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Motivation

Factorization phenomenon
g ⊂ g̃ Lie algebras.

V ↓eg
g
∼= V1 ⊗ V2 ⊗ . . .

g̃ = An affine Lie algebra
g = underlying finite dimensional Lie algebra
G. Fourier and P. Littelmann(2005)

V (µ + cΛ0) ↓eg
g

∼= V (µ)⊗ U ⊗ U ⊗ . . .

where U = “a Demazure Module”

I Proof based on Characters

I Spin Construction
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Factorization Results
Factorization Formula I

g ⊂ g̃, Symmetrizable Kac Moody algebras.
ρ = Sum of all fundamentals weights of g.
ρ̃ = Sum of all fundamentals weights of g̃.

V (ρ̃) ↓eg
g

∼= V (ρ)⊗W .

where W is defined using notion of Spin0 as follows:

{Orthogonal g-representations} Spin0−→ {g-representations}

Spin0(V1 ⊕ V2) ∼= Spin0(V1) ⊗ Spin0(V2)

g̃
Spin0−→ V (ρ̃)

Res ↓ ↓ Res

g⊕ (g⊥)

2r

Spin0−→ V (ρ) ⊗

2r

Spin0(g
⊥)

Thus, W = 2r Spin0(g
⊥)
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Factorization Results
Factorization formula II

g ⊂ g̃, Symmetrizable Kac-Moody algebras
µ̃ = any dominant weight of g̃.
If

V (µ̃) ↓eg
g

∼=
k⊕

i=1

V (µi )

Then,

V (2µ̃ + ρ̃) ↓eg
g
∼=

(

k⊕
i=1

V (

2µi + ρ

)

)
⊗ W
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i=1

V (

2µi + ρ

)

)
⊗ W
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Combinatorial consequences of Factorization Formulae
Consequence 1: Principal Specialization

g̃ = slnC.
g = The “Prinicipal sl2C” := CX ⊕ CY ⊕ CH.

X 7→


0 1

0 2
· ·
· ·

0 n-1

0



Y 7→


0

n-1 0
n-2 0

· ·
· ·

1 0


H 7→ diag[n-1 , n-3 , . . . , -(n-3) , -(n-1)].
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Combinatorial consequences of Factorization Formulae
Consequence 1 :Principal specialization(contd.)

Sλ(x1, . . . , xn) = Schur polynomial for highest weight λ.

Sλ(1, q, q2, . . . , qn−1) ,

is called the “Principal specialization” of a Schur polynomial.
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Combinatorial consequences of Factorization Formulae
Consequence 1 :Principal specialization(contd.)

S2µ+ρ(1, q, q2, · · · , qn−1)

=
(

q(n
3)(1+q)Sµ(1, q2, q4, . . . , q2n−2 )

)
· ( w1(q) · w2(q) · · ·wn−2(q) ) ,

where wk(q) = (1+q)(1+q2) · · · (1+qk+1) .

The non-trivial fact is that all (n − 1) factors on the right-hand
side of the formula are symmetric unimodal q-polynomials.

This is a kind of a multiplicative analog of a result of Reiner and
Stanton which states that for certain pairs λ, µ, the centered
difference Sλ(1, . . . , qn−1)− qNSµ(1, . . . , qn−1) is symmetric
unimodal.
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Combinatorial consequences of Factorization Formulae
Consequence 2 : Folding of Dynkin diagrams

g̃ = sl2n+1C = A2n :
1• 2• · · ·n−1• n• n+1• n+2• · · ·2n−1• 2n•

g = s02n+1C = Bn :
1• 2• · · ·n−1•=⇒n•

V (ρ̃)↓eg
g
∼= V (ρ)⊗ V (ρ+2ρs) ,

where ρs is the half-sum of the positive short roots of g.

In general, for an embedding corresponding to any graph
automorphism of a Dynkin diagram of order a:

V (ρ̃)↓eg
g
∼= V (ρ) ⊗ [ V (e(ρ+ρs)+ρs) ⊕ (a−2)V (0) ]⊗ a−1 ,

e = the number of edges
i•

j
• in D̃ such that the graph

automorphism exchanges i and j .
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Spin0 construction

Let V = V + ⊕ V− a decomposition into maximal isotropic spaces.
Q = nondegenerate symmetric bilinear form on V .

C (V ,Q) = Clifford algebra, is the associative algebra with 1,
generated by V with commuting relations uv + vu = 2Q(u, v).

Dim(V ) < ∞

g −→ so(V ) −→ C (V ,Q) −→ End(

∧• V +

)

General case

g −→ so(V )
↘ ↑

ŝo(V ) −→ End(∧•V +)

ŝo(V ) ⊂ C (V ,Q) is the central extension of so(V ) by C1.

Spin(V ) ∼= (

Spin0(V )

)
L

n.

n depends on the dimension of the zero weight space of V .
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ŝo(V ) ⊂ C (V ,Q) is the central extension of so(V ) by C1.

Spin(V ) ∼= (

Spin0(V )

)
L

n.

n depends on the dimension of the zero weight space of V .

Rajeev Walia Tensor Factorization and Spin construction for Kac-Moody algebras



Spin0 construction

Let V = V + ⊕ V− a decomposition into maximal isotropic spaces.
Q = nondegenerate symmetric bilinear form on V .

C (V ,Q) = Clifford algebra, is the associative algebra with 1,
generated by V with commuting relations uv + vu = 2Q(u, v).

Dim(V ) < ∞

g −→ so(V ) −→ C (V ,Q) −→ End(

∧• V +

)

General case

g −→ so(V )
↘ ↑
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ŝo(V ) −→ End(∧•V +)

ŝo(V ) ⊂ C (V ,Q) is the central extension of so(V ) by C1.

