡. Therefore,the number of roots, counting multiplicit y, of f = 0 inside
¡ is the samefor all r 2 I . For r < r ¡

0 , that number is 2 sinceM (r ) = 2 and
®¡ (r ) > 0. Soit must alsobe 2 for r > r ¡

0 , r 2 I . But for such r , ®¡ (r ) < 0,
so ¸ ¡ (r ) lies in the open left half plane. It follows that M (r ) = 0 for r 2 I ,
r > r ¡

0 .
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Figure 6: Simulations of x00+ x0+ 3x = ¡
p

5tanh(x(t ¡ r )) for various r

By Proposition 7.4, it follows that M (r ) = 0 for r ¡
0 < r < r +

1 . The
argument that M (r ) = 2 for r +

1 · r < r +
2 is identical to previousarguments,

as is that for M (r ) = 4 for r +
2 · r < r ¡

1 , and M (r ) = 2 for r ¡
1 · r < r +

3 .
The remainderof the proof is more of the same.

In Figure 7.3.2we simulate the secondorder equation

x00+ x0+ 3x = ¡
p

5tanh(x(t ¡ r ))

using three valuesof r . The ¯rst r = 2 is between r +
0 and r ¡

0 , the second
r = 3:5 lies betweenr ¡

0 and r +
1 , and the last, r = 5 is greater than r +

1 .

HW#21: Considerthe linear secondorder equation

x00(t) + bx0(t ¡ r ) + cx(t) = 0

whereb;c > 0 and r ¸ 0.

(a) scaletime so the delay becomesoneand r is a parameter.
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(b) ¯nd the characteristic equation.

(c) are there real roots satisfying ¸ ¸ 0?

(d) Find all (r; ! ) such that § i! are roots.

(e) Determine the smallest r 0 > 0 for which there is a purely imaginary
root.

(f ) Verify the hypothesesof the Hopf Bifurcation Theoremwith r 0 as pa-
rameter.

7.3.3 Stabilizing the \up" steady state of the Pendulum Equation

Consider the damped Pendulum equation where we have added a delayed
negative state feedback restoring force to try to stabilize the straight-up
equilibrium µ = ¼:

mlµ00(t) + kµ0(t) + mgsin(µ(t)) = R(¼¡ µ(t ¡ r ))

whereµ represents the (counterclockwise) angle from the straight down po-
sition. Parameterm denotesthe masson the end of the pendulum of length
l; g is the gravitational constant and k is a measureof the damping. Recall
that when R = 0, the \down" steady state µ = 0 is asymptotically stable if
k > 0 and the \up" steady state µ = ¼is an unstable saddlepoint. Can we
choosethe \gain" R > 0 so as to stabilize the up steadystate?

As we are interestedin the up steadystate, we changevariables

µ = y + ¼

so that the up steadystate µ = ¼becomesy = 0. The equation becomes

mly00(t) + ky0(t) ¡ mgsin(y(t)) = ¡ Ry(t ¡ r )

Setting
º 2 := g=l; d := k=ml; p := R=ml;

we get
y00(t) + dy0(t) ¡ º 2 sin(y(t)) = ¡ py(t ¡ r ) (7.15)
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If k = 0 the ordinary pendulum oscillatesabout the down steadystate with
frequencyº and period 2¼

º = 2¼
p

l=g so the natural time scaleof the un-
damped pendulum dependson the length of the pendulum l. The other time
scaleit our problem is the delay r in implementing the restoring force.

Linearizing about the y = 0 steadystate, we get the linear equation

Y 00(t) + dY 0(t) ¡ º 2Y(t) = ¡ pY(t ¡ r )

which leadsto the characteristic equation

f (¸ ) = f (¸; r; p) := ¸ 2 + d¸ ¡ º 2 + pe¡ ¸r = 0:

We seekthe stabilit y region in the (r; p)-plane and expect that it will be
boundedby curvesalong which 0 is a root and curvesalong which § i! is a
root for some! .

Let's ¯rst considerreal roots. Observe that f (§1 ) = + 1 and f (0) =
p ¡ º 2 so 0 is a root when p = º 2. f 0(0) = d ¡ pr so 0 is a multiplicit y-2
root when p = º 2 and r = d=º2. Obviously, if p ¡ º 2 < 0 then there are two
real roots, onepositive by the intermediate value theorem. Thus p < º 2 is a
region of instabilit y.

For ¸ = i! ; ! > 0 to be a root we must have

¡ ! 2 + di! ¡ º 2 + pe¡ i! r = 0

or

! 2 + º 2 = pcos(! r )

d! = psin(! r ):

Squaringboth sidesdeterminesthe value of p as a function of ! :

(! 2 + º 2)2 + d2! 2 = p2:

The smallest value of the delay r is determined in the usual way by the
equation for sin(! r ) above, sowe ¯nd that i! is a root along the parametric
curve

r =
1
!

[sin¡ 1(d! =
p

(! 2 + º 2)2 + d2! 2)]

p =
p

(! 2 + º 2)2 + d2! 2; ! > 0 (7.16)
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Figure 7: Stabilit y Region lies inside the \nose", here, drawn for case:d =
º 2 = 1

wherethe inversesine is determinedby sin : (¡ ¼=2; ¼=2) ! (¡ 1; 1) because
both sineand cosineare positive. It is plotted in ¯gure 7.3.3whered = º 2 =
1. The readershould not be surprisedthat when ! & 0, (r; p) ! (d=º2; º 2),
the point at which 0 is a double root. The parametric curve begins there
and goes to in¯nit y tangent to the p-axis. This curve along which i! is a
root and the curve p = º 2 along which 0 is a root form the boundary of the
nose-shaped stabilit y region.

