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Reading for this week

e Sections 7.1-7.4
o Next exam postponed until Friday, April 10
o Homework is posted and is due next Friday
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Parametrized surfaces

o The parametrization function has the form

D(u,v) = (x(u,v),y(u,v),z(u,v))

o ®:R* >R

o Define the tangent vectors
T, = 0®/du
T, = dd/dv

o If T, x T, # 0 at a given (ugp,vp), then we say that P is
smooth there
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Area of a surface

o Parametrize the smooth surface S as ®(u,v) for
a<u<b,c<v<d

o Define T, = d®/du and T, = dD/dv

e Definition: The surface area of S is

b rd
A(S):/ / Ty x Ty || dv du.
a C
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Important notes

o Assume that S is smooth except possibly at a finite
number of points

o S can be a “quilt”, i.e., the union of a finite number of
smaller surfaces

o In this case we require smoothness except at the
corners of the patches in the quilt

MAT 272 April 3 E. Kostelich ESU MATHEMATICS AND STATISTICS 5/15



Justification for the area formula

o In R3, the area of the parallelogram spanned by vectors
aand b is |axb]|
o Proof: Some algebra shows that
laxbl*> = a|*|[b]*> - (a-b)>
= |la|]*|[b]|*(1 —cos®6)
= al*[b]]*sin* 8

axb

length = ||b|| |sin 6|
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Justification, 2

o A little box AuAv at (u;,v;) gets mapped by P to a little
parallelogram of area ||T,Au x T,Av|| where the
derivatives are evaluated at (u;,v)

(X5 Vi 27)

Vo $===
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Justification, 3

o Sum up over all the little patches:

n n

Y Y (T % Ty) (uz, vy) || AuAv

i=1j=1

e Take limits as Au — 0 and Av — 0
e Then

A(S) = // Ty x T, | du dv
D
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Computations

e Note that
i j Kk
T, xT, = Xu Yu Zu
Xy Vv 2y
_ Yu Zu i— Xu Zu Xu Yu Kk
Y 2y Xy Xy Xy Wy

= (G )i (G )i+ (G
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o The mapping ® must be “mostly” 1-to-1

o Example: The sphere of radius p may be parametrized
as

x=psin@cosO, y=psin¢gsinf, z=pcosP

o Butif wetake 0 < 0 <2mand 0 < ¢ <27 then we
cover the sphere twice! (Need 0 < ¢ < 7 instead)

o ® is not 1-to-1 when ¢ =0 or 6 = 27 but overlaps are
a point or curve with no area
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The surface area of the sphere

o Given the parametrization

x=psin@pcosO, y=psingsinf, z=pcosP

we have
Ty = (—psin@sin,psin¢cosb,0)
Ty = (pcosdcosB,pcosPsin®,—psing)
TogxTy = —p?sing(singcosO,singsinh,cos)
ITox Ty = p2sing

2n rm
o Then SA = / / p%sing do do = 4np?
0 0
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Surface integrals

o Given a parametrization r(z), a <t < b of a curve C,
we define the path integral

/fds—/f ) ()]

o Given a parametrization ®(u,v), (u,v) € |a,b] X [¢,d|
of a surface S, we define the surface integral

//Sde:/Cd/abf(‘I’(u»V)) Ty, x Ty|| du dv
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o What is the mass of a spherical shell of radius p whose
mass density at (6,¢) is 4 = sin@?
o The total mass is

//S“dS - //S 1(0,9) [ To x Ty|| d¢ d6

= /Ozn/on(sinq))(pzsinq))dd) de
= (mp)’
Note: sin® ¢ = (1 —cos2¢)/2
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Discussion questions

O Evaluate / / 7 dS, where S is the upper half of the
S
hemisphere of radius a

@ One parametrization of the torus of radius R > 1 is
x=(R+cos@)cosO, y=(R+cos@)sinf, z=sing
for (6,¢) € [0,27] x [0,2x]. Find the surface area.

o Spherical coordinates: x = p sin¢ cos 0,
y=psin@sinf, z= pcos¢
o | To xTy|| = p*sin¢
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Answers

o The sphere:

//S zdS = /027r/07r/2(acosgb)(a2 sing) do do = a3

e The torus:

2w /21
SA:/ / (R4cos¢) do d6 = 4n*R
0 Jo
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