Metamorphosis in on-off intermittency
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A basic requirement for on-off intermittency to occur is that the system possess an invariant
subspace. We address how on-off intermittency manifests itself when a perturbation destroys
the invariant subspace. In particular, we distinguish between situations where the threshold for
measuring the on-off intermittency in numerical or physical experiments is much larger than or
is comparable to the size of the perturbation. Our principal result is that as the perturbation
parameter increases from zero, a metamorphosis in on-off intermittency occurs in the sense that
scaling laws associated with physically measureable quantities change abruptly. A geometric
analysis, a random-walk model, and numerical trials support the result.

I. INTRODUCTION

The references still need work.

The phenomenon of on-off intermittency in nonlinear
systems has been an area of continuing interest [1-4].
Phenomenologically, a system in on-off intermittency ex-
hibits two distinct states in the course of time evolution.
One is the “off” state, where the dynamical variables re-
main approximately constant in various time intervals.
The other is the “on” state, which corresponds to inter-
mittent “bursts” of the dynamical variables away from
their approximately constant values in the “off” state.
The characterization of on-off intermittency and the dy-
namical mechanisms [5] responsible for it have been in-
vestigated actively [1-4], due in part to their relevance
to chaos synchronization [6, 7].

A basic dynamical requirement for on-off intermit-
tency to occur (as studied in most existing works) is that
the underlying system possess an invariant subspace M.
Consider the situation where there is a chaotic set in the
invariant subspace. A typical trajectory on the chaotic
set is unstable in M, but in the subspace T transverse
to M, the trajectory can be either stable or unstable.
If there is no other attracting set in the phase space,
on-off intermittency can occur when the trajectory is
slightly unstable in 7" [1-4]. The time O that a trajectory
spends in the “off” state, also called the laminar phase,
has been shown to obey the following algebraic probabil-
ity distribution at the onset of on-off intermittency [3]:
®(0) ~ ©~3/2, Subsequently, it has been shown [4] that
at the onset, the time trace of an on-off intermittent vari-
able is a fractal time series with box-counting dimension
Dy = 1/2. We note that the existence of an invariant
subspace, which is usually due to a simple symmetry of
the system, appears essential for on-off intermittency to
occur.

In this paper, we investigate how on-off intermittency
is affected when there is a perturbation so that the invari-
ant subspace no longer exists. If the unperturbed system
possesses a symmetry, then the perturbation is equiva-
lent to a symmetry breaking. We expect such pertur-
bations to be inevitable, say, in laboratory experiments.
Symmetry breaking also arises naturally in the context
of synchronization between nonindentical chaotic oscilla-
tors [8]. When such a perturbation is present, we find in
numerical experiments that behavior akin to on-off inter-
mittency still can be observed readily.

There are two important scales in the problem. The
first scale is the threshold y.1, of a variable y transverse
to the invariant manifold. The system is said to be in
the off state when y < yin. The second scale is the per-
turbation parameter 7 that characterizes the extent of
the symmetry breaking. Loosely speaking, yin represents
a numerical accuracy or an experimental measurement
scale. There are then two different regimes of dynami-
cal interest: one for which y;, &~ 1 and another one for
which y¢n > 1. These regimes correspond, respectively,
to a situation where the symmetry breaking is readily
discernible and to a situation where it is not. We find
that a qualitative change in the characteristics of on-off
intermittency occurs immediately as 7 is increased from
zero in both cases.

Our principal results are the following. (1) There is a
natural way to define a laminar phase when y, = 1 > 0.
(2) There is a crossover in the probability distribution
of the laminar phases from algebraic to exponential as 7
increases from 0 in both cases, no matter how small  may
be. (3) If ytn > n then the fractal dimension of the on-
off intermittent time series changes discontinuously from
1/2 to 1 as 5 increases from zero. (4) The mean length
of the laminar phase becomes very short for yn = 7.

