ODEs & PDEsin Mathematical Biology
& Numerical Methods to Solve Them

Carl Gardner
Arizona State University
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PDEs in Math Biology

v

Wave equationhiyperbolic PDE)
Diffusion or heat equatiorpérabolic PDE)
Laplace’s & Poisson’s equationdlfptic PDES)

v

v

» for electrostatic potential

v

Cable equationgarabolic diffusion PDE with source terms)

» models electrical impulses along axons & dendrites
» active cableis coupled to ODEs describing channel activation

Advection-diffusion equationparabolic PDE)

» models fluid transport of ions (coupled to Poisson’s equatio
» or of bacteria & nutrients, etc.

v



Derivatives & Notation

Second-order accurate central difference approx. to firstatend

df ~ firn —fig
dx /, 2Ax

Second-order accurate central difference approx. to secoiveiiler

ﬁ U fipa —2fi+fia
) AX2

First-order accurate one-sided difference approx. to first derva

@N Un+1 — Un
dt = At



Taylor Series

To verify formulas, use Taylor series

AX? Ax3

fizg =04 £ AX) = fi £ AxF/ + T F + Zf" 4 -+
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ODE (IVP) Methods on One Page!

Fordu/dt = f(u): du/dt =~ (U1 — Up) /At =f(u)

Unt+1 = Up + At f(u,) (Forward Euley
FE is explicit, stable ifAt is small, & first-order accurate.

Un+1 = Un+ Atf(uny1) (Backward Euley

BE is implicit, A-stable & L-stable, & first-order accurate.

i =t + 5 (F(t) +(ns) (TR

TR is implicit, A-stable but not L-stable, & second-order accurate.



First-Order Wave (Advection) Equation

Solution is
u(x,t) = up(x — ct)

Numerical methodupwind

AL
At AX
At
n+1 __ n n
U U —C— (U —U_
! ax (U~ ua)

First-order accurate & stable fdxt < % (CFL condition)



Wave Equation
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Diffusion Equation

ou H%u

— =D—, uXx,t=0) =up(x), ux=-1L1t) =0=u(x=1,t
5 =D Uk t=0)=uo(x), u( ) (x=11
Numerical methodbackward Euler

uinJrl _ uin B Duinj_rll 2un+1 + un+1
At AX?
At
Uttt =P+ DLz (u,”jll 0Pt 4 u”“)
L-stable & first-order accurate
In matrix form withu = [Up, U3, ..., UN]' & Up = 0 = Uny 1,
DAt
un — U + FA ﬂ+l

DAt \ ni1  n



Diffusion Equation

DAt \\ 111
A2 A) uttt ="

<|_

where (forN = 10)
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Diffusion Equation
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Poisson’s Equation & Laplace’s Equation
Poisson equation

0’u  0%u
2 = —_— —_—
Veu = e + ay2 p(X,Y)
Laplace equation
0%u 9%
2 —_ — —_—
Ve = e + Y2 0

Numerical methodsecond-order accurate central differences &
Gauss-Seidel iteration
Define residual (sefi\x = Ay = h)

Fij = (Uisgj + Uiogj + Uijea + U1 — 4uj) /h* — 0

Jacobi iteration
h2

k+1 K k k k
o = 2 (ol ol ) = off o

k)



Laplace’s Equation
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Reaction-Diffusion Modeling and the Retina

Steve Baer, Shaojie Chang, Sharon Crook,
Carl Gardner, & Chris Ringhofer
Arizona State University
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Choroid

Sclera

Ciliary body

Fig. 1.1. A drawing of a section through the human eye
with a schematic enlargement of the retina.

http://webvision.med.utah.edu/



|. TRBDF2 Numerical Method

Wty y=2-v2

dt
At At
umr 77nfn+7 —u" 4+ VTnf” (TR)
1—+ 1 (1—7)?
Uttt - = Al - gy 2= V" (BDF2
2—47 " Y(2=7) 7(2=7) ( )

Use Newton’s method if(u) is nonlinear




Advantages of TRBDF2

» One-step (composite) method
» Second-order accurate & L-stable
» Easy to adjust\t dynamically
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I1. Continuum Model for a 2D Horizontal Cell Sheet

oV,
Tma—tc = — (Ve — Vie) — (Ve — Var) GolRm + lappRm

oV 0%V, 0%V, Un — V
“_v( d h>—(Vh—VLh)+ﬁRS( V) R

Ox2 0y? Rss

U Uy -V
O = —(Un— Vi) — R U

88 _ i (u, - BIS/IS)

2 ot nin10
0[Cal A [1+tanh(a(Ve — aUp + 20))
Th T2 ( KocalS + 1 ) -l
7'5M = k4[Ca] — k5[GL](ENa — Uh)
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1-2. Introduction: the Background-induced Flicker Enhancement (BIFE) Effect

o . . .

1. Flickerwith 2. Flickerwith dim 3. Flicker with
no background steady background no background

» The red small-spot flicker is cone-selective, while
the dim blue steady background is rod-selective.

'} /‘M\ » The increase in the

top view . J,I { Mw(w‘w‘w( amplitude of flicker

Wil response observed during
it
Ielx( Ialpp :> L WW ‘ l WM‘M\I{

the background illumination
is the enhancement effect.
W 900 s » Additional characteristics:
Rod Cone sag, post-inhibitory rebound
side view I (PIR), and phase advance.

(Modified from: R. Pflug, 1990)
HC

i > Percent Enhancement E is defined as: £ = 100[(Fyga/Fgari)-11




Vh(0,0,t), mV
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2D model,

16 Hz, percent enhancement E = 92.1%
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