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Cutline

I Maps in orientable and non-orieniable surfaces
e Basic facts about embeddings, and exampies
e An algebraic encoding of maps

il The map serfes'and two examples
e Jack symmetric functions and an integral representation
e Two models from mathematical physics
e Aspects of the moduli spaces of algebraic curves

i snace of smooth curves

e Fabers Top Intersection Number Conjecture

« An approach for all genera through localisation and algebraic
- combinatorics
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Maps in orientable and non-orientable
surfaces
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Two maps are said to
be equlvaizntif one
can be obtained from
the other by smooth
deformations of the

surface

The cyciic o
edges around
vertex is invariant
under smootn defor-
mations of the sur-
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around each vary
consistently defmed

(4 6~ 5—)

olety=(5t3F) (1737) - (172747} (2767)- (476757 € B, the

vertex permutation for the map
elete=(1717) - (61 67) € &1, the edge permutation of the map

Theorem (Embedding). The vertex permutation v uniquely defines a
map. The faces of the map correspond fo the cycles of the face

permutation e
13




Demonstration of the use of the Embedding Theorem

: of degree 3
(17375747): 1 ofdegreed
F - of degree 5
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3 vertices of degree 2
z vertices of degree 3

slety=(5T3%)-(1737)-(172747)-(276T) . (4767 57) € Gya, the
-veriex permutation for the map: cycle-type [2° 3%) = 12. This is also the
rtex-tyos of the map.

e Theng =we=(1173"5T4T) . (2v4767). (27675737 17) e By, is
the face permutation of the map: cycle-type 345/ H 12



Part Il
The map series and two applications



Definftion. The grize is the formeal sum
MQUu,t,y,2) = Y uSg#e(my#r (M #et0 € Chy ey [[2]]
IE&EW“’OA

where
e 9NQ is the set of all maps in crientable surfaces with face degrees in

he sef A

o

rtices of the map m etc.; g(m) is the ganus

(i) [s the number of ver
'E-g\_‘!"j !U ergm-wiéi\}é}l HET R U Y

=

7
HE)

fm

!

£

’ VY ig the number of

e The coefiicient {ugmﬁfyjz]"]lt of ufzliy’ 2% in MK
o ;; edges

¢ genus g, e ivertices, e jfaces,

maps in INY with

.
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Theorem. Let 714 be the set of all partitions with parts in A, and !et C, be
the conjugacy class of Sap indexed by o = 2n.

1 yuTt uz/2)

M9 (u? 3l,“,,z)“—- S1% =

where
: z" i z )
RG(z,y,2) = — Z Coe NCyl )y (@
n>0 o gk2n,
D&l 4
« Embadding Theorem - vertex partition v
e Ramove :::f*:::ﬂa“ on - labelling and orienting of edges

s Retain o-niy connected maps - this device was known 10 Hurwitz

- #o(m) = Fe(m) + Fp(m) = 2 - 2g(m)
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¢ CG,, denotes the group algebra of &,, over C

e Forot 2n,let |
Ky = Z s
TECy

e The centre Zee,. of C&,, is spanned by K, for a - 2n,

e Lety ¢ 2n. Then

Coe Nyl =
L D lC[zn}

Zes,, has a basis consisting of orthogonal idempotents
The orthogonal idempotents are linear combinations of the K, with
t are evaluations of characters x? of irreducible

2

scalars tha

representations of Sap,.

We use the orthogonal idempotents to determine [Ky] K, Kjny and
thence the combinatorial number |,z N C,|



theorem. The map series o

; 0
MG (W2 ey, 2) = 2u zg—logRA( zu b yuTt uz/2)

where

x? is the evaluation of the character v on the conjugacy class Cg

) . 9 _
e Ho(z) = ﬂ1<@<z(w(3/“”"”“ Jwhere § = (8;,62,...), &

(w)(’”-):x(x+l)-~(x+kz—1)

T3 . ic the set of all partitions with parts in .
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Corollary. Let MY be the map series for quadrangulations in orientable
surfaces. Let A be the map series of ali maps in orientable surfaces.
Then
1 . |
O} e . 2 % 4 )
M (W z,y,2) = 5(1*—»-; V4?2 + u, 2, y2%) + MO (4u®, z — u, z,yz%))

e The proof is character theoretic
¢ No constructive proof is known

s A similar result holds for irianguiations

¢ Two brief comments connected with siring theory
e MY and A7Y are partition functions associated with guanium