Prop osition 7.9 The region of asymptotic stability for the zero solution of
(7.15) is the \nose"-shaped region bounded by the lines r = 0, p = º 2 and by
the curve (7.16).

Proof: Note that when r = 0 and p > º 2, both roots of the quadratic have
negative real part. Also, asnoted above there is a positive root when p < º 2

below the nose. Along the curve (7.16) there is a purely imaginary root i! .
A standard IFT argument shows that

< (
d¸
dr

) = < (¡
f r

f ¸
) =

d2! 2 + 2! 2(! 2 + º 2)
jf ¸ j2

> 0
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Figure 8: Simulation of y00+ y0¡ sin(y) = ¡ 1:1y(t ¡ r )

implying that the < (¸ (r )) > 0 for r > r (! ) at leastfor r nearr (! ). Therefore,
just below and to the right of the nose,there areroots with positive real part.

Now we apply Rouch¶e's Theorem, exactly like we did in Proposition 6.2
for the delayed Logistic equation, in order to show that the number of roots
satisfying< (¸ ) ¸ 0 is a continuousfunction of (r; p) insidethis regionand on
the r = 0 part of it. Therefore,this number must be zeroin the region since
it is 0 on the r = 0 part of it. A key to this argument is that no roots appear
in the imaginary axis except along the line p = º 2, on the curve (7.16) and
along the curvesobtained from (7.16) by adding n¼=! to the r part. These
curveslie to the right of our region; notice that as ! & 0 along thesecurves
that r (! ) % 1 .

In summary, p must exceedº 2 in order to stabilize the up steady state
and the delay cannot be large. Note that the corner of the noseoccurs at
(r; p) = (d=º2; º 2), where 0 is a double root. Returning to the unscaled
parametersp = R=ml; d = k=ml; º 2 = g=l we seethat the requirement
that p > º 2 for stabilization becomesR > mg. The delay r must necessarily
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satisfy r < d=º2 = k=mg (but this is not su±cient!) in order to stabilize the
up steadystate; this threshold may be very small for small damping!

Figure 7.3.3providestwo simulations for valuesof (r; p). The ¯rst (r; p) =
(1:1; 1:1) is just above and to the left of the tip of the nose,which occursat
(1; 1); it shows instabilit y. The second,at (r; p) = (0:75; 1:1), just inside the
nose,shows that stabilization hasbeenachieved.

HW#22: Considerthe Lotka-Volterra competition system

x0(t) = x(t)[2 ¡ ax(t) ¡ by(t ¡ r )]

y0(t) = y(t)[2 ¡ cx(t ¡ r ) ¡ dy(t)]

a. Determine the stabilit y of the positive steady state when a = d = 2 and
b= c = 1. How doesit depend on r?
b. Determine the stabilit y of the positive steady state when a = d = 1 and
b= c = 2. How doesit depend on r?

8 Reducible Equations: linear chain tric k

Equations with distributed delay and unbounded delay are mentioned in
Chapter 12 of [17]. The book by Hino et. al. [19] is devoted to the theory
of in¯nite delay. We introducesomesimple ideas,following MacDonald [22],
which show that a special classof in¯nite delays lead to ODEs. Basically, we
are going to replacedelay terms like

y(t ¡ r )

in our equationswith the in¯nite distributed delay
Z 1

0
y(t ¡ s)gp

a(s)ds =
Z t

¡1
y(´ )gp

a(t ¡ ´ )d´

wherethe kernel gp
a is the density function for a Gamma distribution

gp
a(u) :=

apup¡ 1e¡ au

(p ¡ 1)!
; u ¸ 0;
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n (x); n = 1; 2; 3; 4.

with parametersa > 0 and p = 1; 2; ¢¢¢. A randomvariableX is said to obey
a Gamma distribution if P(X < c) =

Rc
0 gp

a(u)du. Easy calculations show
that the meanof the distribution is ¹ = p=a and the varianceis ¾2 = p=a2.
We view ¹ as the averagedelay and ¾2 gives a measureof the degreeof
concentration of the delay about ¹ .

If we let p = rn; a = n, then ¹ = r and ¾2 = r=n ! 0 asn ! 1 . Hence
we might expect that

Z 0

¡1
y(t + s)gr n

n (s)ds ! y(t ¡ r ); n ! 1

for a boundedcontinuous function y. (This can be shown to hold by estab-
lishing that the characteristic function of the Gammadistribution converges
to the characteristic function of the Dirac distribution. Seea good book on
probability.)

The function gp
a(u) satis¯es the di®erential equation

d
du

gp
a(u) = a[gp¡ 1

a (u) ¡ gp
a(u)]; u ¸ 0; p > 1:

In casep = 1, d
du g1

a(u) = ¡ ag1
a(u).

To seethe utilit y of thesetype of delays, considerthe simple example

y0(t) = f (
Z 1

0
y(t ¡ s)gp

a(s)ds) (8.1)
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wherewe assumethat f is continuously di®erentiable and f (0) = 0 so that
y = 0 is a steady state. We should expect to provide initial data on all of
(¡1 ; 0]

x(s) = Á(s); s 2 (¡1 ; 0]

where Á is bounded and continuous function. Other restrictions on Á may
be used;see[17, 19].