An implication of our results is that while on-off inter-
mittency can indeed be observed easily in many practi-



cal situations, care should be exercised when interpreting
the statistical properties of the on-off intermittent time
series. For instance, it may be natural for an experimen-
talist to report the observation of on-off intermittency,
together with an approximate power-law probability dis-
tribution of the laminar phase. But if there is a small
amount of symmetry breaking, then such a distribution
may be better described by an exponential distribution.
A measurement of the fractal dimension of the on-off in-
termittent time series may also be a good indicator of
whether there is a symmetry breaking in the system.

The rest of the paper is organized as follows. Section II
analyzes the case yyn = 1 by geometric arguments. Sec-
tion IIT discusses the case where yin, > 1 by analyzing
a biased random walk model. A summary discussion is
presented in Section IV.

II. MEASURABLE SYMMETRY BREAKING

We motivate our analysis by studying a class of two-
dimensional maps introduced by Heagy et al. [3], with
modifications to include the effect of a perturbation that
destroys the invariant subspace. We confine our attention
to maps of the form

<Z> - (axy(lf(—m;) +n)’ 1)

where f yields a chaotic process on the unit interval,
x € [0,1] is a driving variable, a is a parameter, and 7
is the perturbation parameter. In this family of maps,
y corresponds to an on-off intermittent variable when
n = 0, because there is an invariant subspace, namely
the line y = 0. The onset of on-off intermittency is de-
termined by the condition: Inaz = [[In (az)]p(z) dz = 0,
where p(z) is the probability density function of the
chaotic variable z. In the simplest case where p is the
uniform density, (e.g., when f is the tent map), on-off
intermittency occurs when a > a, = e. For a 2 a.,
the probability distribution of the laminar phases follows
the universal algebraic scaling law with exponent —3/2,
which has been supported by numerical experiments us-
ing a variety of chaotic driving dynamics [9].

A Perturbed “off” state

Figure 1 shows two representative time series gener-
ated by Eq. (1) for a = 2.8. Figure 1(a) corresponds to a
perfectly symmetric system (n = 0) and Fig. 1(b) corre-
sponds to a system with symmetry breaking (n = 1073).
The initial conditions and random number generator
seeds are the same for each case. What is f in this case?
A random process or the tent map? Using visual accu-
racy as the threshold, Fig. 1(b) represents the case where
yth =~ 7. The time series in Fig. 1(a) displays the hall-
mark of on-off intermittent behavior: long periods of
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FIG. 1: Intermittent time series for y,, from Eq. (1) with
a =28 for (a) n=0; (b) n =1073.

nearly constant signal (laminar phases) interrupted by
short-lived, large-amplitude bursts; the plot shows 10*
iterations. Many laminar phases last for several hundred
iterations. The time series in Fig. 1(b) is qualitatively
similar, even though the symmetry has been broken, but
it appears more noisy and seems to have shorter laminar
phases (only 10? iterations are shown). Our goal is to
determine to what extent the time series in Fig. 1(b) can
still be characterized as on-off intermittent.

On-off intermittency, as illustrated in Fig. 1(a), con-
sists of laminar phases that begin when an orbit is rein-
jected into a small neighborhood of the invariant mani-
fold. The bursts occur when the orbit escapes from the
small neighborhood. We will show that there is a natu-
ral extension of this idea to the case where a symmetry
breaking destroys the invariant manifold. We focus our
analysis on the family of maps in Eq. (1).

When 5 > 0, there is no longer an invariant manifold at
y = 0 for Eq. (1), and so there is no notion of a transverse
Lyapunov exponent. We focus on the dynamics of the y
variable, given by

Yn+1 = amnyn(l - yn) +1n. (2)
Figure 2 shows a schematic illustration of a region near
the origin. The curves extending from (0,7) are the
graphs of Eq. (2) for some representative values of z.
(The topmost curve corresponds to = 1. The other
curves represent other values of z € [0,1]. The meaning
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FIG. 2: A schematic illustration of the dynamics of
Eq. (2) near the origin. The curves starting at (0,7)
are representative graphs of Eq. (2) for different choices
of .

of the notation Z.t is explained in the next subsection.)
First note that y, > 1 > 0 for all n. Now consider an it-
erate y, that is slightly larger than . Such a point y,, has
a special property: given any z € (0, 1], the point y,, has
a preimage, ¥, 1, that lies in the unit interval. If y,, is
sufficiently large, then it need not have a preimage y,_1
in the unit interval for any given z € (0,1]. For exam-
ple, the point r has no preimage in [n, 1] under the map
Eq. (2), because z € (0,1]. The largest value s, for which
Yn is guaranteed to have a preimage is s, = an(1—n)+n.
Let S denote the interval [n, s,]; then every y, € S has
a preimage under the map (2) for every z € (0, 1].

