
A Population-Growth Model for Multiple Generations of
Technology Products

We consider the demand for multiple successive generations of products and develop a
di!erential-equation-based demand model which allows demand transitions across multiple
generations. Compared to existing applications of population growth models, in which our
method is rooted, we overcome the di"culty that only sales and not the units-in-use popula-
tion of each product are observable. By replacing di!usion parameters with product-speciÞc
causal factors, our approach minimizes the number of parameters and is able to Þt the sales
data across multiple time periods and from multiple products simultaneously. We test the
performance of the model on both simulated sales data and IntelÕs microprocessor sales data
for the high-end gamers market.
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1 Introduction

Marketing, producing, and delivering multiple generations of products is becoming an ever-

more challenging task for manufacturers of technology products. This paper originates from

an collaborative e!ort with Intel to build forecasting tools when the company periodically

introduces newer generations of products in the presence of competition. The pace of new

product introduction at Intel is driven by advances in both silicon technology and product

architecture design, also known as the Òtick-tockÓ cadence model:

Each tick represents the silicon compaction beat rate, and each tick has a cor-
responding tock representing the design of a new microarchitecture, delivered in
approximately two-year cycles. . . . (Shenoy and Daniel, 2006)

For instance, one of the recent ÒtickÓs has been the leap from 65nm silicon technology

to 45nm in 2007, and the corresponding ÒtockÓ advances the Penryn architecture to the

Nehalem in 2008. Under this Òtick-tockÓ model, Intel brings a major new product to the

market every year. Moreover, from quarter to quarter, the company pushes for incremen-

tal performance improvements and feature enhancements and as a result, a new product

is released to the market nearly every quarter. To deliver this technology roadmap to the

market, Intel develops in parallel, plans for equipment procurement, production and distri-

bution, each with a di!erent planning time horizon but all depending critically on a good
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demand forecast. In this paper, we propose a di!erential-equation-based demand model for

multiple generations of technology products and develop a method for empirically Þtting

historic demand data and parameterizing the demand model.

Demand for a technology product often go through a life cycle pattern, where it ramps

up, peaks, and then ramps down as newer products are introduced. Bass (1969) character-

izes the consumers for durable goods as a combination of innovators, who adopt the product

at a constant rate and imitators whose adoption rate depends on the current population

of adopters. The resulting demand resembles a di!usion process. Compared to the time-

series methods which are primarily data-oriented, the Bass model takes into consideration

the underlying market dynamics to predict demand. The Bass model has inspired tremen-

dous research and practitioner interests. Researchers have since extended the Bass model

to incorporate demand inßuencing factors such as advertising, price, and product-speciÞc

attributes (Bass, 1980; Bass et al., 1994; Kamakura and Balasubramanian, 1988; Jain and

Rao, 1990; Kalish, 1985). However, extensions that allow these demand inßuencing factors

are limited to a single product di!usion model.

In the market for microprocessors, every new product introduces changes in many dimen-

sions: speed, cache size, power consumption, price, the release date, marketing budget, and

so on. Not only do a productÕs characteristics a!ect its own demand, they also dramatically

inßuence the sales of adjacent generations of products, all of which complicate the task of

demand forecasting. Consequently, Intel desires a forecasting model that predicts the sales

for multiple generations of products to facilitate long-range planning.

In contrast to the vast amount of literature on demand for asingle technology or product,

previous research on demand models formultiple generations of products are relatively few.

Fisher and Pry (1971) model the substitution of the new technology for the old technology

using a logistic curve by assuming that the market share of the new technology grows with an

exponential rate. Their model is limited to two products and does not capture the demand

of each product through its entire life cycle.

Norton and Bass (1987) consider the di!usion of successive generations of products.

They combine the substitution e!ect with di!usion by allowing the adoption of the next

generation product be composed of two parts: those coming from the untapped market

potential, and those from adopters of the old product upgrading to the newer product. The

Norton and Bass (1987) model is an improvement over the Fisher and Pry (1971) model

because it directly models sales level (instead of market share) and it yields the overlapping
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bell-shaped demand curves commonly observed when multiple generations of products are

sold concurrently. One limitation of the Norton-Bass model is that the substitution only

occurs between successive generations, not across multiple generations. For example, with

three generations of products, the Norton-Bass model only considers upgrade from generation

1 to 2, but not upgrade from generation 1 directly to generation 3. As a consequence, the

result is not generalizable if we have simultaneous transitions involving more products. In

addition, the complexity of the Norton-Bass model increases dramatically as the number of

products increases. We have not seen any applications of this model on more than three

consecutive generations of products.

