Numerical Methods for ODEs & PDEs
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Equivalence Theorem (Lax-Richtmyer)

For consistent numerical approximationstability & convergence
(llu(tn) — un|| — 0) are equivalent.

Consistency
Upy1—Un  du  Atd2u
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A-Stability & L-Stability
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Derivatives & Notation

Second-order accurate central difference approx. to firstatend

df ~ firs —fig
dx /, 2Ax

Second-order accurate central difference approx. to secoiveiiler

ﬁ Ul —2fi+fia
) AX2

First-order accurate one-sided difference approx. to first derva

@N Un+1 — Un
dt = At



Taylor Series

To verify formulas, use Taylor series

AX? Ax3

fig =04 £ AX) = fi £ AxF/ + T f + Zf" 4 -+
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ODE (IVP) Methods on One Page!

Fordu/dt = f(u): du/dt =~ (U1 — Up) /At =f(u)

Unt+1 = Up + At f(u,) (Forward Euley
FE is explicit, stable ifAt is small, & first-order accurate.

Un+1 = Un+ Atf(uny1) (Backward Euley

BE is implicit, A-stable & L-stable, & first-order accurate.

i =t + 5 (F(t) +f(ns) (TR

TR is implicit, A-stable but not L-stable, & second-order accurate.



Plus One More Page: 4th Order Runge-Kutta

Fordu/dt = f(u), RK4:

At
Uni1 = Un + — (Ky + 2K3 + 2K3 + Ky)

1
K]_ - éf(U[‘])
1
KZ éf(Un + At Kl)
1
Kz = Ef(un + At Ky)
1
Ka = 5f(Un + 24t Kg)

RK4 is explicit & conditionally stable.



First-Order Wave (Advection) Equation

Solution is
u(x,t) = up(x — ct)

Numerical methodupwind

AL
At AX
At
n+1 __ n n
U U —C— (U —U_
! ax (U~ ua)

First-order accurate & stable fdxt < % (CFL condition)



Wave Equation
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Diffusion Equation

ou H%u

— =D—, uXx,t=0) =up(x), ux=-1Lt)=0=u(x=1,t
5 = Daar Uk t=0)=uo(x), u( ) (x=11
Numerical methodbackward Euler

uinJrl _ uin B Duinj_rll 2un+1 + un+1
At AX?
At
Uttt =P+ DLz (u,”jll 0Pt 4 u”“)
L-stable & first-order accurate
In matrix form withu = [Up, U3, ..., UN]' & Up = 0 = Uny1,
DAt
un — U + FA ﬂ+l

DAt \ ni1  n



Diffusion Equation

DAt \\ 111
A2 A) uttt ="
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where (forN = 10)
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Diffusion Equation
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Poisson’s Equation & Laplace’s Equation
Poisson equation

0’u  0%u
2 = —_— —_—
Veu = e + ay2 p(X,Y)
Laplace equation
0%u 9%
2 —_ — —_—
Ve = e + Y2 0

Numerical methodsecond-order accurate central differences &
Gauss-Seidel iteration
Define residual (sefi\x = Ay = h)

Fij = (Uisgj + Uiogj + Uijea + Uij—1 — 4uj) /h* = 0

Jacobi iteration
h2

k+1 K k k k
o = 2 (ol ol ) = off o

k)



Laplace’s Equation
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