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Abstract

Linear combinations of random variables play a crucial role in multivariate anal-
ysis. Two extension of this concept are considered for functional data and shown
to coincide using the Loeve-Parzen reproducing kernel Hilbert space representation
of a stochastic process. This theory is then used to provide an extension of the
multivariate concept of canonical correlation. A solution to the regression problem
of best linear unbiased prediction is obtained from this abstract canonical correla-
tion formulation. The classical identities of Lawley and Rao that lead to canonical
factor analysis are also generalized to the functional data setting. Finally, the re-
lationship between Fisher’s linear discriminant analysis and canonical correlation
analysis for random vectors is extended to include situations with function-valued
random elements. This allows for classification using the canonical Y scores and
related distance measures.
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1 Introduction

Functional data analysis (FDA) is a rapidly developing area in statistics due,
in large part, to the pioneering work of Ramsay and Silverman (2005). The
basic FDA premise is that one has infinite dimensional observations in the
form of curves and wishes to analyze the data using techniques that parallel
those from multivariate analysis.

In this article we describe a theoretical framework that can be used to for-
mulate FDA methodology. Our approach relies on the Loéve-Parzen congru-
ence that links a second order stochastic process with the reproducing kernel
Hilbert space (RKHS) generated by its covariance kernel. This congruence pro-
vides the vehicle for developing a rigorous formulation of functional canonical
correlation (CCA) as detailed in Section 3. Functional CCA is then used to
provide a generalization of key results for multivariate regression, factor anal-
ysis, MANOVA and discriminant analysis. In all cases these extensions are
backward compatible in that they reduce to their parallels from multivariate
analysis when the dimensionality is finite.

The paper is organized as follows. In the next section we extend the concept of
linear combinations of random variables to the FDA setting. Then, in Section
3 we use this idea to describe the functional canonical correlation concept of
Eubank and Hsing (2008). Section 4 generalizes a formula that connects multi-
variate regression and canonical correlation while Section 5 provides a similar
extension of the Rao (1955) canonical factor analysis identity. Finally, Section
6 details how CCA can be applied to situations with multiple populations
to produce formulations of functional analysis of variance and discriminant
analysis. In the process we extend the equivalence between Fisher’s linear
discriminant analysis and canonical correlation analysis to an abstract data
setting.

2 H-valued random variables

In this section we examine two ways of modeling the random structure that
produces functional data. Both approaches have appeared in the FDA litera-
ture. Their unifying theme is that the data are, in some sense, realizations of
“random functions.” This intuitive view can be made rigorous through con-
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sideration of Hilbert space valued random variables as we now explain.

Let {Q,A, P} be a probability space with H representing a real, separable
Hilbert space with inner product (-,-) and norm || - ||. The o-field gen-
erated by the class of all open subsets of H is denoted by B. A mapping
X : Q — H is called an H-valued random variable if X is B-measurable. A
prototypical setting for FDA derives from this perspective by assuming that
data are realization of an H-valued random variable with H a Hilbert function
space.

The finite dimensional multivariate paradigm relies on linear combinations of
vector random variables for the purpose of dimensionality reduction. A parallel
of this approach for H-valued random variables employs linear functionals of
X (Remark 7.1.2 of Laha and Rohatgi 1979). Specifically, we can obtain a real
valued, Hilbert space indexed, stochastic process {U(f) : f € H} by taking

U(f) = {f; XD

Assume [;, || f|IPdPx(f) < oo for all f € H with Px the probability measure
that X induces on H. Then (see, e.g., Laha and Rohatgi 1979), there is an
element of H that represents the mean for U(-) and a linear operator that
provides the covariances for these random variables. The mean is determined
by the (unique) member p of H that satisfies

B[U(F)] = [ (b FndPx(h) = (1. o

for all f € H. Since u plays no role in our development until Section 5, we will
assume that p = 0 for the present. In that event, the covariance operator for
X is determined (uniquely) by the linear mapping Sx : H — H that satisfies

E[U(AU@)] = [ (h Hlh g)udPx(h) = (£, Sxg)n
for all f,g € H.

The covariance operator is Hilbert-Schmidt (Proposition 7.5.2 of Laha and
Rohatgi 1979) and therefore admits the decomposition

Sx =Y _N\jo; @ ¢,
j=1

where A\; > Ay > --- are the eigenvalues of the operator, {¢;}32, are the
associated eigenfunctions and ®4 is the operator defined by

(9 @ )b = (g, h)n .



We can now create the pre-Hilbert space

{a:a:zn:ij(gbj),fj GR,HEZ+}

equipped with the inner product (a;, as) L3 = E[ajas]. The completion of this
space will be denoted by L% and can be viewed as the set of all linear combi-
nations, in an extended sense, of the members of {U(¢;) : j € Z*}.