More recently, researchers have incorporated product or market variables into the Norton-

Bass model to evaluate their impact on the development of successive generations of prod-

ucts. For example, Kim et al. (2000) extend the Norton-Bass model to include inter-

category/generation e!ects between any two products by allowing the market potential to

be dependent on the cross category e!ects. Danaher et al. (2001) introduce the marketing-

mix variables to a two-generation Norton-Bass model and allow the non-adopters to skip

generation 1 and adopt generation 2 product directly. Schmidt and Druehl (2005), as well as

Druehl and Schmidt (2008) extend the Norton-Bass model by allowing product attributes to

drive the di!usion and by allowing both monopoly and duopoly competitions. Introducing

causal e!ects is a major improvement over the pure di!usion-based multi-product demand

model. However, this further increases the model complexity and the number of parameters,

leading to an even higher risk of data over-Þtting.

In this paper, we adopt an aggregate-level demand model that is similar to the population

growth models often used in ecology and sociology. The basic idea can be illustrated as

follows: Assume that a company is currently selling a total ofn generations of product on

the market, indexed by the order of each productÕs market entry. We associate a population

xi with each product i = 1, . . . , n, indicating the current number of units-in-use for this

product. We assume that a customer will never purchase a product that is older (in terms

of the productÕs introduction time) than the one he currently owns. In addition, once a

customer purchases a new product, he will scrap the old product he previously owned or

downgrade it to a secondary usage. Therefore, a customer can only belong to one population

at any instance of time. That is, the state of a customer is determined byi - the latest product

he owns. When a customer that belongs to populationi upgrades to productj (j > i ), he

leaves the populationi and enters populationj . As in the Bass model, we assume that each
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customer purchases at most one unit of product each time.

The value ofxi increases if a customer who previously owned an older product purchases

product i and decreases if a customer who previously owned producti decides to buy a newer

product. Let Pij be the fractional ßow rates from populationi to j , i.e., the fractional rate

at which a customer of producti will buy a product j . The population evolution can be

described by the following di!erential equations:

dxi

dt
=

!

j<i

xj Pji ! xi

!

j>i

Pij , i = 1, . . . , n . (1.1)

Let Si be the cumulative sales of producti . The sales rate for producti is then given by

si (t) =
dSi

dt
=

!

j<i

xj Pji , i = 1, . . . , n , (1.2)

which is the Þrst term of equation (1.1). In other words,
dSi

dt
is the rate at which customers

who currently use an older product buy producti .

The model has clear advantages over the Norton-Bass model: It captures interactions

among multiple generations of products, allows generation leapfrogging, and allows an ar-

bitrary number of products to coexist. Bayus et al. (2000) provide a brief review of a

two-product model based on the same idea and show that several previously studied mod-

els, including the Norton-Bass model and the Lotka-Volterra (Lotka, 1925; Volterra, 1926)

predatory-prey model, can all be considered special cases of this model.

The idea of using the population growth model for demand forecast is not new. However,

existing applications are limited to cases where the population sizes are directly observable

or can be easily estimated. For example, Mahajan and Muller (1996) apply the popula-

tion growth model to the demand for the IBM mainframe computers and study the optimal

introduction timing. Kim et al. (2000) apply a similar model to subscriptions of telecommu-

nication services and study the inter-category competition and complementarity, as well as

inter-generational substitution. In both papers, the population for product-in-use is easily

identiÞable by the number of service contracts in place. For most other products, the pop-

ulation data are not available. For example, at Intel, a customer who purchases the newest

generationi microprocessor could previously be a user of generationi ! 1, i ! 2, etc. In some

cases, it could also be a customer who switches from a competitorÕs product to the Intel gen-

eration i product. None of these information is observed by Intel. The only data available

to the company are the sales information, which only indicate how many units-in-use have
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been added to generationi , but not from which population these customers come. Moreover,

the sales of generationi product do not yield any information on how many customers have

left generation i either, making it impossible to track the size of populationi .