3
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¢ [he fcrmer invo
account of the interaction of gluons

\J\.-«L.ak kL\JﬁH '!i

lves quark-antiguark pairs as time evelves, faking

s and 2-¢d guantum gravity, before the scaling limitis
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1.3 - Extension to hypermaps in all surfaces

The algebraic theory is more symmetrical for hypermaps

A hypermap with:

e Vertex-type: [222°6]

e Hyperadge-type: [3° 42] 17
¢ Face-aype. 33 42] - 17

2 l

« Vertex-type [2245 6] - 34 is encoded algebraically as z1zjx;

é

Hyparedos-tyoe [384%) - 17 is encoded as z37;

3

@
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e Face-type [3%4%] - 17 is encoded as 3y}

¢ The corresponding group is the Double Coset Algebra
Fon \Bun Hon of the hyperoctahedral group oy



e pp=af+zk+- - andp,, ) =paps - (pOwer SUms)

e Jack symmetric functions .7, (x. o} are orthogonal with respect o

1T
<]9m}%‘>a = lc—rﬁz(a)%,ﬁ
(873

Theorem. LetVU = ¥(p(x).p(y).plz); b) where
%) ik |
U= (1+ b)tg log Z m—-——Jg(X; 14+8)Ja(y; 1 +b)Jo(z; 1 +b)
P He 6 li1+6 -
Then
HOx,y,z) = U(x,y,z;0), hypsrmap series for orientable surtaces,
H{x,y,z) = U(x,y,zl), hypermapseries for zil surfaces.

Co mactare Then ¥(x,y,z, b) is the hypermap series where b marks
an invariant of hypermap

22



Let A= (A1,..., w) andaisan indeterminate. Let
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Theorem. Recall that b marks a conjectural invariant of maps. Then

b
< (1+4b) > o1 ';?zk;/gmkpk()\)>l+

N

2
M(1,x,N,z;b) = |Lz-§%log
~~ Z

[ b “VTﬂ [Z }

(@H

=

Lo

M(1,%,y,2:b) € Qlx,y,b] [[2] is got by replacing N by y to mark ‘aces




[L.4 - Example from the moduli space of curves

¢ Use Sirebel quadratic derivative 1o obtain a cell decompoesition of the

moduli space of curves

- e This gives its virtual Euler characteristic as a weighted sum of
monopoles (maps with 1 vertex)

e The integration is carried out by the Sel'berg integration theorems

Conjecture. The conjectural map invariant marked by ¢ has a geometric
interpretation on the moduli space of curves
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- Part il
Faber's Top Intersection Number
Conjecture
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.7 - The conjecture

« Let A4t be the compactification of the moduii space of genus g smooth

i,f 7
curves (curves with "rational tails”} with » marked points
e The intersection number for Mft is denoted by’

' t xex " rt
<Ta-‘l T Ta"ﬁ. )\A°>g - < g’l o '?L Ak)g

wherea1+ vy — k=g —2
and i is a k-dimensicnha A

e Top intersection numbers correspond to £ = 0

Conjecture (Faber). Letg > 3, a1,...,an > 1, a1+ +an=9g+n-—2.

Then
/ RS A (g— n)?(‘)ng)

:LEZOL%—L

Shea T T i
e

u.'g

where kM =1.3.5-..k fork odd
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Approach |
ber's Top intersection

¢ Getzler and Pandharipande proved that Fabet
is a consequence of the Virasoro Conjecture

1~

Number Conjecture

for P2
s Givental has outlined a proof of the Virasoro Conjecture for P™
e Thus a proof of Faber's Top intersection Number Coniecture seems
to be almost complete for (ail ¢ and all »)
;nré'v‘erﬂ'
i

inGhH

¢ The proof is lengthy, dense and

Approach I
e We (CGoulden, DMRJ and Vakil) propose an aliernative approach that

we belisve 1o be more direct

?.

g
il

s The proof holds for zii ¢ (gensra)
¢ The approach is through locafisation thecry from the work of Atiyah

and Bott

i

-
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HE.2 - Outline of the proposed proof
e We use localisation theory 1o express the Conjeciurs in terms of
localisation traes, a tree weighted by Hurwitz Numbers, and the top
potential |

e A Hurwitz Number counts ramified covers of the sphere by a curve of

genus g with prescribed ramification over co (and 0 in the case of the
Double Hurwitz Number) and all other branch points elementary
¢ A ramified cover can be encoded as a transitive craered factorisztion

of a permutation into transpositions
e The fop potential

yrt ]
Plla) = Z (Tay TCLn)g ayt o
Gl eeeyGn 20,
n—dg18a1 4+ Fan<g+n—2
satisfies a topological recursion
¢ We re-express Faber’s Top Intersection Number Conjecture interms of a
formal differential system with underlying Lagrangian structures
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Edge weighis: integers > 0
e eg : on Oco-edges
: 0N ool-edges
Partitions
e ' = (e1.¢62,¢4.¢5) IC
e v; = (ci.....cl") efe
s 0V = (61 €6) etc
| =

