PDEsin Mathematical Biology
& Numerical Methods to Solve Them

Carl Gardner
Arizona State University
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PDEs in Math Biology

v

Wave equationhyperbolic PDE)
Diffusion or heat equatiorpérabolic PDE)
Laplace’s & Poisson’s equationdlfptic PDES)

v

v

» for electrostatic potential

v

Cable equationparabolic diffusion PDE with source term)
» models electrical impulses along axons & dendrites
Advection-diffusion equationparabolic PDE)

» models fluid transport of ions (coupled to Poisson’s equatio
» or of bacteria & nutrients, etc.

v



Derivatives & Notation

Second-order accurate central difference approx. to firstaten

af\ fiya—fia
dx/,©  2Ax

Second-order accurate central difference approx. to secoivaiiler

ﬁ Ul =2+ i
a2 ) Ax2

First-order accurate one-sided difference approx. to first derva

daf\ _ fia—f or fi —fi_1
dx/; = Ax AX

Approximate solution

u' &~ u(x;, tn)



Taylor Series

To verify formulas, use Taylor series

AX? Ax3

fizg =04 £ AX) = fi £ AxF/ + T F + Zf" 4 -+
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First-Order Wave (Advection) Equation

Solution is
u(x,t) = up(x — ct)

Numerical methodupwind

AL
At AX
At
n+1 __ n n
U U —C— (U —U_
! ax (U~ ua)

First-order accurate & stable fdxt < % (CFL condition)



Wave Equation
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Diffusion Equation

ou H%u

— =D—, uXx,t=0) =up(x), ux=-1L1t) =0=u(x=1,t

5 =D Uk t=0)=uo(x), u( ) (x=11
Numerical methodbackward Euler

uinJrl _ uin B Duinj_rll 2un+1 + un+1
At AX?
At
Uttt =P+ DLz (u,”jll 0Pt 4 u”“)
A-stable & first-order accurate
In matrix form withu = [Up, U3, ..., UN]' & Up = 0 = Uny 1,
DAt
un — U + FA ﬂ+l
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Diffusion Equation
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where (forN = 10)
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Diffusion Equation
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Poisson’s Equation & Laplace’s Equation
Poisson equation

d%u 4

Viu= 22 T = —p(X.Y)
Laplace equation
0’u 9%
2 = — —_—
Veu = e + ay2 0

Numerical methodsecond-order accurate central differences &
Gauss-Seidel iteration

Dirichlet BCs on unit square with = 0 on three sides &
ux=1y =1

Define residual (sehx = Ay = h)

fij = (Uis1j + Ui—1j + Uijr1 + Uij—1 — 4u5) /h* — 0
Jacobi iteration

h2

k+1 Kk k k k
= 2 (ol ol ) = o+ T



Laplace’s Equation
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