Bayus et al. (2000) recognize this limitation and suggest an approximation:

ÒHowever, often only information on sales in each time period is readily available
for most markets. In such a data environment, to consider interactions among
products we letxi (t) represents productiÕs sales at timet.Ó

However such an approximation is only good for an initial short time interval for a new

product that has no competition. In that case there are initially no customers that owned

the product and for a short time frame there are no customers buying other products. Hence

the total sales are identical to the number of current owners. As soon as a newer product

appears on the market, this approximation will be dramatically wrong. To illustrate, we

show in Figure 1 sample paths of the sales and population evolutions in a multi-generation

demand environment. Each bell-shaped curve represents the evolvement of a particular

product over its life cycle (Figure 1(a) for the units-in-use, Figure 1(b) for the sales). Clearly

the population (units-in-use) peaks lag behind the sales peaks, in addition to the di!erence

in the magnitude of the peak height.
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Figure 1: Comparison of Population and Sales

In this paper, we develop a method that overcomes the di"culty of non-observable pop-

ulation size. This in turn allows us to take advantage of the ßexibility a!orded by the

population growth model even when the population data cannot be obtained. We show that
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this method performs well on synthetic data, generated by a known demand obscured by

noise. Furthermore, we apply this method to IntelÕs microprocessor sales data to parame-

terize a multi-generation demand forecast model for Intel.

A second contribution of this research is that we replace the generic di!usion parameters

with product speciÞc causal factors, which greatly reduces the total number of parameters.

Existing literature typically focuses on di!usion parameters such as the market potential, the

innovation parameter and the imitation parameter. With multiple products, the number of

parameters can grow combinatorially: Not only does each product add its own set of di!usion

parameters, but for each pair of products, additional parameters are needed to model inter-

product interactions. For example, Mahajan and Muller (1996) use parameters! i to indicate

the proportion of product upgrades from generationi and within those who upgrades," j to

deÞne what proportion is leapfrogging to generationj . Danaher et al. (2001) similarly deÞne

a parameter# to capture the percentage of leapfrogging. This not only increases the model

complexity, but also risks over-Þtting the demand curves. Furthermore, parameters obtained

through such models are often not Þt for forecasting since it is not clear how product-speciÞc

di!erences should be taken into account to modify the di!usion parameters. In this paper,

we model the di!usion parameters as linear functions of the causal factors. Therefore, the

number of parameters only increases with the number of causal e!ects one would like to

introduce into the model, not the number of products.

Another paper related to our work is Loch and Huberman (1999), who use an evolutionary

approach to model the di!usion of a new technology in competition with an existing tech-

nology. They examine the stable equilibria and the time to technology shift, and show that

either the new or the old technology may dominate regardless of the technology superiority,

due to performance uncertainty. We extend their work by presenting a population-growth

model for the di!usion of multiple successive product generations and developing an e"cient

method to parameterize this demand model. We test the model with both simulated data

as well as IntelÕs microprocessor sales data.

In this paper, we do not consider supply constraints and use the terms ÒdemandÓ and

ÒsalesÓ interchangeably. For new product di!usion models under supply constraints, one

may refer to Ho et al. (2002) and Kumar and Swaminathan (2003), which extend the single-

product Bass model. In addition, we do not consider used or remanufactured products and

their impacts on the di!usion dynamics, which is the subject of a related paper by Debo

et al. (2006).
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The rest of the paper is organized as follows. Section 2 describes the multi-product dif-

fusion model in detail: In this section, we assume that there is no competition and that

the total population of adopters is constant. That is, the market consists of a Þxed pool of

customers who upgrade to newer generation products from time to time but never leave the

market. We use a discrete-time representation of the di!erential equations to model popula-

tion and sales, and present the basic idea for overcoming non-observable population size. In

Section 3, we examine the identiÞcation condition for this model and prove convergence of

the proposed method under certain conditions that are restrictive but easily enforceable. We

then test the model using stochastically generated sales data. In Section 4, we extend the

model to include competition, as well as time-varying total market (population) size to allow

more realistic market scenarios. We apply the model to the microprocessor data supplied by

Intel to parameterize the demand model in Section 5. We also provide a discussion in this

section on how to e"ciently expand the model to include a larger number of causal factors.

Lastly, we conclude in Section 6, summarize the key assumptions for the model and method

developed in this paper and discuss its limitations.