Spin(V ) ∼= (

Spin0(V )

)
L

n.

n depends on the dimension of the zero weight space of V .

Rajeev Walia Tensor Factorization and Spin construction for Kac-Moody algebras



Spin0 construction

Let V = V + ⊕ V− a decomposition into maximal isotropic spaces.
Q = nondegenerate symmetric bilinear form on V .

C (V ,Q) = Clifford algebra, is the associative algebra with 1,
generated by V with commuting relations uv + vu = 2Q(u, v).

Dim(V ) < ∞

g −→

so(V ) −→ C (V ,Q)

−→ End(

∧• V +

)

General case

g −→ so(V )
↘ ↑
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ŝo(V ) ⊂ C (V ,Q) is the central extension of so(V ) by C1.

Spin(V ) ∼= (

Spin0(V )

)
L

n.

n depends on the dimension of the zero weight space of V .

Rajeev Walia Tensor Factorization and Spin construction for Kac-Moody algebras



Spin0 construction

Let V = V + ⊕ V− a decomposition into maximal isotropic spaces.
Q = nondegenerate symmetric bilinear form on V .

C (V ,Q) = Clifford algebra,

is the associative algebra with 1,
generated by V with commuting relations uv + vu = 2Q(u, v).

Dim(V ) < ∞

g −→

so(V ) −→ C (V ,Q)

−→ End(

∧• V +

)

General case

g −→ so(V )
↘ ↑
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ŝo(V ) −→ End(∧•V +)
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ŝo(V ) ⊂ C (V ,Q) is the central extension of so(V ) by C1.

Spin(V ) ∼= (

Spin0(V )

)
L

n.

n depends on the dimension of the zero weight space of V .

Rajeev Walia Tensor Factorization and Spin construction for Kac-Moody algebras



Spin0 construction

Let V = V + ⊕ V− a decomposition into maximal isotropic spaces.
Q = nondegenerate symmetric bilinear form on V .

C (V ,Q) = Clifford algebra, is the associative algebra with 1,
generated by V with commuting relations uv + vu = 2Q(u, v).

Dim(V ) < ∞

g −→ so(V ) −→ C (V ,Q) −→ End( ∧• V +)

General case

g −→ so(V )

↘

↑
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Properties of Spin

Let g be a symmetrizable Kac-Moody algebra.

We say, a g-representation V is
d-finite if for some d ∈ h, the eigen spaces of V are finite
dimensional.

root finite if it has finitely many weights outside the root cone.

IO = the category of all integrable level-zero representations
which are d-finite, root-finite and orthogonal.

Facts:

I If V ∈ IO , then Spin(V ) is an integrable representation in
Bernstein-Gelfand-Gelfand category O.

I Spin is a functor from the category IO to the category of
integrable representations in O.
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Character formula for Spin

Let V be an integrable, d-finite and orthogonal g-representation.

Char V =
∑

β∈S+

mβ(eβ + e−β) + m0 .

Then,
Char Spin0(V ) = eΛ

∏
β∈S+

(1 + e−β)mβ ,

where

Λ =
1

2

∑
β∈S+

mββ

if V is finite dimensional.
In general,

Λ =
n∑

i=1

ciΛi

where the coefficient ci ≥ 0 is defined as follows:
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Character formula for Spin (contd.)

Let a := αi (d) and for (j , k) ∈ Z× Z, let

bj ,k :=
∑

β(α∨i )=j

β(d)=k

mβ .

Then we have:

ci :=
∑
j , k

0<k<aj

1
2 (bj ,k − bj+2,k+a)

(
j −
⌊

k
a

⌋) (
1 +

⌊
k
a

⌋)
.
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Affine Lie algebras

g ⊂ g̃, where

I g = Finite dimensional semi-simple Lie algebra.

I g̃ = an untwisted affine Lie algebra of g.

IO
Spin0−→ O

V 7−→ Spin0(V )
level-zero positive-level

Let V be a finite dimensional orthogonal g-representation.

V̂ := V ⊗ C[t, t−1]

a g̃-representation called the affinization of V .
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Affine Lie algebras
Character of Spin0(V̂ ) for affinized representation V̂ :

For V̂ , the affinization of an orthogonal g-representation V ,

Char(V ) =
∑

β∈S+

mβ(eβ + e−β) + m0.

Char Spin0(V̂ ) = Char Spin0(V ) ecΛ0

∏
k>0

β∈S∪{0}

(1 + e−β−kδ)mβ

The level of Spin0(V̂ ) is c = 1
2

∑
β∈S+ mβ β(θ∨)2 ,

where θ∨ is the coroot of the highest root of g.
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Affine Lie algebras
Refinement of earlier Tensor factorization results for Affinized representations

(1) V (ρ̂)↓ĝ
g
∼= V (ρ)⊗ (U ⊗ U ⊗ U ⊗ · · · ) ,

where U := 2n V (ρ)⊗ V (ρ) n = rank(g)

(2) V (2µ̂+ρ̂)↓ĝ
g
∼= V (2µ+ρ)⊗ (U ⊗ U ⊗ U ⊗ · · · ) ,

where U := 2m0+n V (2µ+ρ)⊗ V (2µ+ρ)
if Spin0(V ) ∼= V (µ) and Spin0(V̂ ) ∼= V (µ̂)
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Future Goals

I Reconstruct the structure of g̃-representation on tensor
product.

I Apply Spin on Kirilov Reshetikhin modules.

I Explore full category IO versus IA.

I Extend Spin0 to “virtual representations”.
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