The covariance kernel for the U(-) process is

Cov(U(f1),U(f2)) = (f1, Sx f2)n := Ku(f1, f2)

for fi1, fo € H. The Moore-Aronszajn theorem (Section 2 of Aronszajn 1950)
ensures that there is a unique reproducing kernel Hilbert space associated with
Ky. Following Parzen (1970, Section 9) we can characterize this RKHS as

H(Ky) = {5 U(g) = i)\jfj<ga D) i)\jff < OO} :

This Hilbert space is congruent to L¥; that is, there is a 1-1, norm-preserving,
linear map ¥y that maps H(Ky) onto L?. This congruence is an example of
the Loeve-Parzen RKHS representation for a second order process (e.g., Loeve
1948 and Parzen 1961a). For the U(-) process it is possible to characterize the
congruence as we will now describe.

Using the eigensystem for Sx we may express X in terms of a Karhunen—Loeve
type expansion as
X =D (X, d5)ud;.
j=1
Thus, Theorem 4D of Parzen (1961a) has the consequence that

Wol) = X [U(6;) = 35X,

Combining this expression with the form of the RKHS H(K) we see that
L% consists of random variables that are linear combination of the U(¢;) with
coefficients that satisfy >372; \; fj2 < 00. In particular, a conclusion that may
be drawn from this is that not all random variables in L, can be expressed as

(X, f)n for some f € H.

A somewhat more specific scenario that has received attention in the FDA
literature has H = L?*(T'), where T is an interval subset of the line, the inner
product is

(s Fbury = [ FiO L)



for f1, fo € L?(T) with v some sigma-finite measure and the associated squared
norm is || f1[|72y = (f1, fi)r2(r)- In this case we can think of an H-valued
random variable as corresponding to the stochastic process {X(t) : t € T}
with covariance kernel

Kx(s,t) = Cov(X(s), X(t)).

This point-wise view can be made rigorous if, for example, Kx is continuous
on T or, equivalently, X (-) is mean-squared continuous. We will presume that
to be the case in what follows.

To work with linear combinations of X (-) we begin with the space

{a ta=>Y a;X(t;),t; €T,a; €eR,n € Z+}
j=1

under the inner product (a1,a2)r2 = Elaias]. The completion of this pre-

Hilbert space will be denoted by L% . Its elements represent a natural extension
of the finite dimensional linear combinations of random variables that are a
staple of multivariate analysis.

As was the case for Ky the covariance kernel Ky generates a reproducing
kernel Hilbert space which we denote by H(Kx). The form of H(Kx) is de-
termined from the integral operator defined by

(Kx)(t) = [ F()Kx(t,5)dv(s)

that represents a positive, compact operator on L*(T). Let {(}\;, (5])}3";1 be
the eigenvalue-eigenvector sequence for x. Then, the RKHS corresponding
to Kx 1s

H(Ex) = {f eSS < oo} | 0
j=1 j=1

The congruence mapping between L% and H(Kx) is given explicitly as
\I’X(f) = Z fj<Xa ¢§j>L2(T)-
j=1

Thus, as was true for elements of L%, we need only have Py S\j fj2 < 00
meaning that not every element of L% can be expressed as (f, X) 2 for
some f € L*(T).

We now have two seemingly different ways of viewing information that may
arise in an FDA context. However, it turns out that the two perspectives are
equivalent as we shall demonstrate. First, observe that the eigensystem for



Kx allows us to write
X(t) = Z<X, ng>L2(T)§gk(t)
k=1

with the series converging in mean square. Thus,

Ky (f1, f2) =E[(f1, X) r2(r) (fo, X) 2(1)]
_ /T /T FLO) fo(8) K x (¢, 8)dv(t)dv (s)
= (f1, Kx f2) L2

from which we may conclude that Sx = Kx and, hence, that \; = S\j,gbj =
¢j,7 = 1,2,... The Hilbert spaces L3 and L? are therefore identical while
H(Kx) and H(Ky) are congruent. In particular, this entails that there is
no advantage to be gained from inferential formulations that deal with real-
izations of random variables of the form (f, X)2(r) versus those relying on
realizations of X (-) (and conversely) provided that all elements in L3 and L%
are allowed to participate in methodological developments.

There has, however, been some interest shown in basing inferential procedures
on the elements of

L, = {a:a:ijU(qﬁj)?fo < oo}
o =1

The members of L%, can all be represented as U(f) = (X, f)r2(r) for some
f € L*T) which makes them directly computable. But, L%, is a proper
subset of the space L} = L% that contains all the random variables that can
be constructed from the X process through linear operations. The relation
between these two collections of random variables is illustrated by our next
result.