2 Model

In this section, we present the population growth model for multiple generations of products,

assuming that the total population of the adopters is invariant, i.e.,
n!

i =1

dxi

dt
= 0. This

corresponds to a case where the market starts with a population of adopters; each adopter

currently owns one of several generations of products that have been sequentially introduced

to the market by a single Þrm. As time evolves and as the Þrm introduces more products, each

adopter may upgrade to a newer product. No adopters leave the market and no newcomers

enter the market. Later in Section 4, we relax this assumption to allow more realistic

scenarios.

We assume that, similar to the Bass model, the fractional ßow rate from populationi to

j is given by

Pij = qij + pij xj , (2.1)

whereqij and pij are the di!usion parameters.

We assume that there is aword-of-mouth e!ect in product adoption; thus Pij increases

with the current population size xj and pij indicates the magnitude of theword-of-mouth
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e!ect. qij represents aninnovation e!ect which does not depend on the density of population

j .

Therefore, the di!erential equations (1.1) and (1.2) both have a quadratic form:

dxi

dt
=

!

j<i

(qji xj + pji xi xj ) !
!

j>i

(qij xi + pij xi xj ) , (2.2)

dSi

dt
=

!

j<i

(qji xj + pji xi xj ) . (2.3)

We consider a discrete version of the model described in equations (2.2) and (2.3). Specif-

ically, we considerH time periods, let xi (t) be the population of product i at the beginning

of time period t, and si (t) be the sales of producti during time period t. Thus

xi (t + 1) = xi (t) +
!

j<i

[qji xj (t) + pji xi (t)xj (t)]

!
!

j>i

[qij xi (t) + pij xi (t)xj (t)] , (2.4)

si (t) =
!

j<i

[qji xj (t) + pji xi (t)xj (t)] (2.5)

" t = 1, 2, ..., H .

Next we assume that the di!usion parameterspij and qij are dependent on the product

performances. In particular, we assume the following linear relationships:

qij = " 1 + " 2# f ij , (2.6)

pij = " 3 + " 4# f ij , (2.7)

where #f ij is the performance gap between producti and product j measured in percentage

improvement. The parameters" 2 and" 4 parameterize the importance of the performance gap

whereas" 1 and " 3 incorporate transitions that are independent of the product performance.

Later in Section 5, we discuss a pragmatic approach to expand the number of causal factors.
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Substituting the above relationships into equations (2.4) and (2.5), we obtain

xi (t + 1) = xi (t) + " 1

"
!

j<i

xj (t) !
!

j>i

xi (t)

#

+ " 2

"
!

j<i

# f ji xj (t) !
!

j>i

# f ij xi (t)

#

+ " 3

"
!

j<i

xi (t)xj (t) !
!

j>i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t) !
!

j>i

# f ij xi (t)xj (t)

#

, (2.8)

si (t) = " 1

"
!

j<i

xj (t)

#

+ " 2

"
!

j<i

# f ji xj (t)

#

+ " 3

"
!

j<i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t)

#

. (2.9)

Therefore, conditional onx(t) = ( x1(t), . . . , xn(t)), both xi (t + 1) and si (t) are linear

functions of the parameter vector" . In particular, we deÞne a matrixX with dimension

4 $ nH such that

X t+( i−1)H =

$
!

j<i

xj (t),
!

j<i

# f ji xj (t),
!

j<i

xi (t)xj (t),
!

j<i

# f ji xi (t)xj (t)

%

, (2.10)

whereX t+( i−1)H is the [t + ( i ! 1)H ]th row vector of X . Then we can rewrite equation (2.9)

as

s = X" , (2.11)

where

s = ( s1(1), s1(2), ..., s1(H ), s2(1), s2(2), ..., s2(H ), ..., sn(1), sn(2), ..., sn(H ))T (2.12)

is a vector with its [t + ( i ! 1)H ]th element representing the sales of producti during period

t. The superscriptT indicates the transpose of a vector or matrix. Throughout the rest of

the paper, we assume that the matrixX has full rank.

