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Reading for this week

e Sections 2.2-2.4
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Differentiability in R"

The function f : R” — R is differentiable at xy € R" if
Vf(xq) exists and

i [0 —f(%0)] = V£ (x0) - (x = %o)

<N x—xol

=)}

o Informally speaking, the error in the approximation
f(x) = f(xg)+ Vf(xp) - (x —Xp) must go to zero faster
than ||x —xg|| as x — xq

o Compact notation parallels familiar 1-d formulas
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Differentiability implies continuity

o The one-variable case: f : R — R
o If f’(a) exists, then given € > 0, there exists 6 > 0 such

that
‘f(a+hl/)l —f((l) —f/(a) <€
whenever |h| < §. Therefore,
flath)—f(a)|
‘ . <I|f'(a)|+¢€

fla+n)—f(a)l <|h| (If'(a)|+e)
whenever || < 9.
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Differentiability implies continuity, 2

e Given £’ > 0, choose

8/

f'(a)| +&

& <

o Then |f(a+h) —f(a)| < € whenever 0 < |h| < §'.

o Hence f is continuous at a.
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Differentiability implies continuity, 3

e A similar statement is true in R”: if

() = X(%0)] = Y (%) - (% — o)

x—%0 1% = o

=0

as discussed above, then f is continuous at X).

o Difficulty: This condition can be hard to check in
practice.

o Alternative test: If all the partial derivatives of f exist
and are continuous in a neighborhood of xg, then f is
continuous at Xg.
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Parametric representations in R”

o A parametric representation of a line L through the
point pg in the direction v is L(¢) = pg + tv.

o The representation is not unique because any nonzero
multiple of v can be used
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Parametric representations of 2-planes

o In R?, two vectors determine a plane through the origin

o A 2-plane through the origin is the graph of the
function P(s,7) = su+tv

e This idea can be extended to R for n > 3

o P(s,t) = po+ su+tv passes through the “base point”
po instead of the origin
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Intersections of lines and planes in R>

o The plane P(s,t) = po + su+ v can be represented as
the matrix-vector product

P1 up vy g
P(s,t) = |p2 | + | ua v <>
3 usz v3

o Given the line L(r) = qo + rw
e Where do L and P intersect?
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Intersections of lines and planes in R3,2

o Must find values of r, s, ¢ (if they exist) such that
L(r) = P(s,1)
o This is equivalent to

0=P(s,t)—L(r) = (po—qo) +su+1v—rw

e The solution is the same as

g1 —P1 ui vi wi N
qr—pP2 | = U2 v2o w2 t
q3 —p3 usz vi wj —-r
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Intersections of lines and planes in R?, 3

o If the matrix
up vy wi

u vy wo
us vz ws
is nonsingular, then there is a unique solution
o So the intersection typically is a single point

o This requires that u, v, and w not be collinear or
coplanar
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Intersections of lines and planes in R>, 4

o Important special case: In R?, a 2-plane is completely
determined by its normal vector

o Given u and v in a parametric representation, one
normal vectorisn=u x v

o The plane P through the base point pg is defined by

n-(x—pg) =0 |
i

PID

—
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Codimension

o Consider two lines L;(s) =a-+suand L,(f) =b+1vin
RZ

o They intersect if L;(s) = L,(¢) for some values of s and
4

o Equivalently,a—b =tv—suor
al — bl . upr vi —S
ar — by a U vy 4

o There is a solution provided u and v aren’t multiples
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Now consider R3

o L; and L, intersect in R only if we can solve

a; — by up Vi
—S
ar—by | = |uy v ( )

t
az — b3 uz v3

o This cannot be done except in special cases
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How do 2-planes intersect in R*?

o Given P|(s,t) =a+su+rvand Py(q,7r) =b+gw+rx
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How do 2-planes intersect in R*?

o Given P|(s,t) =a+su+rvand Py(q,7r) =b+gw+rx
o We must solve P(s,t) = P(q,r), or

ay — bl ui vy wip X —S
ar — by U2 v2 w2 xp —t
az — b3 Uz vy w3 X3 q
aq — b4 Ug V4 W4 X4 r

o Typically there is a unique solution (so P and P>
intersect in a single point)
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Codimension predicts the typical intersections

o In R2, two lines (1-planes) intersect in a point (0
dimensional set). Note: 1 +1—-2=0

o In R?, a 2-plane and a line intersect in a point
2+1-3=0)

o In R3, two lines don’t intersect (1 4+ 1 —3 < 0)

o In R3, two 2-planes intersectin a line (2+2—-3 =1)

o In R*, two 2-planes intersect in a point (242 —4 = 0)
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Parametrized paths

o A path is a continuous function f : [a,b] — R"

o Interval notation: [a,b] = {t:a <t < b},
(a,b) ={t:a<t<b},a,b)={t:a<t<b},etc.

o Example: ¢(¢) = (cost,sint) in R? for 0 < ¢ < 27
(equivalently: ¢ € [0,27])

o In general, ¢(t) = (c(1),ca(1),...,ca(t))

o We define ¢/(1) = (¢ (2),c5(¢), ..., c}(r)) whenever all
the derivatives exist
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Important examples

o The unit circle in R?: ¢(¢) = (cost,sin?)
o AlineinR™ ¢(t) =p+1tv=(p1+tvi,...,pn+ 1)
o A helix in R3: ¢(¢) = (cost,sint, 1)
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The chain rule

o Suppose f : R” — R is differentiable and ¢(¢) is a
differentiable path in R”

o Example: f(x) is the temperature at x € R? and ¢(¢) is a
path in R3

o Then f(c(¢)) is a function of ¢
o Important special case of the chain rule:

% fle(e)) = Vi (e(n) €0

o Generalizes the 1-d formula: [f(x())]" = f'(x(¢)) - X'(¢)
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