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An RKHS Framework for Functional Data Analysis

H-valued random variables

{Ω,A,P} a probability space

H – a real, separable Hilbert space with inner product 〈·, ·〉H
and norm || · ||H
B – the σ-field generated by the class of all open subsets of H
X : Ω→ H is called an H-valued random variable if X is
B-measurable

In particular {U(f ) : f ∈ H} with

U(f ) = 〈f ,X 〉H

is a real valued, Hilbert space indexed, stochastic process
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H-valued random variables

PX – probability measure X induces on H
assume

∫
H ‖f ‖

2dPX (f ) <∞
assume E[U(f )] = 0 for all f ∈ H

Then, the covariance operator for X is the unique linear operator
SX : H → H that satisfies

E[U(f )U(g)] :=

∫
H
〈h, f 〉H〈h, g〉HdPX (h) = 〈f ,SX g〉H

for all f , g ∈ H. SX is compact with representation

SX =
∞∑
j=1

λjφj ⊗H φj ,

λ1 ≥ λ2 ≥ · · · ≥ 0 – eigenvalues

{φj}∞j=1 – eigenfunctions

(g ⊗H f )h = 〈g , h〉Hf
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H-valued random variables

Create the pre-Hilbert spacea : a =
n∑

j=1

fjU(φj), fj ∈ R, n ∈ Z+


equipped with the inner product

〈a1, a2〉L2
U

= E[a1a2]

The completion of this space, L2
U , can be viewed as the set of all

linear combinations of the members of {U(φj) : j ∈ Z+}.

The covariance kernel for U(·) is

Cov(U(f1),U(f2)) = 〈f1, SX f2〉H := KU(f1, f2)

for f1, f2 ∈ H.
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H-valued random variables

There is a unique reproducing kernel Hilbert space (RKHS)
associated with KU that (Parzen 1970) can be characterize as

H(KU) =

` : `(g) =
∞∑
j=1

λj fj〈g , φj〉H,
∞∑
j=1

λj f
2
j <∞

 .

There is a 1-1, norm-preserving, linear (congruence) map ΨU that
maps H(KU) onto L2

U (e.g., Loève 1948 and Parzen 1961a). The
Karhunen–Loève expansion and Theorem 4D of Parzen (1961a)
give

ΨU(`) =
∞∑
j=1

fjU(φj) =
∞∑
j=1

fj〈X , φj〉H.
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H-valued random variables

Theorem

L2
U consists of random variables that are linear combination of the

U(φi ) with coefficients that satisfy
∑∞

j=1 λj f
2
j <∞.

Corollary

Not all random variables in L2
U can be expressed as 〈X , f 〉H for

some f ∈ H.
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The FDA Case

H = L2(T ), where T is an interval subset of the line,

〈f1, f2〉L2(T ) =

∫
T

f1(t)f2(t)dν(t)

and ||f1||2L2(T ) = 〈f1, f1〉L2(T )

H-valued random variable now correspond to the stochastic
process {X (t) : t ∈ T} with covariance kernel

KX (s, t) = Cov(X (s),X (t)).

(SX f )(t) =
∫
T f (s)KX (t, s)dν(s)



An RKHS Framework for Functional Data Analysis

The FDA Case

To work with linear combinations of X (·) we begin with the spacea : a =
n∑

j=1

ajX (tj), tj ∈ T , aj ∈ R, n ∈ Z+


under the inner product 〈a1, a2〉L2

X
= E[a1a2]. The Hilbert space

spanned by X (·), L2
X , is the completion of this pre-Hilbert space. It

represents the (most?) natural extension of the finite dimensional
linear combinations of random variables from multivariate analysis.

The covariance kernel KX generates the RKHS H(KX )

H(KX ) =

f : f =
∞∑
j=1

λj fjφj ,
∞∑
j=1

λj f
2
j <∞


which is congruent to H(KU).
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The FDA Case

The congruence mapping between L2
X and H(KX ) is

ΨX (f ) =
∞∑
j=1

fj〈X , φj〉L2(T )

with
∑∞

j=1 λj f
2
j <∞.

Theorem

L2
U = L2

X

Corollary

When H = L2(T ) not all random variables in L2
U can be expressed

as
∫
T X (t)f (t)dν(t) for some f ∈ H.
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The FDA Case

H(KX ) and Im(SX )

Nashed and Wahba (1974) show that H(KX ) is the range of S
1/2
X

which is a subset of L2(T ). Although the range of S
1/2
X is not

closed in L2(T ) it becomes closed under the RKHS norm.