SincePij is a fractional rate, the setx = ( x1, ..., xn) % Rn
+ is positive invariant for the

di!erential equation (1.1), i.e. there will never be a negative number of consumers. Also,

given that
n!

i =1

dxi

dt
= 0, the total number of customers stays constant. Therefore,xi stays

bounded for all time. However, since we discretize the continuous di!erential equations, an

approximation is made. As such, we need to impose additional assumptions on the parameter
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vector " such that the discrete time model is well behaved. In particular, we wish to ensure

that the values ofxi (t) are Þnite and nonnegative. In other words, we need to ensure that the

sales out of a populationi never exceed its current population size in each period. That is,
&

j>i (qij + pij xj (t))xi (t) & xi (t) " i, t . From an implementation perspective, this is equivalent

to keeping the discrete time unit su"ciently small. In this paper, we assume that" is small

such that sales in and out of each population are small relative to the current population

size.

Suppose we know the values ofxi (t) " i, t and the sales ofsi (t), then we can solve the

linear system of equations given by (2.11) to obtain the parameter" . In the case with

measurement error in sales, one can use multivariate linear regression to obtain the estimate

for " using the linear regression model

s = X" + $ . (2.13)

Unfortunately, as discussed earlier,xi (t) are in most cases not available and therefore we

cannot use linear regression methods to estimate" . Rather, the model we need to estimate

is

s = X (" )" + $ , (2.14)

whereX is a function of " .

3 Solving the Nonlinear Regression

The conventional nonlinear regression method for estimating" in equation (2.14) involves

minimizing the mean square error

v(" ) ' (X (" )" ! s)T (X (" )" ! s) (3.1)

by optimizing " . Equation (2.8) is a quadratic recursive equation, which implies that both

si (t) and xi (t) are polynomial functions of the parameter vector" with the order 2t . Hence

the optimization problem of minimizing the mean square error over the parameter vector

" is of polynomial order 22t , which can be very hard to solve for any reasonably larget.

In addition, the Þrst order necessary condition for optimality for a polynomial of order 22t

results in a system of polynomial equations of order 22t ! 1 and in theory may lead to
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numerous roots. Therefore, solving this as a general polynomial optimization problem is

practically infeasible.

Given the special structure of this problem, we propose an iterative procedure that takes

advantage of the linear structure of equation (2.9) to obtain the optimal parameter estimates.

Although the population pathsxi (t), t = 1, ..., H are not known, we canconstruct them based

on the current parameter estimates. Then, from the constructed population paths, we can

obtain an updated estimate of the parameter vector using the constructed data matrix and

the actual sales vector. In particular, we perform linear regression using equation (2.13) and

repeat this process until the parameter estimates converge. The following is a step-by-step

description of the procedure.

¥ Step 1: Assume that we know the values ofxi at time t = 0. In the kth iteration, start

with the current estimate " k for the parameter vector" to construct the population

path öxi (t) " t % [1, H ] following equation (2.8), and then derive the sales path ösi (t)

using equation (2.5).

¥ Step 2: Construct the column vectors and the matrix X as deÞned in equations (2.12)

and (2.10). Then run linear regression ofs against X to obtain an updated set of

parameters given by

" k+1 ' (" k
1 , " k

2 , " k
3 " k

4 )T = ( X T X )−1X T s. (3.2)

¥ Repeat step 1 and 2 using the updated parameters" k+1 until convergence.

The iterative method described above is conceptually similar to a Þxed-point iteration

method for solving a system of nonlinear equations. This can be seen by omitting the error

term $ and rewriting equation (3.2) as" = [ X (" )T X (" )]−1X (" )T s. However, it is not clear

whether the solution to the above equation optimizesv(" ) as deÞned in equation (3.1).

Furthermore, we know that for Þxed point method to work, the mapping from" k to " k+1

needs to be a contraction. However, this is not generally true, even without measurement

error $. Therefore, the method described earlier does not always converge. Indeed, we observe

both cases of convergence and cases of local divergence where the sequence" k oscillates

around the Þxed point but never converges. In the next two subsections, we examine the

mathematical conditions required for the model in equation (2.14) to beidentifiable and

show that convergence can be achieved with a modiÞed iterative approach of the previously

described method.
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3.1 Model IdentiÞcation

In the iterative approach described in Section 2, we circumvent the problem that population

paths are not observable by constructing them using current best estimates of the parameters.

Because of the missing information, we run into the problem of parameter identiÞability.