Proposition 2.1 Let X(-) be continuous in quadratic mean with v Lebesque
measure and T = [0,1] . Then, L% = Zi{o-

Proof. The first step is to show that Zi(o C L%. In this regard consider a
random variable [y f(t)X (t)dt € L%, and suppose without loss that f - X is
nonnegative. Then,

[ X (2)de = sup(3[inf X ()£ (0))v(A0)

(3

with the supremum extending over all finite decompositions {A;} of [0, 1].
Thus, for each n there exists a decomposition of [0, 1] into finitely many in-



tervals (AY7,..., Ap ) such that

/ CHOX (t)dt = Tim Z linf X (8) F(0)]v(AD).

n—oo te AT

Let o = v(A}) f(t}), where t; € A is such that f(¢;) X (t;) = infyean f(£)X(t).
Then,
kn

/Olf(t)X(t)dt = JLIQOZa?X(t;‘) € L.
=1

To establish the converse result, fix ¢ty € [0, 1] and consider the random variable
X(tg). For each n = 1, 2 , define f,(t) = 5xg,(t) with xp, the indicator
function for B,, = [ty — = to —{— 1], The random variables [; f,(t)X (t)dt are all
in L%, and

1 n [tot+i
lim / F()X (8)dt = Tim 2 X()dt = X (to)

n—oo Jq n—oo 2 fy 1
n

which completes the proof. 0J

From Proposition 2.1 we see that if H = L?[0, 1] every random variable from
L% can be approximated by a sequence of random variables in L%,. This, of
course, does not mean that for each random variable Z € L% there is a square
integrable function f such that Z = (X, f)2(o,1). Further, when one wants to
approximate a random variable Z € L% by a sequence of random variables in
L%, it is not enough to consider only convergent sequences of square integrable
functions. This can be seen from the second part of the proof in which a diver-
gent sequence of square integrable functions generates a sequence of random
variables that converges to an L% random variable. Inference methods that
work only on L%, can be expected to produce suboptimal results in general
and, as suggested by the proof, may incur numerical instabilities depending
on how they handle the boundary of L.

We conclude this section by mentioning a characterization of H(Kx) due
to Nashed and Wahba (1974) that provides insight into the mechanics that
underlie the canonical correlation concept discussed in the next section. For
this purpose observe that since Ky is a positive operator we may write

Kx(s,t) = [ Q(s,u)Q(t,u)dv(w)

for a positive definite function () that produces the square-root operator ICi(/2

defined by
1/2 / f(8)Q(t, s)dv(s).



Then, Proposition 2.2 of Nashed and Wahba (1974) gives

H(Kx) = {f - L2(T) : i<f, qu)LQ(T)/)\j < OO}

=1

with inner product

<f17f2>H(KX) — i {f1, ¢j>L2(T;\if2’¢j>L2(T). @

=1

The fact that the H(K x) norm must be finite is referred to as Picard’s condi-
tion. In this respect it is known (e.g., Theorem 2.8 of Engl et al. 2000) to be
a necessary and sufficient condition for existence of a solution of (in this case)

lCﬁ(/Qg = f. If f satisfies Picard’s condition, then

g KM= i (f, ¢§\>‘L2(T) 6,
]

j=1

with IC)_(I/ ? the Moore-Penrose inverse of lCi(/Q. From (1) we see that H(Kx)
is the range of IC%2 which is a subset of L?(T). Although the range of ICE(/2 is
not closed in L*(T') it becomes closed under the RKHS norm obtained from
(2). Among other things this allows us to write

(1, FoYmeesy = KX i X2 o) oy (3)

with no ambiguity as to the meaning of IC;/ 2,

3 Canonical Correlation

Canonical correlation analysis (CCA) was developed by Hotelling (1936) to
study the relationship between two vector random variables. However, CCA
is intimately related to a variety of other multivariate concepts including mul-
tivariate regression, factor analysis, MANOVA and discriminant analysis. In
subsequent sections we will see that the same basic relationships extend to
situations where the random elements in question are infinite dimensional.
As a first step in this development we will lay out a rigorous formulation of
the infinite-dimensional canonical correlation problem for H-valued processes
with H = L*(T).

Let {X(t),t € T} and {Y(s),s € T} be two zero mean stochastic processes
with covariance functions Kx and Ky and cross-covariance function Kxy
defined by

Kxy(t,s) =E[X(#)Y(s)], s,teT. (4)



As in the previous section, we use L3 and L?. to denote the Hilbert spaces
spanned by X and Y, respectively, and let H(Kx) and H(Ky) be the corre-
sponding RKHSs with reproducing kernels Kx and Ky . Similarly, let ¥y and
Uy be the congruence mappings between the Hilbert spaces spanned by the
processes and the RKHSs spanned by their covariance functions.