Let I = [z,z+0z] be a subinterval of S, and let P(z) dz
denote the probability that z € I. Then

1
P(2)bz = / P(y)P(zly) dy,
n

where P(z|y) is the transition probability that a given
point y in the unit interval maps into I. For a fixed
y € [n, 1], this probability is the same as the probability

— +6z—
that z,, € [ayz(ljy)’ Zy(lzfyn)

uniformly distributed in (0, 1], this probability is just the
length of the interval: dz/ay(l —y). Thus, if y € [n,1],
then the probability that y maps into I is:

1 1 0z
m(S) / wi-p® ©®

where m(S) = an(l — n) denotes the length of the in-
terval S. This analysis does not depend on any specific
choice of z or §z, as long as the resulting interval I is
contained in S. Hence, the probability density of the y
component of the orbits of Eq. (2) is constant on S.

]. Since z is assumed to be

P (yny1 € Ilyn € [0,1]) =
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FIG. 3: The numerically computed probability density,
p(y), of the y component of orbits of Eq. (1 for (a) a = 1.5
and (b) a = 2.8. Each inset shows the same data, but for
an expanded interval near 0.

This result is illustrated by the numerical simulations
shown in Fig. 3. Figure 3(a) shows the probability den-
sity p(y) of the y components of orbits of Eq. (1) for
a = 1.5 and three different choices of the perturbation
parameter 7. The unit interval has been divided into
10° equal subintervals, and Eq. (1) has been iterated 107
times. The plot shows a histogram of the fraction of
the y components that is contained in each subinterval.
(The inset shows the same data, but the horizontal axis
has been magnified to make the interval S more visible.)
The probability density of orbits that lie to the right of
S appears to drop off exponentially. Figure 3(b) shows
analogous plots for a = 2.8.

Additional analysis illustrates the impact of the sym-
metry breaking on the probability distributions of the
orbits. Suppose that a < e. As n — 0, the interval
S shrinks and moves towards 0. At the same time, the
probability that a given iterate y lies in S increases, and
the limiting distribution is a delta function at y = 0.
Next suppose that a > e. Even as n — 0, there is a pos-
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FIG. 4: The fraction of time that orbits of Eq. (1) spend
outside the interval S as a function of the perturbation 7.
The circles give numerically computed results for the case
where a > e; the squares, a = e; and the dots, a < e.

itive probability that a given iterate y lies to the right
of S, because the origin is not a sink for Eq. (2) when
a>e.

Figure 4 shows some numerical computations of the
probability that a given point y lies to the right of S
as a function of the perturbation parameter 5 for three
choices of a. If a < e, then the probability that a given
iterate lies to the right of S tends to 0 as n — 0, but if
a > e, then the probability that a given iterate lies to the
right of S tends to a positive constant as n — 0.

This analysis suggests that it is reasonable to regard
the dynamics of Eq. (1) as on-off intermittent even in the
presence of symmetry breaking. We regard the dynamics
as being in an “off” state or laminar phase whenever the
orbit lies in S = [n, an(1 —n) +n]. The dynamics “burst”
or fall into an “on” state whenever the orbit leaves the
interval S. This definition has the added property that
the laminar phase is featureless with respect to the prob-
ability measure of the orbit, i.e., the probability density
of orbits in every subinterval of S is uniform.

B Laminar phases

We continue the geometric analysis illustrated in
Fig. 2. An iterate y such that y < s, = an(l —n) +n is
in an “off” state (laminar phase), and an iterate y > s,
is in an “on” state (burst). As above, we let S = [n, sy].