A set of model parameters isidentifiable if no other set of parameter values lead to the

same probability distribution for the dependent variables, in which case the two parame-

ter points are observationally equivalent (Rothenberg, 1971). If two parameter points are

observationally equivalent, then we cannot statistically distinguish one from the other. In

this problem, this would imply that there might be multiple sets of" parameter values that

could generate the same sales distribution. In the special case where the measurement error

is zero, identiÞability is equivalent to the existence of a unique Þxed point.

In our problem, if the population pathsxi (t), t = 1, ..., H are observable, then the model

described by equation (2.9) is a linear model. A linear models = X" + $ is identiÞable if

the error term $i is zero mean, independent from the independent variable, and the matrix

X is of full rank (Greene, 2003).

However, the observation ofX is in general not readily available and the true model is

s = X (" )" + $, which is non-linear. Rothenberg (1971) shows that a non-linear model is

locally identiÞable if the information matrix as deÞned byR(! ) = [ r ij (! )] = E
'

!logf
!" i

á!logf
!" j

(
,

wheref is the probability density of the dependent variable for a given set of parameter values

! , is non-singular at any regular point of the matrixR(! ). In addition, if f belongs to a

special class of the exponential family (e.g., multivariate normal), then the parameter vector

! is globally identiÞable. A straightforward application of the Rothenberg result leads to

the following proposition.

Proposition 3.1. Assume that the sales can be modeled by

si (t) = " 1

"
!

j<i

xj (t)

#

+ " 2

"
!

j<i

# f ji xj (t)

#

+ " 3

"
!

j<i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t)

#

+ $i (t) , (3.3)

where $i (t), i = 1, ..., n are of independent normal distributions. Then global identification

requires ( # [X (" )" ] to be of full rank.
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The above condition is trivially satisÞed when the initial population mix at the beginning

of time period t0 is known, and for each time periodt0 and after, we have the sales data of at

least 4 consecutive generations of products that are linearly independent. In this case, the

parameter vector" can be uniquely identiÞed from the sales within a single period because

the full rank condition is satisÞed. If in general, the number of products is small (smaller

than 4) at a given time t, then we cannot uniquely identify the parameter" merely by the

sales in periodt. Nevertheless, by using the sales in the next time interval, we can obtain

4 or more equations which generically have rank 4, i.e., the condition in Proposition 3.1 is

satisÞed.

3.2 An Augmented Approach

The identiÞcation condition ensures that no two parameter sets could generate the same

probability distribution of sales. However, in general, it does not guarantee that for any

given set of sales data, the procedure converges or that it converges to a stationary point of

the optimization problem " = arg min # v(" ) where v(" ) is deÞned in equation (3.1).

We present an augmented approach that is similar to a gradient descent method and

takes advantage of the linear structure a!orded by equation 2.13. SpeciÞcally, we modify

Step 2 of the original iterative procedure such that the parameter values used in the next

iteration " k+1 is determined as follows: LetX (" k) be the population matrix constructed

using the parameter vector" k and let bk be the optimal parameter values obtained through

the linear regression using equation (2.13), i.e.,bk = [ X (" k)T X (" k)]−1X (" k)T s. We deÞne

the direction vector dk = bk ! " k and update the parameter estimates by" k+1 = " k + ! kdk

where! k %(0, 1] represents a scalar step size.

To Þx ideas, we follow the deÞnition in Bertsekas (2003) regarding a descent direction in

gradient descent algorithms.

DeÞnition 1. Let f (" ) be a continuously di!erentiable function of the vector" . A sequence

{ dk} k∈$ is gradient related to " k if { dk} k∈$ is bounded and limk→∞ supk∈$ ( f (" k)T dk < 0.

Lemma 3.2. Define the sequence { dk} and { " k} such that dk = bk ! " k
and " k+1 = " k + ! kdk

.

Assume that
)
( (X" k)

* )
X T X

*−1
X T

is positive definite. Then the sequence { dk} is gradient

related to { " k} .
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Proof. For brevity we omit the argument " k of X in the proof. SinceX is full rank, X T X

is invertible. Thus we can rewritedk as

dk = ( X T X )−1X T X [(X T X )−1X T s ! " k ]

= ( X T X )−1(X T s ! X T X" k) = ! (X T X )−1X T (X" k ! s) .

From the deÞnition ofv(" ), we have

( v(" k) = 2[ ( (X" k)]T (X" k ! s) .