Following Eubank and Hsing (2008) we define the first canonical correlation
p1 and the associated canonical variables (; = Wx(f1) and 7, = ¥y (g1) by

pi=Cov*((i,m)=  sup  Cov?(¢,n)

{GL%(, nGLf,
Var({)=Var(n)=1

sup Cov®(Ux(f), Uy (g9)) = Cov?(¥x(f1), Uy (91)).
fEH(Kx), geH(KY)
”fH?H(KX):Hg“?{(Ky):l

For ¢ > 1, the canonical correlations p; and canonical variables ¢; and n; are
defined sequentially using the same criterion with the additional restriction
of being uncorrelated with the previous canonical variables in the sequence.
Using the reproducing property of Kx and Ky one finds that

Cov(Ux(f), Py (9)) = ((Kxy(* ), 90 ) mry)s f D ey = (s R miex)s

where the operator R from H(Ky) to H(Kx) is defined by

(Rg)(t) = (Kxv(t, ), 9(:)ny), tE€T. (5)

An application of (3) reveals that

(Rg. Frice) = K20 P Ky ) (%, ), (052 9) () 2oy, Kt 2 £ (%)) p2

which means that R has a representation as IC}I/ 2/CXYIC;1/ ? with Kyy the
integral operator corresponding to the cross-covariance kernel (4).

The operator R is compact with adjoint (R*f)(t) = (Kxy(-,t), f(-)) (k) for
all t € T. Therefore, it follows from Eubank and Hsing (2008) that canonical
variables and correlations are provided by the singular value decomposition
(e.g., Engl et al. 2000)

R =73 pigj @nicy) [ (6)

j=1
where the g; and f; are the eigenfunctions of R*R and RR*, respectively, and
pr > pa > -+ >0 are the associated eigenvalues. As in the multivariate case,
the p; give the requisite canonical correlations while the canonical variables
of the X and Y spaces are Wx(f;) and ¥y(g;),7 = 1,2,... Eubank and Hs-
ing (2008) show that these definition of canonical correlations and variables
agree with those from multivariate analysis when the index set T is finite
dimensional.



Other approaches to functional (and more general) forms of canonical corre-
lation include the works of Dauxois and Pousse (1975), Dauxois, Nkiet and
Romain (2004) and He et al. (2003). In the context of functional data all these
references can be viewed as working with the Hilbert space indexed processes
(X, )2y, (Y, 9)12¢r), f, 9 € L*(T) which leads to a singular value decompo-

sition of the operator IC)_{I/ K XYIC;I/ ? defined on the range of ICIY/ ? with the
L*(T) norm. The Dauxois and Pousse (1975) formulation is valid when this
range and the range of IC}(/2 are closed (e.g., Dauxois, Nkiet and Romain 2004
pg. 129) which is only true when the two operators are finite dimensional.
Thus, their approach agrees with standard multivariate canonical correlation
and, in that sense, provides a generalization of the classical concept. On the
other hand it fails to provide a satisfactory extension for the case that is of
interest here because it does not return a solution to the actual problem; that
is, the Dauxois and Pousse (1975) construction does not in general provide
the “linear combinations” of the X and Y processes that are maximally corre-
lated. This is because they deal only with random variables that are obtained
from L?(T) inner products and, as demonstrated in Section 2, not all “linear
combinations” will be of this form. The optimal solution can, in fact, lie on
the L*(T) boundary of the range of IC}(/Q,ICy ? as shown in Cupidon et al.
(2007a). It would therefore seem that the Dauxois and Pousse (1975) claim of
providing “a most general possible definition and formulation of the notion of
canonical correlation” was, at the least, overly optimistic.

He, et al. (2003) recognize the difference between returning solutions from
L?(T) versus those from L%, L% and give conditions on the singular func-
tions which assure that an optimal set of canonical variables will be obtained
from their canonical correlation analysis. However, their conditions will not
hold in general and, as noted in Eubank and Hsing (2008), their solution will
not in general agree with the one described here. We believe that a rigorous,
backward compatible, solution to the functional canonical correlation prob-
lem cannot be formulated without the use of the RKHS congruences or their
equivalent.