If f 0(0) = d, then the linearizedequation about the steadystate y = 0 is
given by

z0(t) = d
Z 1

0
z(t ¡ s)gp

a(s)ds:

z(t) = ȩ t is a solution if

¸ = d
Z 1

0
e¡ ¸s apsp¡ 1e¡ as

(p ¡ 1)!
ds

= d
ap

(a + ¸ )p

Z 1

0

(a + ¸ )psp¡ 1e¡ (a+ ¸ )s

(p ¡ 1)!
ds

= d
ap

(a + ¸ )p

Z 1

0
gp

a+ ¸ (s)ds

= d
ap

(a + ¸ )p

Thus the characteristic equation is a polynomial

¸ (a + ¸ )p ¡ dap = 0

just like in the caseof ODEs!
It is interesting to seewhat happenswhen we take p = rn; a = n and

let n ! 1 in the characteristic equation as we should expect to get the
characteristic equation corresponding to

z0(t) = dz(t ¡ r ):

Substituting, we get

¸ = d
nr n

(n + ¸ )r n
= d(1 +

¸
n

)¡ r n ! de¡ r ¸ ; n ! 1

just as expected.
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In fact, (8.1) can be reducedto ODEs. Let

yj (t) =
Z 1

0
y(t ¡ s)gj

a(s)ds; j = 1; 2; ¢¢¢; p:

Then
y0(t) = f (yp(t))

and for j > 1, wheregj
a(0) = 0, we have

y0
j (t) =

d
dt

[¡
Z 1

t
y(´ )gj

a(t ¡ ´ )d´ ]

= y(t)gj
a(0) ¡

Z 1

t
y(´ )

d
dt

gj
a(t ¡ ´ )d´

= ¡
Z 1

t
y(´ )a[gj ¡ 1

a (t ¡ ´ ) ¡ gj
a(t ¡ ´ )]d´

=
Z 1

0
y(t ¡ s)a[gj ¡ 1

a (s) ¡ gj
a(s)]ds

= a[yj ¡ 1(t) ¡ yj (t)]

while for j = 1, wheregj
a(0) = a, the sameargument gives

y0
1(t) = a[y(t) ¡ y1(t)]

Letting y0(t) = y(t), we arrive at the systemof ODEs

y0
0(t) = f (yp(t))

y0
j (t) = a[yj ¡ 1(t) ¡ yj (t)]; ´ = 1; 2; ¢¢¢; p: (8.2)

Comparethis to (7.7).

HW# 23 Considerthe delayed logistic equation

N 0(t) = N (t)[b¡ aN(t) ¡ d
Z t

¡1
N (s)g(t ¡ s)ds]

whereb;d > 0, a ¸ 0, and

g(s) =
s

T2
e¡ s=T :

Thus T is the "averagedelay".
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(a) Determine the stabilit y of N = 0.

(b) Find the characteristic equation corresponding to the positive steady
state.

(c) If a = 0, determine conditions on the averagedelay T such that the
positive steadystate is asymptotically stable.

Seethe book of Cushing [8] for applications of delay equationsto popu-
lations models.

9 Linear Inhomogeous Systems

9.1 Superp osition principle

Consider

x0(t) = L(x t ) + f (t); t > 0 (9.1)

x0 = Á 2 C

where f : [0; 1 ) ! Cn is continuous (for now) L : C ! Cn is a bounded
linear operator (jL(Á)j · K kÁk, Á 2 C) and C = C([¡ r; 0]; Cn ). C denotes
the complexnumbers. As F (t; Á) = L(Á) + f (t) is continuousand satis¯es a
global Lipschitz condition, we know that (9.1) hasa unique solution de¯ned
for all t ¸ 0. We denoteit by x(t; Á;f ) in order to keeptrack of initial data
Á and forcing f .

We ¯rst estimate it. It satis¯es the integral equation

x(t) = Á(0) +
Z t

0
L(xs)ds+

Z t

0
f (s)ds; t > 0

so taking vector norms:

jx(t)j · jÁ(0)j +
Z t

0
jL (xs)jds+

Z t

0
jf (s)jds

· kÁk +
Z t

0
jf (s)jds+

Z t

0
K kxskds

We seethat for t ¡ r · ¿ · t

jx(¿)j · kÁk +
Z t

0
jf (s)jds+

Z t

0
K kxskds
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thus, for 0 · t · T

kx tk · kÁk +
Z T

0
jf (s)jds+

Z t

0
K kxskds

and Gronwall's inequality yields, for arbitrary T > 0:

kx t (Á;f )k · [kÁk +
Z T

0
jf (s)jds]eK t ; 0 · t · T: (9.2)

We note that becauseL is linear, it is easyto verify that

x(t; Á;f ) = x(t; Á;0) + x(t; 0; f ):

The ¯rst summandsolvesthe homogeneousproblem using the initial data Á
while the secondsummandsolvesthe inhomogeneousequationbut with zero
initial data-it dependsonly on f . Furthermore

f = c1f 1 + c2f 2 ) x(t; 0; f ) = c1x(t; 0; f 1) + c2x(t; 0; f 2):

All together, theseare nothing but the superp osition principle . Observe
that by (9.2), the map

f 2 C([0; T]; Cn ) ! x(t; 0; f ) 2 Cn

is a boundedlinear operator.