Suppose that y,—1 € S. We define Zcrit (yn—1) to be the
largest value of x such that y, € S; in general, T¢,it(y) =
n(1—n)/y(1—y). Since z is uniformly distributed in [0, 1],
the probability that z lies to the right of S is 1 — zcrit(y)-
An analysis similar to that leading to Eq. (3) implies that

P(yn+1 ¢ S|?J € S) =1- xcrit(y)
1 n-n)
= m(S)/n (1 y( —y>> %

14

13 |
M L
12 |
11 ¢

10}

0.9 ‘ ‘
10715 1071 N 10 100

FIG. 5: The mean laminar phase length, M, of orbits of
Eq. (1) when a = 2.75. The solid line is a graph of the
theoretically predicted length, Eq. (5), as a function of 7,
and the boxes are numerically computed values of M.

where m(S) = an(1 — n) denotes the length of the inter-
val S. Let Ps denote the probability that y,+1 € S when

Yn € S. Then
1 Sn —
Ps = / nl—mn) .
n 1-

z(1-2z)
= lln [M] . (4)

a 1—an
The probability of having a laminar phase of length n is
simply the probability that the first n iterates lie in S and
the (n+1)st leaves S, viz., P{(1— Pg). Thus, the lengths
of the laminar phases are exponentially distributed. Ex-
ponential distributions of laminar phases have also been
seen in maps of the form y,11 = 2, f (yn) + 06,1077, where
dn, is a bounded noise process and v > 0 scales the noise
amplitude [10].

Numerical simulations confirm that there are laminar
phases whose length is of order 10. It is possible to com-
pute the probability distribution of the laminar phases
numerically for values of n up to several dozen, but long
laminar phases are rare events. As a result, the mean
length M of the laminar phases is short:

— n __
M=(1-Ps)) nP§=1—p (5)

n=1
where Pg, which depends on 7, is given by Eq. (4).
Figure 5 shows a plot (solid line) of Eq. (5) as a func-
tion of n when @ = 2.75. The boxes are numerical compu-
tations of M for selected values of i, using Eq. (1). Notice
that M is roughly constant for n < 10~2. Because the
value of M is close to 1 for small values of 7, the system
remains in the interval S for only two iterations on the
average.
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FIG. 6: The distribution ®(0) of laminar phase lengths
O of time series from Eq. (1) with a = 2.75. (a) The
symmetry-breaking case with selected positive values of
the perturbation parameter n; (b) The symmetric case,
n=0.

III. SMALL SYMMETRY BREAKING

We now consider the case where the threshold vy, for
measuring on-off intermittency is much greater than 7,
the symmetry breaking parameter. We will show, by
both numerical evidence and a random walk model, that
the following two properties hold when 1 # 0 and the
line y = 0 is no longer invariant. (1) The distribution of
the laminar phases becomes exponential, now matter how
small n may be. (2) The fractal dimension of the set of
intersecting points of the on-off intermittent time series
at yen changes abruptly from 1/2 to 1 as 7 is increased
from zero.

A Numerical evidence

As a numerical experiment, we choose f(z) to be
the tent map, set a = 2.75, and iterate Eq. (1) until
we accumulate 107 laminar phases. (For this purpose,
we regard an iterate ¥y, as being in a laminar phase if
Yn < ytn = 1072.) Figure 6(a) shows a plot of the
fraction ®(0) of laminar phases as a function of their
length © for two different values of the symmetry break-
ing parameter 1. The plot is semi-logarithmic and sug-
gests that the lengths of the laminar phases are exponen-
tially distributed, i.e., ®(0) ~ exp(bO) for some constant
b that depends on 7. The exponential behavior of ®(0)
in this case is evident even for small values of ©. Fig-
ure 6(b) shows the contrasting situation where n = 0 and
the line y = 0 is an invariant subspace. Here the distri-
bution ®(©) appears to be algebraic, i.e., (0) ~ 0 for
a constant b; in fact, b = —3/2 [3].
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FIG. 7: The filled circles indicate the numerically com-
puted values of the number of intervals N(e) of length e
needed to cover the set of points formed by the intersec-
tion of the graph of the time series of y values generated
by Eq. (1) with the line y = yyy.