With the Dauxois and Pousse (1975), Dauxois, Nkiet and Romain (2004) and
He et al. (2003) formulations providing cases in point, we can say that the
RKHS approach outlined in this section provides a viable setting for rigor-
ous development of functional CCA methodology for two reasons. First, it
produces optimal solutions in L%, L?. that provide true extension of the fi-
nite dimensional multivariate approach via inclusion of elements from L*(T)
as well as finite dimensional linear combinations of the processes. Secondly,
the operative domains for optimization are RKHSs and therefore closed under
their norm induced topology. This latter factor is what insures the existence
of canonical correlations and variables.

Estimation methods for the canonical correlations and variables determined by

10



(6) have been developed in Eubank and Hsing (2008) and Kupresanin (2008).
The latter approach is based on a sample version of the algorithm for evaluat-
ing RKHS inner products and congruence mappings in Parzen (1963, Section
5). Large sample theory for regularized estimators of functional canonical cor-
relations and variables are given in Cupidon, et al. (2007b).

4 Best linear prediction

As in the previous section we assume that we have zero mean processes X
and Y with common index set 7" and consider the problem of predicting Y'(+)
using only information about X(-). Specifically, we want to find a best linear

~

predictor (BLP) Y (¢) of Y (¢) in the sense that

E[Y(t) - Y(t)]") = inf E[lY(t) - al’].

2
a€Ll5

The existence and uniqueness of the best linear predictor are provided by the
standard Hilbert space projection theorem. But, in this case it is possible to
provide a useful characterization of Y(t) as demonstrated by Parzen (1963,
Theorem 3.1). An extended version of Parzen’s result can be stated as follows.

Theorem 4.1 The best linear predictor of Y (t) given {X (s),s € T} is Y (t) =
Uy (Kxy(-t)).

An application of this result to our setting provides a direct connection be-
tween the BLP and CCA that can be formalized as follows.

Corollary 4.1 WUy (Kxy(-,t)) = 252, pjg;(t)¥x(f;)-

Proof. The result stems from the fact that Kxy (t,s) = 332, p;f;(t)g;(s). To
see that this is true observe that since Kxy(¢,-) is a function in H(Ky) for
each t € T (e.g., Proposition A.3 of Eubank and Hsing 2008), the reproducing
property of Ky in conjunction with (6) gives

Kxy(t,s)=(Kxy(t, "), Ky (, 8)nxy) = (RKy(+,5))(t)

=3 g Ko s D 5(0) = 33 (9)F0),

j=1

The linearity of Ux can now be used to complete the proof. 0

As a result of the theorem we see that the BLP of Y (¢) is a linear combination
of the canonical variable (; = Ux(f;) of the X space with weights obtained
from i) the canonical correlations between Y (-) and X (-) and ii) the values of

11



{9;(t)}32, derived from the right-hand singular vectors of R. The implication
is that CCA provides all the information required for the regression of Y on
X in exactly the same manner that it does in multivariate analysis.

5 Factor analysis

In this section we apply results from Parzen (1970) to develop essential identi-
ties that lay a theoretical foundation for functional factor analysis. We begin
by establishing a parallel of the canonical factor analysis formula of Rao (1955)
from multivariate analysis.

The functional extension of the standard factor analysis model (e.g., Section
6.2 of Basilevsky 1994) takes the form of a signal-plus-noise model with

Y(t)=X(t)+ N(t), t T, (7)

where Y, X have covariance kernels K x, Ky as before, the noise process N has
covariance kernel K and the signal X is uncorrelated with the noise process.
All processes are assumed to be L?(T') valued and have zero means.

If we now apply the canonical correlation approach of the previous section
to model (7) we find that (R*Rg)(t) = (Rg)(t) = (Kx(t,-),9(:))nxy) be-
cause Kyy = Kx. Since Ky = Kx + K this translates to squared canonical
correlations and singular functions for the Y space that are solutions to

(K(t,), 9(Dnueyy = (1= p*)g(t), tET. (8)

For the finite dimensional case Ky and K can be represented by matrices Ky
and K while a function g corresponds to a vector g. The H(Ky ) inner product
then takes the form (g, g)x(xy) = g7 Ky'g with Uy (g) = g7’ K3'Y :=m’Y
for Y a vector with elements Y (¢),¢ € T'. Thus, (8) is equivalent to

le— Kano (9)

1—p?
which is identical to equation (3.2.3) of Rao (1955).

To complete the factor model we need to add structure to the X process.
Specifically, we will assume that X is a second order process with the repre-
sentation

X(t) = ingbj(t), teT,

where the Z; are zero mean, uncorrelated random variables with E[Z7] = A;
and {¢;} is an orthogonal sequence of functions in H(K) with [|¢;|[%,x) =

12



v;,J = 1,... In factor analysis terminology, the Z; are the factors and we can
refer to the ¢; as the loading functions.