9.2 Riesz Represen tation of L

In order to make further progress,it is useful to have a representation for
L. Consider ¯rst the casen = 1 where L is a linear functional on C. The
RieszRepresentation Theorem [13] implies that there exists ´ 2 BV[¡ r; 0]
such that

L(Á) =
Z 0

¡ r
Á(µ)d´ (µ):

As ¹́ = ´ + constant could replace´ above, sinceonly di®erencesin the value
of ´ are important, we can choosethe arbitrary constant by, say, requiring
that ´ (0) = 0. It is alsouseful to extend ´ to all of IR by requiring that

´ (µ) = ´ (¡ r ); µ < ¡ r; ´ (µ) = 0; µ > 0:

Incidently, we can always view theseintegrals as Riemann-Stieljes(R-S)
integrals (seeappendix in [10] for a nice review). The key facts are:
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(1) If f is continuous on [a;b] and g 2 BV[a;b] then f is R-S integrable
w.r.t. g (i.e.,

Rb
a f (x)dg(x) exists) and

j
Z b

a
f (x)dg(x)j · max

x2 [a;b]
fj f (x)jgVa(g)(b):

(2) If f is R-S integrablew.r.t. g, then g is R-S integrablew.r.t. f and
Z b

a
f (x)dg(x) +

Z b

a
g(x)df (x) = f (x)g(x)jx= b

x= a

Recall that Va(g)(b) is the total variation of g:

sup
P

nX

j =1

jg(x j ) ¡ g(x j ¡ 1)j

over all partitions P of [a;b]. Also, note that (1) is only a su±cient condition
for f to be R-S integrablew.r.t. g.

Returning to our delay equation,whenn = 2, we note that if e1 = (1; 0)T

and e2 = (0; 1)T , then the mapping

Á ! e1 ¢L((Á;0)T )

is a linear functional so there exists ´ 11 2 BV[¡ r; 0] such that

e1 ¢L((Á;0)T ) =
Z 0

¡ r
Á(µ)d´11(µ):

Similarly, there exist ´ 12 2 BV[¡ r; 0] such that

e2 ¢L((Á;0)T ) =
Z 0

¡ r
Á(µ)d´12(µ);

there exist ´ 21 2 BV[¡ r; 0] such that

e1 ¢L((0; Á)T ) =
Z 0

¡ r
Á(µ)d´21(µ);

there exist ´ 22 2 BV[¡ r; 0] such that

e2 ¢L((0; Á)T ) =
Z 0

¡ r
Á(µ)d´22(µ):
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As
L(Á) = L((Á1; Á2)T ) = L((Á1; 0)T ) + L((0; Á2)T )

and any vector v 2 IR2 can be written v = (v ¢e1)e1 + (v ¢e2)e2 we have

L(Á) =

" R0
¡ r Á1(µ)d´11(µ) +

R0
¡ r Á2(µ)d´12(µ)

R0
¡ r Á1(µ)d´21(µ) +

R0
¡ r Á2(µ)d´22(µ)

#

or

L(Á) =
Z 0

¡ r
d

·
´ 11 ´ 12

´ 21 ´ 22

¸
Á =

Z 0

¡ r
d´ (µ)Á(µ)

where

´ =
·

´ 11 ´ 12

´ 21 ´ 22

¸
:

We assumehereafterthat ´ ij (0) = 0 and that they have beenextendedto all
of IR as above. Similar arguments apply to the generalcaseof arbitrary n.

9.3 Volterra In tegral Equation of convolution typ e

Now we want to translate our FDE (9.1) into a Volterra integral equationof
convolution type, often called a renewal equation:

u(t) =
Z t

0
k(t ¡ s)u(s)ds+ g(t): (9.3)

We follow Chapter 6 of [17] and Chapter 1 in [10]. Let's rewrite our FDE as
follows:

x0(t) =
Z 0

¡ r
d´ (µ)x(t + µ) + f (t)

=
Z ¡ t

¡ r
d´ (µ)Á(t + µ) +

Z 0

¡ t
d´ (µ)x(t + µ) + f (t)

=
Z ¡ t

¡ r
d´ (µ)Á(t + µ) ¡

Z 0

¡ t
´ (µ)dx(t + µ) + ´ (µ)x(t + µ)jµ=0

µ= ¡ t + f (t)

=
Z ¡ t

¡ r
d´ (µ)Á(t + µ) ¡

Z 0

¡ t
´ (µ)x0(t + µ)dµ¡ ´ (¡ t)Á(0) + f (t)

= g(t) ¡
Z t

0
´ (s ¡ t)x0(s)ds

=
Z t

0
k(t ¡ s)x0(s)ds+ g(t)
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where

k(s) = ¡ ´ (¡ s)

g(t) =
Z ¡ t

¡ r
d´ (µ)Á(t + µ) ¡ ´ (¡ t)Á(0) + f (t)

and wherewe have madea changeof variables.
This is a Volterra integral equation for x0(t). It will also be useful to

integrate this equation in order to get a Volterra integral equation for x(t).
Integrating the above equation from 0 to t, we get:

x(t) = Á(0) +
Z t

0
f (s)ds+

Z t

0

· Z ¡ s

¡ r
d´ (µ)Á(s + µ)

¸
ds ¡

Z t

0
´ (¡ s)dsÁ(0)

¡
Z t

0

Z z

0
´ (s ¡ z)x0(s)dsdz

= ĥ(t) ¡
Z t

0

Z t

s
´ (s ¡ z)x0(s)dzds

= ĥ(t) +
Z t

0

· Z s¡ z

0
´ (w)dw

¸
x0(s)ds

= ĥ(t) +
· Z s¡ z

0
´ (w)dw

¸
x(s)js= t

s=0 ¡
Z t

0
´ (s ¡ t)x(s)ds

= h(t) ¡
Z t

0
´ (s ¡ t)x(s)ds

= h(t) +
Z t

0
k(t ¡ s)x(s)ds (9.4)

where

h(t) = Á(0) +
Z t

0
f (s)ds+

Z t

0

· Z ¡ s

¡ r
d´ (µ)Á(s + µ)