Our confidence in the exponential distribution of the
laminar phase lengths in the symmetry breaking case is
bolstered by a computation of the fractal dimension of
the on-off intermittent time series. The fractal dimen-
sion is computed as follows. Set a threshold yi, > 1 and
consider the set of time intervals whose endpoints are de-
termined by the intersection of the graph of y,, with the
horizontal line y = ysn. Let N(€) be the number of inter-
vals of length € required to cover the set of intersecting
points of the on-off intermittent time series with yn. In
the range of time intervals © for which the exponential
distribution ®(©) is valid, we expect that N(e) ~ e~ Do,
where Dy is the fractal dimension of the on-off intermit-
tent time series.

Venkataramani et al. [4] have argued that an algebraic
distribution of laminar phase lengths © is equivalent to
a fractal dimension Dy = 1/2 of the on-off intermittent
time series. However, if the distribution of the laminar
phase lengths © is exponential, then, as we show below,
the fractal dimension of the on-off intermittent time se-
ries is Dy = 1. Figure 7 shows a plot of numerically
computed values of In N(e) versus In € for a time series of
Eq. (1) with @ = 2.75 and = 10~*. The regression func-
tion is indicated by the solid line, which suggests that Dy
is close to 1.

B Random walk model

Qualitatively, the crossover from an algebraic to an
exponential distribution of the laminar phase lengths as
7 increases from 0 can be understood as follows. Rewrite
Eq. (1) as:

Ynt1 = aZpYn[(1 — yn) + n/aznyn].



Consider the case where 1 > 1 > 0 and y,, is in the “off”
state. Then y, = 7, S0 Ypt1 & az,yn(l + ), where
On = 1/axnyn. The probability that z, is close to 0 is
small. Therefore, most of the time, &, is on the order
of 1. Letting

Y, = —Iny,, (6)

we obtain:
Yo =Y, +up, (7
where v, = —In(az,) —In(1 + 4, is a random variable.

In this way, we obtain a random walk in ¥,,. If n =0
and a 2 a., then Inaz, ~ 0 and 6, = 0 so that v, = 0,
which implies that the random walk is unbiased. But
when 1 # 0, then depending on the value of y,,, the term
&, can be either large or small. In particular, if y,, is close
to 1 (in the “off” state), then ¢, is on the order of unity.
As y,, moves away from the “off” state, the value of 6,
becomes negligible. Because there is a high probability
that the trajectory remains in the “off” state, we have
Un < 0. Thus, the random walk in Y,, is biased when
1 # 0. Therefore, we expect a sudden, qualitative change
in the characteristics of on-off intermittency immediately
after 7 is increased from zero.

We note that, even in the case of n = 0 (no symmetry
breaking), the random walk so obtained is also biased [3]
when the parameter a is increased from a., the blowout
bifurcation point, because Inaz, 2 0 for a 2 a.. In this
case, one also expects an exponential behavior in the dis-
tribution of the laminar phase lengths © for sufficiently
large values of ©. In numerically or physically reason-
able time scales, one still observes an algebraic distri-
bution [3]. When the symmetry is broken, however, the
switch from an algebraic to an exponential distribution of
laminar phase lengths is metamorphic, in the sense that
the onset of the exponential behavior is almost immedi-
ate at small time scales even when 7 is many orders of
magnitude smaller than typical scales of the measurable
physical quantities of the system.

We are thus led to the analysis of the biased random
walk model (7), where we assume that v, is a random
variable with a probability distribution F(v) [11]. The
drift of v, is given by:

U= /vF(v) dv.

The Fokker-Planck equation for P(Y,t), the probability
distribution of finding the walker at location Y at time ¢,
is given by [12]:

2
oP 0P _  O°P ®)

ot "oy ~ Vave

where D = [(v — 7)?F(v)dv is the diffusion coefficient.
The range of the variable Y is (0,00). In the phase
space y, the drift is towards y = 1 if 2 0. In the

walker’s space, the drift is towards Y = 0, i.e., 7 < 0.
We write v = —h, where h > 0.

