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Reading for this week

e Sections 7.6, 8.1, 8.2
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Review: Positive boundary orientation on a y-simple region

Ct=Ci+Bj+Cy+B;

!
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Green’s theorem: special case

o Lemma 1: Suppose D is y-simple and that F = Pi+ 0
is a smooth vector field. Then

F-dr = Pdx=— //—dA
aD* dD*

o Proof: Fubini’s theorem implies

0P ¢ (x
//1)8_ydA://1 3y dy dx

= [ 1P 0a(a) — Px.01 ()]

a
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Consider the lower boundary C fr

o A natural parametrization is r(¢) = (¢, ¢;(t)) for
a<t<b

e Since F = Pi—+ (0j, we have

b
[ p.0)-dr = [(P.0)-(1.6]) at
C, a
b
— [ Pt ar

° Hence—// —dA —de
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The top boundary C,

o Traverse from right to left: r(¢) = (¢,¢.(¢)), b >t >a
e So

/CZ(P,O)-dr _ /b(P,O)-u,(pg)dt
b
= — | Pa(r)

¥y

Ct=Cf+ By +C7+ B
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o The right side is parametrized as r(z) = (b, 1),
¢1(b) <1< ¢o(b)
b

92(b)
° Therefore,/ (P,0) -dr:/ 2 (P,0)-(0,1)dr=0
By 1(b)

o Similar situation for the left side, which is parametrized

asr(t) = (a,1), ¢2(a) >t > ¢y (a)

Y Cr=Cf+BI+Ci+ BT
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Put this all together

e From Fubini’s theorem:

// dA = / (x, 92 (x)) — P(x, ¢ (x))] dx

o The line integrals: Sides contribute nothing. Top and
bottom give

/(P,O)-dr _ —/abP(t,(pz(t))dt
/C+(P,O)-dr _ /abP(t,(pl(t))dt
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Lemma 1, concluded

e Therefore,

JoP
—/ — dA = P dx
p dy oD+
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Green’s theorem: second special case

o Lemma 2: Let F = 0i + Qj be smooth and D an
x-simple boundary. Then

F.dr= Qdy://a—QdA.
oD+ oD+ D Ox

C+=C3+B5+ C7+ B

B5
de—=—=———

X=1,0)
(&3

C @ o= o o e
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Lemma 2, continued

o Similar argument: top and bottom contribute nothing.
o Right side (C3): r(r) = (ya(1),1), c <t <d
o Then

Far = ["0.00) (1) a

¢

d
= / O(va(1),1) dr.
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Lemma 2, continued

o Fubini’s theorem gives

([ Lacar = [ [ %2 e

_ / [Q(l//z() ) =01 (y),y))] dy

- /+ 0Qdy.
UG,
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Green’s Theorem

o Theorem: Suppose D is a simple region with boundary
dD, and suppose F = Pi+ Qj is a smooth vector field.
Then

// (a—Q—£> dxdy:/ de+Qdy:/ F.dr
p\dx dy oD+ oD+

o Note: Green’s theorem is also valid for any connected

region in R 4
N
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Example (#3a, p. 528)

o Let D be the disk of radius R centered at the origin
o Verify Green’s theorem for F = (xy?, —yx?)
e Solution:

)0 - fe-3)

= / —4xy dA

21
:/ /—4r cos 0sin 0 dr ¢
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Example #3a, continued

o The line integral is

F-dr = / (xy?, —yx?) -dr
aD+ dD*

R’cos 0sin” 0, —R>sin 6 cos” 0)

-(—Rsin6,Rcos0) d6

3
*(—cosOsin’ 6 +sinBHcos’ H) dO

/Ozn(
/0an
0.
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Discussion questions

O (#3b, p. 528) Verify Green’s theorem for the disk D of
radius R for the vector field F = (x+y,y)

@ Find the area of D using Theorem 2:
1

A=— xdy—ydx.
2 Jop+
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