¸
ds ¡

Z t

0
´ (¡ s)dsÁ(0)

+
Z 0

¡ t
´ (s)dsÁ(0) (9.5)

= Á(0) +
Z t

0
f (s)ds+

Z t

0

· Z ¡ s

¡ r
d´ (µ)Á(s + µ)

¸
ds:

In summary, both x0(t) and x(t) satisfy a Volterra integral equation.
What can we do with thesefacts? Two things cometo mind. We could use
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the theory of Volterra integral equationsto prove the existenceof a unique
solution of (9.1), even though we already know the existencefor Á 2 C and
continuous f , in the hope of relaxing theserestrictions. Secondly, we could
hope that the theory of Volterra integral equations could lead to a useful
representation of the solution of (9.1).

9.4 Theory of renew al equations

We will adopt the notation

(k ¤ f )( t) =
Z t

0
k(t ¡ s)f (s)ds

for two complex-valued, locally integrable functions

f ; k 2 L 1
loc := f g : [0; 1 ) ! C :

Z T

0
jg(s)ds < 1 ; T > 0g:

L1
loc is a vector space.For T > 0, we write

kf k1 = kf kT
1 :=

Z T

0
jf (s)jds

wherewe sometimessuppressthe T for simplicity if it's value is understood.
Fubini's (or Tonelli's) Theorem[13] leadsto the simple inequality

kk ¤ f k1 · kkk1kf k1

Notice that this implies that k ¤ f 2 L 1
loc if k; f 2 L 1

loc. It is easy to see
that the \m ultiplication" ¤ on L 1

loc satis¯es the distributiv e, associative and
commutativ e properties.

However, wehavein mind that k is a complex-valuedn£ n matrix function
with entries belongingto L 1

loc (we then write k 2 L 1
loc) and f is a complex-

valued function with components in L 1
loc (f 2 L 1

loc). Except for commutativ-
it y of the product, all the above properties hold as is, provided we choosea
compatible matrix and vector norm so that jkxj · jkjjxj.

Our renewal equation becomes

u = k ¤ u + g (9.6)

which we view as an equation for u 2 L 1
loc, given the \data" k; g 2 L 1

loc.
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The resolv ent matrix function R 2 L 1
loc corresponding to the kernel k is

de¯ned by the equation
R = R ¤ k + k: (9.7)

If we take for granted the existenceof R, then we have the following solution
to (9.6).

Prop osition 9.1 If R is the resolventmatrix function, then the solution of
(9.6) is given by

u = g + R ¤ g:

Proof: Multiply (9.6) on the left by R to get

R¤u = R¤(k¤u)+ R¤g = (R¤k)¤u+ R¤g = (R¡ k)¤u+ R¤g = R¤u¡ k¤u+ R¤g

implying that
k ¤ u = R ¤ g:

Therefore,u = R ¤ g + g.

Theorem 9.2 Given k 2 L 1
loc, there exists a unique resolventmatrix func-

tion R 2 L 1
loc. Moreover, R satis¯es R ¤ k = k ¤ R.

Proof: Fix T > 0 and let L 1 = L1[0; T] = f f : [0; T] ! Cn£ n :
RT

0 jf (s)jds <
1g . Then L 1 is a completemetric space[13]. If R exists, it satis¯es

R(t) =
Z t

0
R(t ¡ s)k(s)ds+ k(t):

multiplying by e¡ ° t gives

e¡ ° tR(t) =
Z t

0
e¡ ° (t ¡ s)R(t ¡ s)e¡ ° sk(s)ds+ e¡ ° tk(t):

Choose° > 0 such that k̂(t) := e¡ ° tk(t) satis¯es

kk̂k1 =
Z T

0
e¡ ° tk(t)dt < 1=2:

Let F : L 1 ! L1 be given by

F (Z ) = Z ¤ k̂ + k̂:
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Then

kF (Z2)¡ F (Z1)k1 = kZ1¤k̂¡ Z1¤k̂k = k(Z2¡ Z1)¤k̂k · kZ2¡ Z1k1kk̂k1 < (1=2)kZ2¡ Z1k1:

F is a contraction mapping on the complete metric spaceL 1 so it has a
unique ¯xed point Z0 2 L 1. Z0 satis¯es

Z0(t) =
Z t

0
Z0(t ¡ s)e¡ ° sk(s)ds+ e¡ ° tk(t); 0 · t · T (9.8)

so RT (t) = e° tZ0(t) satis¯es

RT (t) =
Z t

0
RT (t ¡ s)k(s)ds+ k(t); 0 · t · T: (9.9)

We have shown that if R 2 L 1
loc exists, then R = RT a.e. on [0; T] and

moreover, we have shown that RT exists for each T > 0.
If 0 < T1 < T2, we show below that RT1 = RT2 a.e. on [0; T1]. Therefore,

the de¯nition
R(t) := RT (t)

for someT > t is meaningful. It clearly belongsto L 1
loc since each RT 2

L1([0; T]). Moreover, it satis¯es (9.7) on 0 · t < 1 .
If 0 < T1 < T2, we show below that R1 := RT1 = RT2 =: R2 on [0; T1].