We analyze Eq. (8) in a manner that mimics what is
typically done in numerical experiments for computing
the laminar phases. We set a threshold, say at y = 1
(Y = 0), start from the steady-state distribution (which
is equivalent to eliminating transients), and examine the
probability that the value of y exceeds the threshold at
some time ¢. Thus, we have an an absorbing boundary
atY =0:

P(0,t) = 0. 9)

For Y > 0, the initial condition is:

P(Y,0) = P,(Y) = (%) exp (J%Y) o (10)

where P;(Y') is the steady-state solution of the Fokker-
Planck equation. Since y can never reach zero, we have
another boundary condition:

P(co,t) = 0. (11)

Let P(Y,s) denote the Laplace transform of P(Y,t), de-
fined by:

P(Y,s) = /0 " P, t)et dt, (12)

where Res > 0. The initial condition in Eq. (10) yields
the following equation for P (Y, s):

d*pP dpP
Dm +hW—SP——P3(Y) (13)
The boundary conditions in Eqgs. (9) and (11) lead to the
solution of Eq. (13):

P = 5o fow (<15) — e}, aa)

where A(s) = (—h — v/h? +4Ds)/(2D), which satisfies
the relation Re A < 0.
Let

W) =1- /Ooo P(Y,t)dY (15)

be the probability that Y is absorbed at ¥ = 0 (which is
the probability that y bursts out of y = 1). The Laplace
transform W(s) of W (¢) is:

W(s) = % —/pr(y,s)dy - m (16)

where 7 = 4D /h? defines the characteristic time scale of
the random walk model.

We now consider the inverse Laplace transform of
W(s) [13], given by

W(t) = — /iOOJrU W(s)e® ds. (17)

—ic0+0
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FIG. 8: The integration path and branch cut for obtain-
ing W(t), Eq. (17).

There is a pole at s = 0 and a branch singularity at
s* = —1/7. The pole corresponds to t — oo in the time
domain and thus makes no contribution to W (¢) in finite
time. We choose a branch cut from s = —coto s = s* <0
as shown in Fig. 8. The integration over the infinitesi-
mal circular path about s* vanishes. The contribution to
W (t) comes from the two integrals, one above the branch
cut and another below, along the negative real axis. The
integration yields:

W(t) = g(t)e "/, (18)
where
77\/_ / f—e;f‘z v (19)

which can be evaluated by using the standard saddle-
point method [14]. We obtain g(t) ~ t~3/? and conse-
quently, the following scaling relation for W (t):

W(t) ~t=3/2et/T. (20)

We can now compute the fractal dimension of the in-
termittent time series and the laminar-phase distribution
based on Eq. (20). Let y(t) be the time series and choose
a uniform set of time intervals of length € to cover the
set of points at which bursts occur. The fractal dimen-
sion Dy is given by: N(e) ~ e P°, where N(e) is the
number of € intervals that are required to cover the set.
Now W (e) is the probability that a randomly chosen in-
terval of length € is a part of the cover. Suppose that the
time series has length T'. The total number of € intervals
contained in [0,7] is T'e~!. Thus,

N(e) = (Te YW (e) ~ e 5/2e=¢/T, (21)
which yields Dy = 1.

The distribution of laminar phase lengths can be com-

puted as follows. Let R(e) be the probability of having

a laminar phase whose length is at least €. Let r(¢) be
the conditional probability that there is a laminar phase
of length between € and 2¢ given that there is a laminar
phase of length €. Then

r(€) = [R(e) — R(2¢)]/R(e) = 1 — R(2¢)/R(e).

Note that r(e) is the conditional probability that there
is a burst in the time interval [(ng + 1)€, (ng + 2)€] given
that there is a burst in the time interval [nge, (ng + 1)€],
where nge is an arbitrary reference initial time. It follows
that:

N(2¢) = N(e) — N(e)r(e) = N(e)[1 —r(e)].
Equation (21) implies that r(e) =
constant). Hence

1 — roe ¢/7 (ro is a

R(e) ~ e/,

where ¢ = —5/2. Now R(e) is related to the probability
distribution ®(0©) of the laminar phase by:

ma:/méwma (22)