Let ‘H, be the Hilbert space of sequences of the form f = {f;}52, with squared
norm >22, \; f7 and define the operator ® : H, — H(K) by

(@1)(0) = S \ifi6,(0), 1€ T

Then, one may show that (®®*g)(t) = (Kx(t,), 9)nk)-

Now, ®®*¢p; = A\;v;¢; which characterizes the loading functions as being the
eigenvectors of the operator ®@* on H(K). In the finite dimensional case we
can write the X process as the vector X = ®Z with Z having E[ZZ"] = A for
a diagonal matrix A and ® a matrix satisfying ®* K '® = I" with I" diagonal.
Since K x = ®A®7, the eigen-equations for $P* can now be expressed as

{K_l/QKYK—lﬂ B (1 + Aj”Yj)I} K_1/2¢j =0 (10)

with I the identity matrix and ¢; the jth column of ®. Formula (10) agrees
with the Lawley factor analysis “normal equations” as set out in Theorem 6.5
of Basilevsky (1994).

The reason that we cannot immediately connect ®®* to the operator R is
because the former involves the H(K') inner product while the latter is phrased
in terms of the inner product for H(Ky). To make the connection between
the two inner products we will use two results: namely,

(f, D ryy = (s T+ 22 g)pry

and
K(t,-)=(I+®d) 'Ky(t,:), t€T.

The first result is a consequence of developments in Section 6 of Parzen (1970)
while the latter follows from

(Ky(t,-), 9(-))rry) = 9(t) = (K(,-), 9())rur)-

An application of these two identities reveals that Rg = p?g is equivalent to
PP*g = (p?/(1 — p?)) g. Consequently, the singular functions from the Y space
are, apart from a normalization, the loading functions from the factor analysis
model. We note in passing that the present formulation provides a meaningful
interpretation for the standard factor analysis “identifiability” constraint that
&7 K~'® be diagonal. From the RKHS perspective this is just an orthogonal-
ity condition for the loading vectors in the Hilbert space H(K) that represents
their home.

13



6 ANOVA and discriminant analysis

It is well known that CCA, discriminant analysis and MANOVA are closely
linked in the case of ordinary multivariate analysis. In this section we show
that this connection remains true in the functional data analysis setting.

One formulation of functional ANOVA /discrimination is to assume that an
‘H-valued random variable is observed from one of .J possible populations.
If 7; is the possibility that the reading comes from population j, we can
view the problem as seeing the pair (X, G), where X takes values in L*(T)
and G € {1,...,J} is a categorical response variable representing the class
membership with P(G = j) = m;. It is assumed that the populations have
mean functions E[X()|G = j] = p;(+) that do not all coincide.

To proceed in an environment such as that of Sections 2-3 we must first extend
the basic congruence mappings to allow for non-zero mean functions. In that
regard if, e.g., the X process has mean ux(t) = E[X(t)] # 0 it follows from
Parzen (1961b, Section 5) that if ux € H(Kx) there exist a one-to-one linear
mapping from H(Kx) onto L% that we will continue to denote by ¥x. This
mapping satisfies i) Wx(Kx(-,t)) = X(t), t € T, ii) E[Vx(f)] = (f, x)n(x )
and iii) Cov(¥x (f1), Ux(f2)) = (f1, f2)H(Kkx)- The analogous mapping for the
Y process will be denoted as Wy

Rather than being L?*(T)-valued the Y process in this setting is {Y(j) :
j=1,...,J} with Y(j) an indicator variable that is 1 when X derives from
the jth population. The covariance function for the Y process is Ky (i,j) =
Cov(Y(4),Y(j)) with matrix form Ky = diag(my,...,m;) — 7m’ with © =
(m1,...,m5)". Now let H(Kx), H(Ky) be the RKHSs corresponding to Kx, Ky,
respectively. In particular, H(Ky) consists of functions on {1,...,J} of the
form Z;-Izl bjKy (-, ) for b= (by,...,b;)" € Ker(Ky)* with Ker(Ky)* denot-
ing the orthogonal complement of the null space of Ky-. The associated inner
product is (g1, g2)2(xy) = &1 Ky &2, where g; = (g;(1),...,9:(J))",i = 1,2, for
91,92 € H(Ky) and K5 the Moore-Penrose generalized inverse of Ky. Since
K§ = diag(n;!, .. ., le) is a generalized inverse of Ky, the inner product can
also be expressed as

(1, g2)rrey) = 27—

91(7)g2(J)

Jj=1

The canonical variables of the X and Y spaces are
G=Vx(fi) and n=Vy(g) =g KyY,

where Y = (Y/(1),...,Y(J))? with f;, g; the singular functions of the operator
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R in (5). One finds that

(Ro)(t) = o DI _ g

j=1 J j=1

with Kxy(t,7) = Cov(X(¢),Y(y)),t € T,j =1,...,J — 1. Thus, R maps to
contrasts among the population mean functions with the consequence that all
the mean functions coincide if and only if the R singular values py,...,p;1
vanish. Testing the functional ANOVA hypothesis that gy () = -+ = py(-) is
therefore equivalent to the hypothesis that all the canonical correlations are
Zero.