Sinceboth Ri satisfy (9.9) on [0; T1] we have

u(t) := e¡ dt (R2(t)¡ R1(t)) =
Z t

0
e¡ d(t ¡ s)(R2(t)¡ R1(t))e¡ dsk(s)ds =

Z t

0
u(s)e¡ dsk(s)ds

Taking norm k ¢kT1
1 of both sides,dropping T from norm notation, we get

kuk1 · kuk1k~kk < (1=2)kuk1

if wechoosed > 0 largeenough.This implies that u = 0 in L 1 and establishes
the existenceof the resolvent R 2 L 1

loc. Uniquenessof R follows by an
argument similar to the one just given.

R ¤ k = k ¤ R will follow from Z0 ¤ k̂ = k̂ ¤ Z0 where k̂(s) := e¡ ° sk(s).
Recall, Z0 is the ¯xed point of F : Z0 = Z0 ¤ k̂ + k̂ = F (Z0). By the
Contraction Mapping Theorem,Z0 = limn!1 F n(k̂), whereF n is the n-fold
composition of F with itself (e.g. F 2 = F ± F ). F 2(k̂) = k̂ ¤ k̂ + k̂ and
F 3(k̂) = k̂ + k̂ ¤ k̂ + k̂ ¤ k̂ ¤ k̂. An easyinduction argument implies that

F n (k̂) = k̂ + k̂2 + ¢¢¢+ k̂n
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wherek̂n denotesthe n-fold convolution of k̂ with itself. It follows that

k̂ ¤ Z0 = lim
n

(k̂ ¤ F n (k̂)) = lim
n

(F n (k̂) ¤ k̂) = Z0 ¤ k̂:

Prop osition 9.3 Supposethat kernel k 2 BV[0; T] for every T > 0. Then
resolventR corresponding to k has this sameproperty. Moreover, R(t+) 6=
R(t¡ ) only if k(t+) 6= k(t¡ ), which can hold for at most countably many t,
and their \jumps" are the same:

R(t+) ¡ R(t¡ ) = k(t+) ¡ k(t¡ ):

Proof: Fix T > 0. Without lossof generality, we can assumethat k(0) = 0.
Then for 0 · t · T:

R(t) = k(t) +
Z t

0
R(s)k(t ¡ s)ds = k(t) +

Z T

0
R(s)k(t ¡ s)ds =: k(t) + G(t)

if we extend k(t) = 0 for t < 0. Let P : 0 = t0 < t1 < ¢¢¢< tn = T be a
partition of [0; T]. Then

X

i

jG(t i ) ¡ G(t i ¡ 1)j ·
Z T

0
jR(s)j

X

i

jk(t i ¡ s) ¡ k(t i ¡ 1 ¡ s)jds

·
Z T

0
jR(s)jV¡ s(k)(T ¡ s)ds

· V0(k)(T)
Z T

0
jR(s)jds:

The right hand side is independent of the partition P so taking supremum
over all P we get

V0(G)(T) · V0(k)(T)
Z T

0
jR(s)jds:

SinceR = k + G and BV is a vector space,it follows that R 2 BV[0; T].
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To show that R has jumps only wherek does,we note that if tn % t 2
(0; T], then taking the limit in the expressionfor R we get

R(t¡ ) = k(t¡ ) +
Z T

0
R(s)k((t ¡ s)¡ )ds

= k(t¡ ) +
Z T

0
R(s)k(t ¡ s)ds

= k(t¡ ) +
Z t

0
R(s)k(t ¡ s)ds

sincek(t) = k(t¡ ) at all but possibly countably many t. If k(t) = k(t¡ ),
then R(t) = R(t¡ ). A similar analysisholds if tn & t 2 [0; T). So R has
jumps only when k doesand the jumps are the same.

9.4.1 Back to the linear system of FDEs

We cannow apply theseresult to our linear system(9.1), which we converted
to a renewal equation (9.4),(9.5). By Proposition 9.1, we can write

x(¢; Á;f ) = x = h + R ¤ h (9.10)

where

h(t) = Á(0) +
Z t

0
f (s)ds+

Z t

0

· Z ¡ s

¡ r
d´ (µ)Á(s + µ)

¸
ds

and
R = k + R ¤ k; k(t) = ¡ ´ (¡ t); t ¸ 0:

We are particularly interested in a representation of x(t; 0; f ) since we
already know a lot about x(t; Á;0). In this case

h(t) = F (t) :=
Z t

0
f (s)ds

so

x(t; 0; f ) = F (t) +
Z t

0
R(t ¡ s)F (s)ds:

We needto determineR somehow. Looking at the long formula for h(t) and
trying to seehow to make it simple, we seethat if f ´ 0 and Á(µ) = 0 for
¡ r · µ < 0, then h(t) ´ Á(0). Of course,such a Á does not belong to C
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unlessÁ(0) = 0 but the beauty of the renewal equationapproach to the linear
system (9.1) is that it suggestshow to de¯ne solutions for not necessarily
continuous initial data-namely by using formula (9.10). Set Ái (0) := ei , the
i -th standard basisvector. Then h(t) = ei ; t ¸ 0 so formula (9.10) gives

x(t; Ái ; 0) = ei +
Z t

0
R(t ¡ s)ei ds = ei +

Z t

0
Ri (s)ds

whereRi denotesthe i -th columnof matrix R. It follows that if we de¯ne the
matrix X (t) with columnsgivenby the vector solutionsx(t; Ái ; 0), 1 · i · n,
then

X (t) = I +
Z t

0
R(s)ds:

In particular, as R is at least locally integrable, X 0(t) = R(t) for almost all
t. X (t) is a good candidateto be called the fundamen tal matrix for (9.1)
sinceby the arguments above, it is the "generalizedsolution" of the initial
value problem

X 0(t) =
Z 0

¡ r
d´ (µ)X (t + µ); t > 0 (9.11)

X (t) = 0; t < 0; X (0) = I : (9.12)

Prop osition 9.4 X (t) is continuous for t ¸ 0, continuously di®erentiable
for t ¸ r , and satis¯es (9.11) for t ¸ r .