Therefore, the probability distribution of the laminar
phases is exponential:
B(0) ~0% O e ®  forO>1. (23)
One prediction of the biased random walk model is that
the average length of the laminar phase can be related to
the drift —h and the diffusion coefficient D as 7 = 4D /h?.
Heuristically, we expect the dependence of the drift and
the diffusion coefficient on the perturbation parameter 7
to be logarithmic for the following two reasons. First, the
random-walk picture is valid in the logarithmic space of
the intermittent variable in the phase space, and second,
as we have argued, the term that causes a bias in the
random walk is almost independent of 7. Thus, we expect
the following scaling relation for the average length of the
laminar phase:

7(n) ~ [Inn[7, (24)

where v > 0 is the scaling exponent. This scaling rela-
tion implies that the average length of the laminar phases
increases only logarithmically as the amount of perturba-
tion is decreased and, as a practical matter, many orders
of decrease in 7 yields only an incremental increase in
the average length of the laminar phases. For example,
in the simple model Eq. (1), we find that, when 7 is de-
creased from 1072 to 107!°, the value of 7(n) increases
only by a factor of 10. Figure 9 shows a plot of log;, 7(n)
versus log;, |logo |- The approximate linear behavior
for small values of 7 supports the scaling law in Eq. (24).
What is the value of the parameter a in this simulation?
The predictions from the biased random walk model
do not depend on any specific details of the underlying



3.0

logipT

24 |
2.2
2.0 |
1.8 |
16

0.5 0.6 0.7 0.8 0.9 1
logyg [logso N

FIG.9: Averagelength 7 of the laminar phases of iterates
of Eq. (1) as a function of the perturbation parameter 7.

0 10 20 o 30 40

FIG. 10: Probability distribution ®(©) of the laminar
phase lengths © of iterates of the model (25).

on-off intermittent system. Therefore, we expect these
predictions to be general. In fact, for Eq. (1), we are
able to obtain rigorous expressions for the probability
distribution and the average length of the laminar phases
that agree with those from the random walk model.

We have performed numerical tests on various mod-
els of on-off intermittency with perturbations and have
found a robust exponential behavior in the distribution
of the laminar phase lengths. Figure 10 shows, on a semi-
logarithmic scale, the probability distribution of the lam-
inar phases obtained at y¢, = 1072 for the model:

( ; ) - ( azy(l — y)::(f)eo cos(2y) ) (29

where T'(z) is the tent map and a = 2.75, ¢ = 103, and
€0 = 1072, The exponential nature of the probability
distribution of the laminar phase lengths is apparent.

IV. DISCUSSION

Perturbations of an on-off intermittent system that de-
stroy the invariant manifold have a distinct impact on the
properties of the dynamics. Most importantly, there is
a metamorphosis of the scaling law for the probability
distribution of the lengths of the laminar phases that is
exponential, in contrast to the algebraic distribution in
a system with an invariant manifold.

Moreover, we have shown that the relative amplitude
of the symmetry breaking and the threshold amplitude
at which one defines the “off” state are important. When
the threshold amplitude is comparable to the size of the
perturbation, then:

e It is possible to characterize an “off” state in a
manner that yields an exponential probability dis-
tribution for the lengths of the laminar phases. In
addition, our definition of the “off” state generates
a probability measure for the iterates of the dynam-
ical system whose limit (as the perturbation tends
to 0) is the natural measure of the iterates of the
original on-off intermittent system.

e The lengths of the observed laminar phases are
short on the average.

When the threshold amplitude is orders of magnitude
greater than the size of the perturbation, then:

e The distribution of the laminar phase lengths is ex-
ponential, in contrast to the algebraic distribution
when there is an invariant manifold.

e The fractal dimension of the level sets of the inter-
mittent time series changes discontinuously from
Dy = 1/2 in the unperturbed case to Dy = 1 in the
perturbed case.

Our characterization of the probability distributions
of the laminar phase lengths has an interesting practical
application. Suppose that, in a laboratory experiment,
limited measurement accuracy leads to uncertainty as to
whether a symmetry breaking has occurred. If it is possi-
ble to run the experiment long enough to collect reason-
able statistics on the distribution of the laminar phase
lengths, then one can check whether the distribution is
exponential. An exponential distribution implies that the
symmetry has been broken.
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