The canonical X and Y variables may be used for classification purposes.
Let ((x,mk) be the canonical variable pair corresponding to pj and define
Ce = G —E[C], n5 = ne—E[nk]. Then, for example, to predict n§ from (§ we can
use pi(Ci. Considerations of this nature suggest classification via minimization
of distance measures such as

s 1 c 71'.71 NG
2 = (G e e (11)
s 1 .
2 m(ﬁk — pkE[G|G = j]) (12)
and . , )
> T 2 = T k() = 27 k(7)) (13)

for some s < J — 1.

Shin (2008) has used an RKHS formulation to generalize the classical Fisher’s
method for linear discriminant analysis (LDA) to the FDA setting. Specifically,
she defines the discriminant functions to be random variables ¢ € L%\ {0} that
maximize Var(E[(|G])/E[Var(¢|G)]. Thus, the first linear discriminant function
¢y is defined by
Var(E[(,|G]) = sup Var(E[¢|G]),
el

where ¢ is subject to E[Var(¢|G)] = 1. The ith linear discriminant function for
i > 11is defined similarly subject to the additional restriction E[Cov(¢;, (x|G)] =
0,k <.

Assume that the within group covariance kernel Ky, is the same across the J
populations: i.e., Ky (s,t) = E[(X(s) — p;(s))(X(t) — p;(t)|G = j], s,t €T
for j = 1,...,J. Next, define the kernel function Kp(s,t) = ijl 7 (p;(s) —
11(s)) (1 (t) — pu(t)) for s,¢ € T with p(-) = X7_; m;p;(-) and denote the RKHS
generated by Ky as H(Ky ). Then, Shin (2008) shows that if u; € H(Kw)
for all j =1,...,J, there exists a one-to-one linear mapping Wy, from H (K )
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onto L% defined by Uy, : Ky (-,t) — X (t) for every ¢ in T' with the proper-
ties 1) E[Ww (h)] = (h, h)r(xw), 1) E[¥w(R)|G = j] = (b, pj)nx,,) and i)
E[Var(Vy (h)|G)] = |hl3f,, for b € H(Kw). Using Wy we see that

Var(E[Ww (h)|G]) = (h, RBh>H(KW)

with
(Bph)(t) = (Kp(t, ), h(-))rw) (14)
for h € H(Kw). The operator Rp has spectral decomposition
J-1
Rp =Y 7ihi Onr) his
i=1

with vy > ---> 7,1 > 0 the eigenvalues and h;,7 = 1, ..., J—1, the associated
eigenfunctions for the operator. The linear discriminant functions are

G=TUy(hi), i=1,...,J—1,

with classification obtained from squared Mahalanobis distance based on the
first s (< J —1) linear discriminant functions. That is, for the jth population
we employ the distance measure

S

2
>~ (P (ha) = (i 1)) (15)
k=1

that compares the process “score” vector (Wy (hq),..., ¥y (hs)) to its condi-

tional mean ((h1, 4;)H(kw)s - - > (Pss 1) H(Kw)) for the jth population.

Now CCA and Fisher’'s LDA are well known to be equivalent in the case of
finite dimensional multivariate analysis. We now show that this equivalence
continues to hold for FDA situations.

Theorem 6.1 Assume that p; € H(Kw),j =1,...,J. Then,

2
=gl = (- and =G/ (10
foro=1,...,J—1.

Proof. For the theorem to be true it must be that both R and Rp are defined
on the same space: i.e., we must have H(Ky ) = H(Kx). To see that this is so
first observe that H(Kyw ) C H(Kx) due to of Theorem I in Aronszajn (1950).
To establish the converse define L : H(Kx) — H(Kw) by

Then, L is a one-to-one, onto and, for h € H(Kw ) and f € H(Kx),

(s Fon) = (B Lf yrciw)
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because (h, Kx (-, )k x) = M(t) = (b, Kw (-, 1)) (k- Since Kx = Kp+Kyy,
for f € H(Kx)

&) =(Kp(1), [inx) + (Kw (1), Nny
<KB<'>t)’ Lf>H(KW) < ( 7t>7 >7't

Thus, f = (RgLf)+ (Lf) € H(Kw).