Proof: Note that sinceR is locally integrable,X (t) is absolutely continuous
on [0; T] [13] henceit is di®erentiable almosteverywhere.By Proposition reg-
ular, R 2 BV[0; T] and is continuousfor t ¸ r . It follows that X (t) is di®er-
entiable exceptpossiblyat a countable setof points in [0; r ] and continuously
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di®erentiable for t ¸ r . For t > 0 we have

X 0(t) = R(t) = R ¤ k + k = k ¤ R + k

=
Z t

0
k(s)R(t ¡ s)ds+ k(t)

=
Z t

0
dk(s)X (t ¡ s) ¡ k(t)X (t ¡ s)j t0 + k(t)

=
Z t

0
dk(s)X (t ¡ s)

= ¡
Z t

0
d´ (¡ s)X (t ¡ s)

=
Z 0

¡ t
d´ (µ)X (t + µ)

and since´ is constant on µ · ¡ r , we seethat X (t) satis¯es (9.11) for t ¸ r
because

X 0(t) =
Z 0

¡ t
d´ (µ)X (t + µ) =

Z 0

¡ r
d´ (µ)X (t + µ); t ¸ r:

Now, integrating by parts in the formula for x(t; 0; f ), we get

x(t; 0; f ) = F (t) +
Z t

0
R(t ¡ s)F (s)ds

= F (t) +
Z t

0
R(s)F (t ¡ s)ds

= F (t) + X (t)F (t ¡ s)js= t
s=0 +

Z t

0
X (s)f (t ¡ s)ds

=
Z t

0
X (s)f (t ¡ s)ds

Sowe get

x(t; 0; f ) =
Z t

0
X (t ¡ s)f (s)ds; t ¸ 0 (9.13)

In summary, the solution of the initial value problem (9.1) can we repre-
sented as

x(t; Á;f ) = x(t; Á;0) +
Z t

0
X (t ¡ s)f (s)ds; t ¸ 0:
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Recall that Theorem5.10says that if ¤ := maxf< (¸ ) : 4 (¸ ) = 0g, then for
every ² > 0, there exists K ² ¸ 1 such that

kx t (Á;0)k · K ² exp((¤ + ²)t)kÁk; t ¸ 0; Á 2 C: (9.14)

Sinceour fundamental matrix X satis¯es X i
r 2 C for 1 · i · n (X i denotes

i -th column of X ) and satis¯es the linear homogeneousequation for t ¸ r ,
we get

kX i
t ¡ r k · K ² exp((¤ + ²)(t ¡ r ))kX i

r k; t ¸ r:

This implies, by choosinga larger K ² if necessary, that

jX (t)j · K ² exp((¤ + ²)t): (9.15)

10 Principle of Linearized Stabilit y

Considerthe nonlinear functional di®erential equation

x0(t) = f (x t ): (10.1)

We supposethat it has a steady state x0 2 IRn and write x̂0 2 C for the
constant function equal to x0:

f (x̂0) = 0:

Let
x = x0 + y

so that y satis¯es
y0(t) = f (x̂0 + yt ) (10.2)

We want to understand the behavior of solutions of (10.1) which start near
x̂0 and for this, it su±ces to understand the behavior of solutions of (10.2)
for solutions which start near y = 0. We assume that:

f (x̂0 + Á) = L(Á) + g(Á); Á 2 C (10.3)

whereL : C ! IRn is a boundedlinear function and g : C ! IRn is \higher
order" in the sensethat

lim
Á! 0

jg(Á)j
kÁk

= 0:
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Of course,this meansthat for every ¹ > 0, there exists ± > 0 such that

kÁk · ± =) jg(Á)j · ¹ kÁk:

Our goal is to prove the following result

Theorem 10.1 Let ¢( ¸ ) = 0 denotethe characteristic equation correspond-
ing to the linear equation z0 = L(zt ) and supposethat

¡ ¾:= max
¢( ¸ )=0

<(¸ ) < 0:

Then x̂0 is a locally asymptotically stablesteady state of(10.1). In fact, there
existsb> 0 suchthat

kÁ ¡ x̂0k < b=) kx t (Á) ¡ x̂0k · K kÁ¡ x̂0ke¡ ¾t=2; t ¸ 0:

Proof: According to (9.14) and (9.15), we may ¯nd K = K ² > 1 such that
thoseestimateshold where¡ ¾+ ² = ¡ 3¾=4. Now chooseK ¹ < ¾=4. Then
there exists ± > 0 such that jg(Á)j < ¹ kÁk if kÁk · ±.

Let kÁk < ±=(2K ) and consider the solution y(t) = y(t; Á) of (10.2).
We claim that y(t) is de¯ned for all t ¸ 0 and kytk · K kÁk < ±=2 for
all t ¸ 0. Becauset ! kytk is continuous and ky0k < ±=2 it follows that
f t ¸ 0 : kytk < ±g contains a half open interval [0; t0) whereeither t0 = 1
or t0 < 1 and kyt0 k = ±. We will show that t0 = 1 .