¢ Balance: || =

i

. 0 6 . Vertex weights:
H5e 8 . % e Hj . Hurwitz Number,
724 ~3 o ramification Fat 0 & ~ at o

e ; e HJ Hurwitz Number;

Faus a5 @

ramification §% af co

70 56/T ? e PI(5Y%): Top potential at

g-vertex

f Uoc-edges col-edges
v v . v
O-variices ~SCO-VETTICES L -eriines



A ramified covers of the sphere

e X: d-sheeted source curve
e F1,.... P :simple branch
points

e 7;, m, o Sheet transitions
A e [r,. .., 7. T acts tran-
sitively on sheet labels
{1,....d} so X is con-
nected

¢ 7T = ¢ path from
pase point is contractible

¢ g. genus of X

b
!
Wb owop -

Ah ; ; .- . e

Pt i L Y . o) A
] ¥ ¢ TITETAE
: . : PR

A
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e {1 the example: Ignore objects in dotted box
e ¢ = 5 sheets; r = 5 simple branch points
& 71 = {172%7'2 = (275);7'3 = (134)77-4 = (3v5)5”-5 = {45)
e m=(1,3,4)(2,5)
e oc: ramification type |3, 2|



Theorem. The genus 0 Double Hurwitz Series 17" defined by
' r:U :

Ho(zu:p.g) = PagezPlutP)

2 i l |Aut g

o gep Tas HA moz

satisf'es the Join-Cut Equation

TO 85 U . iy OHVOHY {4+ oHY
sz ’ —2FY = Z p’H—j _ a Pipy
3p@ “au Op; Op; 2 Op

i1 1,721 it

Definition. The weighted pofenfia/ e !.'s

__{ T 7777” 5.’ {7 |(”-I]
g . . —_—
W(z,up) = > > ’731";' mm |5 oy i'iez N R

n>1 tE’_T mgéo 7 7 'PO'

™
-y
o

3r qu,f UZ(J )— 17 |

o . P e Y remy o Ko e Flom o o e e g o oy
where ine sum is over ail genus g localisation trees

e The terms on the RHS correspondto: e g-veriex. & oo-vertices,
e non-root (vertices, e g-vertex, e (Joo-edges
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iL4 - The top intersection numbers (r, -7, )*

ki

Theorem. e Let £ (z,u;p) = 354 L fi(z,u;p) where f; is given by

( 2 (.0 o :
fj = U kjg_"H (Z/u:p7Q) 2] ..>.. 1;
J 9 : lgi=g4,i>1
9 _o ,
g9;i = (—9—"5 (1,1;e1;q) j=>1
9 Gi=Ji,121

“

cor ATRTTT glay) .
i”er‘w kZ U, p) Z_(n>1 n! Eal, eyt 20 <TCL1 'an>g HJ:I“{ ! (Zﬁu?p)

e Lef E—?“ff be the solution of the partial differential equation

v ?,p i & * IF
A“{JH = Z (p?"f—j' (p? Ho\p_j 23 z_l_j) j+2 gplp ﬁo

7;:.7'21 ?;Zl
where A= 22 —1+ 501D pi5o- and pi = k8/8py, (adjoint action)

Then
cg7(zip) = [T (2(1 ~ )7 —ww(l - w) 7' p)




L5 - Reduction to a polynomial identity

e« For a specific number of parts, this theorem reduces the proof of Fabers

;ﬁr\mﬁ'm?_n

Top intersection Number Conjecture to checking that two nolynomials are

inenica]

¢ The pro-of
e S ditc
e holds for all genera g
e holdsforn = 1,2, 3 at the moment
¢ Comments
¢ We know the Double Hurwitz Numbers H! . for all o with I{a) < 5
and for all 5 |
e We believe that we uno‘e
H° to avoid determining H., ; explicitly.
¢ This part of the work is in progress
End

stand how 1o use the Join-Cut Eguation for

j o]
(v