Now Rp induces an operator Cp on H(Ky) determined from (Cpf)(t) =
(Kg(t,-), f(:))Hy)- One finds that Cg = RgL for L in (17) because

(RpLf)(t) = (Kp(, ), Lfyniw) = (KB (1), Fhnien) = (CF)()-

Since f = (Lf) + (RgLf), we have L = I — Cp and, for f € H(Kx),
HLf||31(KW) = (Lf, N1y = (L = CB)f, f)nxy)- The linear mappings ¥y
from H(Kx) to L% and Wy from H(Kyw) to L% are similarly related in that
Ux(f)=Yw(Lf) for f € H(Kx) which follows from Vx(Kx(-,t)) = X(t) =
VU (Kw (1) = Uw(L(Kx (-, 1))).

For f € H(Kx) we have
(RR"F)(t) = (Kxy (t,-), (B"f)(- Dy = (RExy (), f( ) rscs)-

But, Kxy(-,1) = Cov(X(+),Y(?)) = mi(pi(-) — pu(+)) for i = 1,...,J and

RExy(t, )= (Kxy (-, *), Kxy (t, %)) nxy)
Kb Wo) g

T

j=1
Thus, RR* = Cp.
We can now use the fact that RR*f = Cgf = RgLf and f = Lf + RgLf for
f € H(Kx) to write

RpLfi = ALL
Also, Lf; = (1—p7) fi from Lf; = ([ CB)fz (I—RR") fi and || Lfill3y,,) =

||fz||%{(KX) (Cufi, fiyniry) = 1—pj since ||fz||H(K ) = 1 while the A; in H(Kw)
corresponding to £; = Wy (h;), satisty |[hill3 g, ) = 1. Thus,

Lf; Lf;
h’i: = 2\1/2 :(1_p7,2)1/2fl
ILfillwy (L= p7)
The proof is completed using the relationship between Wy and Wy . O
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Theorem 6.1 has the implication that the RKHS vectors h; are the optimum
orthogonal contrasts among the class means and the Fisher’s discriminant

— Rgi ) which is an
1Rgill 2 (xcyy)

exact parallel of what transpires for the finite dimensional setting. (See, e.g.,
Kshirsagar 1972.)

functions are given by ¢; = v, 1/2 Uy (Rg;) = Yy <

We can also interpret the canonical variables of the Y space from a discrimi-
nation perspective. To see this first observe that

J
<f Rg Z f> ,u] H(Kx)
is a contrast among the transformed mean functions (f, t;) k), 7 = 1,...,J.

In this respect consider, for example, Wx(f;) and Wy (g;). Then, f; and ¢;

are obtained by maximizing ’Z] L9, ,uj)H(KX)‘ subject to || fllxnky) =
1,371 9(j) = 0 and 37, ¢*(j)/m; = 1. The function g; provides the co-
efficients of a contrast in the transformed means (f, 11;)#(xy) and therefore
measures their importance in the contrast. Thus, just as in the finite dimen-
sional case, the canonical variables of the Y space given by Wy (g;) provide
optimum scores to represent the relative location of the different populations
or groups.

We conclude with a result that connects up the various classification metrics.
Theorem 6.2 The distance measures (11)-(13) and (15) are all equivalent.

Proof. Let 0 = m; 'gi(j) and 7y; = ppE[G|G = j]. The relations Wy (hy,) =
(1 ) 1/2\I/X(fk) and

(i i) rcaes) = (Lo ) riac) = (L= 00" (s 1))
ensure that (15) becomes

5 1
—~ 1_p%(f <fkmuj Z

— (frs b5 — ) 20(cx))

Since (R*fi)(7) = (fe(), Kxv (-, i) ruwcx) = 7 fus 1y — Wrcy) and gi(j) =
YL bkiKy (i,5) = 05, we have (fi, 15 — W) = pum; gr(j) = pibij-
Moreover, 7x; = Eng|G = j] = pe(fr, 15 — ,u)H(KX Thus, (15) is equivalent
o (11) and (12). Using the fact that 7x; = pify;, (12) simplifies to

S _ S 1 S
oo+ 172(7719 —O5)* = > 07
k=1 k=11~ Pk k=1

and (13) is obtained. O
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Hastie, et al. (1995) consider penalized forms of discriminant and canonical
correlation analysis where they establish relationships between scoring meth-
ods that parallel some of those in Theorem 6.2. In the context of FDA the
population entities targeted by their proposed estimation methods involve in-
verses of integral operators. Since integral operators are not invertible it is
difficult to assess the statistical relevance of the methodology they propose.
The framework for FDA set out in this paper could provide a means to rig-
orously link the Hastie, et al. penalized estimation methods to well defined
parameters and thereby clarify the implications of their work.
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