If we write h(t) = g(yt ), then

y0(t) = L(yt ) + h(t); t ¸ 0:

By the variation of constants formula

y(t) = z(t; Á;0) +
Z t

0
X (t ¡ s)h(s)ds

wherez(t; Á;0) satis¯es z0 = L(zt ); t ¸ 0 and z0 = Á. Taking norms, we get

jy(t)j · jz(t; Á;0)j +
Z t

0
jX (t ¡ s)jjh(s)jds

· K kÁke¡ 3¾t=4 + K
Z t

0
e¡ 3¾(t¡ s)=4jh(s)jds

· K kÁke¡ 3¾t=4 + K
Z t

0
e¡ 3¾(t¡ s)=4¹ kyskds; 0 · t · t0
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This, by our usual argument, leadsto

kytk · K kÁke¡ 3¾t=4 + K
Z t

0
e¡ 3¾(t¡ s)=4¹ kyskds; 0 · t · t0

so

e3¾t=4kytk · K kÁk + K ¹
Z t

0
e3¾s=4kyskds; 0 · t · t0:

Gronwall's Inequality gives

e3¾t=4kytk · K kÁkeK ¹t ; 0 · t · t0;

and hence

kytk · K kÁke¡ 3¾t=4+ K ¹t · K kÁke¡ ¾t=2; 0 · t · t0:

If t0 < 1 then kyt0 k = ±but sincekÁk < ±=(2K ), this is inconsistent with
the inequality above. Therefore,we concludethat t0 = 1 and, in particular,
the solution existsfor all t ¸ 0. Furthermore, the aboveestimateholdsfor all
t ¸ 0. Both local stabilit y and local asymptotic stabilit y follow immediately
from this inequality.

HW# 24 Show that the positive steadystate of problem #20 is asymptot-
ically stable assumingthat the real parts of the characteristic roots all have
negative real part. Verify the hypothesesof Theorem9.1.

11 Absolute Stabilit y

One often encounters the characteristic equation in the form

p(¸ ) + q(¸ )e¡ r ¸ = 0 (11.1)

wherep and q are polynomials with real coe±cients and r > 0 is the delay.
Typically, p hashigher degreethan q. Brauer [3] provesthe following result.

Prop osition 11.1 Let p;q be a polynomials with real coe±cients. Suppose

(a) p(¸ ) 6= 0; < (¸ ) ¸ 0.
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(b) jq(iy )j < jp(iy )j; 0 · y < 1 .

(c) lim j¸ j!1 ; < (¸ )¸ 0 jq(¸ )=p(¸ )j = 0.

Then < (¸ ) < 0 for every root ¸ and all r ¸ 0.

The proof is a simpleapplication of the maximum modulus principle. The
conclusionof Proposition 11.1 is called absolute stabilit y-as stabilit y holds
for every value of the delay!

A simple corollary is stated and proved below.

Corollary 11.2 Let p be a polynomial with real coe±cients, and haveleading
coe±cient one. Let q = c be a constant. If

(i) all roots of p are real and negative and jp(0)j > jcj, or

(ii) p(¸ ) = ¸ 2 + a¸ + b; a;b> 0 and either

² b> jcj and a2 ¸ 2b, or

² a
p

(4b¡ a2) > 2jcj and a2 < 2b,

Then < (¸ ) < 0 for every root ¸ and all r ¸ 0.

Proof (i) If there is a root ¸ satisfying< (¸ ) ¸ 0, then putting the exponential
term on onesideand the polynomial on the other and taking modulus leads
to

jp(¸ )j =
nY

i =1

j¸ ¡ ¸ i j = jcje¡ r < (¸ ) · jcj; (11.2)

where ¸ i are the roots of p. Obviously, j¸ ¡ ¸ i j ¸ j¸ i j holds of ¸ i < 0 and
< (¸ ) ¸ 0. Thus, jp(0)j =

Q
i j¸ i j · jcj must hold. As this contradicts (i), the

result follows.
To prove (ii), note that jp(¸ )j > 0 for < (¸ ) ¸ 0 since a;b > 0 imply

its roots lie in the open left half plane; also, jp(¸ )j ! 1 as j¸ j ! 1 .
Thus, jp(¸ )j will attain its minimum in < (¸ ) ¸ 0 on the imaginary axis by
the maximum modulus principle (or by elementary considerationsas in (i)).
The minimum value of

jp(iy )j2 = j(b¡ y2) + iayj2 = (b¡ y2)2 + (ay)2 = y4 + (a2 ¡ 2b)y2 + b2;

89



is the minimum value of g(x) = x2 + (a2 ¡ 2b)x + b2 for x ¸ 0. If a2 ¡ 2b ¸ 0,
then this minimum is g(0) = b2, while if a2 ¡ 2b < 0, it is g((2b¡ a2)=2) =
(4ba2 ¡ a4)=4. Our hypothesisthat there is a root with < (¸ ) ¸ 0 and (11.2)
leads to b · jcj in casea2 ¡ 2b ¸ 0 and to (a=2)

p
(4b¡ a2) · jcj in case

a2 ¡ 2b< 0.

It is interesting to comparethe result above with Proposition 11.1 for

¸ ¡ ® = ¯ e¡ r ¸

whosestabilit y regionis completelydescribedin Lemma6.2. Proposition 11.1
assertsthat if ® < 0 and j®j < j¯ j then all roots satisfy < (¸ ) < 0 for evert
value of r ¸ 0. This regionof absolutestabilit y is substantially smaller than
the stabilit y region for r = 1 shown there.
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