Finiteness of the H(KX ) norm is equivalent to Picard’s condition
which is necessary and sufficient for existence of a solution

S
1/2
X g = f . Among other things this allows us to write

〈f1, f2〉H(KX ) = 〈S−1/2
X f1,S

−1/2
X f2〉L2(T )

with no ambiguity as to the meaning of S
−1/2
X .
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Canonical Correlation

{X (t), t ∈ T}, {Y (s), s ∈ T} – zero mean stochastic
processes with covariance functions KX and KY and
cross-covariance function

KXY (t, s) = E[X (t)Y (s)], s, t ∈ T .

L2
X , L2

Y – the Hilbert spaces spanned by X and Y

H(KX ), H(KY ) – the RKHSs

ΨX and ΨY – the congruence mappings

The first canonical correlation ρ1 is

ρ2
1 = sup

ζ∈L2
X , η∈L2

Y
Var(ζ)=Var(η)=1

Cov2(ζ, η)

= sup
f ∈H(KX ), g∈H(KY )
‖f ‖2H(KX )

=‖g‖2H(KY )
=1

Cov2(ΨX (f ),ΨY (g))



An RKHS Framework for Functional Data Analysis

Canonical Correlation

But,
Cov(ΨX (f ),ΨY (g)) = 〈f ,Rg〉H(KX ),

where R : H(KY ) 7→ H(KX ) is defined by

(Rg)(t) = 〈KXY (t, ·), g(·)〉H(KY ), t ∈ T .

Since

〈Rg , f 〉H(KX ) = 〈S−1/2
X 〈(S−1/2

Y KXY )(?, ·), (S−1/2
Y g)(·)〉L2(T ), S

−1/2
X f (?)〉L2(T ),

R has a representation as S
−1/2
X SXY S

−1/2
Y with SXY the integral

operator corresponding to the cross-covariance kernel.
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Canonical Correlation

The operator R is Hilbert-Schmidt. As in the finite dimensional
case (Kshirsagar 1972) the canonical variables and correlations are
obtained from the singular value decomposition

R =
∞∑
j=1

ρjgj ⊗H(KY ) fj

where

gj , fj are the eigenfunctions of R∗R and RR∗

ρ2
1 ≥ ρ2

2 ≥ · · · ≥ 0 are the eigenvalues of R∗R and RR∗

The ρi are the canonical correlations while the canonical variables
are ΨX (fi ) and ΨY (gi ), i = 1, 2, . . .
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Canonical Correlation

Related approaches:

He, Müller and Wang (2003) – works under restrictions on the
singular values.

Dauxois and Pousse (1976) contend that they provide

a most general possible definition and formulation of the
notion of canonical correlation

Their approach, along with others from the “French school”
(e.g., Dauxois, Nkiet and Romain 2004), works only when

Im(S
1/2
X ), Im(S

1/2
Y ) are closed in L2(T ), which is basically

Hotelling’s original result. In general, the canonical variables
cannot be obtained from this approach (Cupidon, et al. 2007).
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Applications

Best Linear Prediction

Theorem

(Parzen 1963)The best linear predictor of Y (t) given
{X (s), s ∈ T} is Ŷ (t) = ΨX (KXY (·, t)).

Corollary

ΨX (KXY (·, t)) =
∑∞

j=1 ρjgj(t)ΨX (fj).
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Applications

Factor Analysis

Y (t) = X (t) + N(t), t ∈ T

Y ,X have covariance kernels KX ,KY

the noise process N has covariance kernel K

the signal X is uncorrelated with the noise

all processes are L2(T ) valued and have zero means

We find that KXY = KX ,KY = KX + K and the squared canonical
correlations and singular functions for the Y space are solutions to

〈K (t, ·), g(·)〉H(KY ) = (1− ρ2)g(t), t ∈ T

This is equivalent to a result of Rao (1955) that produces his
canonical correlation factor model.
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Applications

Discriminant Analysis/Manova

J populations

The Y process is {Y (j) : j = 1, . . ., J} with Y (j) an indicator
variable that is 1 when X derives from the jth population

E[X (·)| population j ] = µj(·), j = 1, . . . , J do not all coincide

Theorem

(Parzen 1961b) If E[X (·)] = µX (·) ∈ H(KX ) there exists a
one-to-one linear map ΨX mapping from H(KX ) onto L2

X that
satisfies

ΨX (KX (·, t)) = X (t), t ∈ T

E[ΨX (f )] = 〈f , µX 〉H(KX )

Cov(ΨX (f1),ΨX (f2)) = 〈f1, f2〉H(KX ).
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Applications

The operator R can be expressed as

(Rg)(t) =
J∑

j=1

g(j)µj(t)

with
∑J

j=1 g(j) = 0. Thus, all the mean functions coincide if and
only if the R singular values ρ1, . . . , ρJ−1 vanish. Testing the
functional ANOVA hypothesis that µ1(·) = · · · = µJ(·) is
equivalent to the hypothesis that all the canonical correlations are
zero. The canonical X and Y variables may be used for
classification purposes as detailed in Shin (2008).
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