Thus

1
2

[( v(" k)]T dk = !
+

[( (X" k)]T (X" k ! s)
, T )

(X T X )−1X T (X" k ! s)
*

= ! (X" k ! s)T [( (X" k)](X T X )−1X T (X" k ! s) < 0 ,

where the last inequality holds because [( (X" k)](X T X )−1X T is positive deÞnite.

We have made the assumption earlier thatxi (t) is always nonnegative and bounded from

above. Therefore, as long as we start with a" k that is bounded, bk = ( X T X )−1X T s is

bounded; and thus" k+1 is bounded. As a result, the sequence{ dk} is bounded and{ dk} is

gradient related to { " k} .

Employing a result in Bertsekas (2003) (Prop. 1.2.1, page 43), we show that the sequence

{ " k} converges to a stationary point ofv(" ) if " k is su"ciently small and the step size! k is

properly chosen.

Corollary 3.3. Assume that the positive definiteness condition in Lemma 3.2 is satisfied.

If the step size ! k
is chosen by the Armijo rule or any step size rule that yields a larger cost

reduction at each iteration step than the Armijo rule 1, the sequence { " k} converges to a

stationary point of v(" ).

The proof of the above corollary is straightforward: The positive deÞniteness condition

leads to a gradient-related sequence{ dk} . According to Prop. 1.2.1 in Bertsekas (2003), if

the step size is determined by the Armijo rule or one with higher cost reduction than the

Armijo rule in each step, then every limit point of { " k} is a stationary point.

In general, the condition in Lemma 3.2 is di"cult to verify even for a given value of" k.

However, we show that this condition is always satisÞed asymptotically when" k ) 0.
1The Armijo rule is a successive reduction rule such that a sufficiently large cost reduction is achieved.

See Bertsekas (2003) for more details.
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Proposition 3.4. The matrix lim#→0[( (X" )](X T X )−1X T
is positive definite and thus the

augmented iterative approach converges to a stationary point of v(" ) if " k ) 0.

Proof. From equation (2.8), we have:

%xi (t + 1)
%"1

=
%xi (t)
%"1

+
!

j<i

xj (t) !
!

j>i

xj (t) + " 1
%

%"1

"
!

j<i

xj (t) !
!

j>i

xj (t)

#

+ " 2
%

%"1

"
!

j<i

# f ji xj (t) !
!

j>i

# f ij xi (t)

#

+ " 3
%

%"1

"
!

j<i

xi (t)xj (t) !
!

j>i

xi (t)xj (t)

#

+ " 4
%

%"1

"
!

j<i

# f ji xi (t)xj (t) !
!

j>i

# f ij xi (t)xj (t)

#

.

Since xi (t) is bounded " i, t , it is easy to show by induction that
%xi (t)
%"1

is bounded" i, t .

Since
%xi (t)xj (t)

%"1
= xi (t)

%xj (t)
%"1

+ xj (t)
%xi (t)
%"1

, it follows that
%xi (t)xj (t)

%"1
is also bounded.

Similarly, we can show that
%xi (t)
%"m

and
%xi (t)xj (t)

%"m
wherem = 2, 3, 4 are bounded. Con-

sequently, lim
#→0

(( #X )" ) 0. Therefore,

lim
#→0

[( (X" )](X T X )−1X T = lim
#→0

[X + ( ( X )" ](X T X )−1X T

= lim
#→0

X (X T X )−1X T + lim
#→0

(( X )" (X T X )−1X T

= lim
#→0

X (X T X )−1X T ,

where the last equality follows from lim
#→0

(( #X )" ) 0. Since X is full rank, the term

lim
#→0

X (X T X )−1X T is positive deÞnite. Hence the matrix lim#→0[( (X" )](X T X )−1X T is

positive deÞnite. From Corollary 3.3, the augmented iterative approach converges to a sta-

tionary point of v(" ) in this case.

To summarize the results in this section, we show that if the true" values are su"ciently

small, which can be enforced by restricting the discrete time unit to a small interval, the

augmented approach always converges and the parameter estimate converges to a stationary

point of v(" ). In other words, as" ) 0 our problem becomes a linear problem and our

algorithm becomes alinear least squares algorithm. With the assumption of full rank there

is a unique solution to the error minimization problem. Indeed, our numerical results verify
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that convergence is always achieved when the true" parameters are small enough to ensure

nonnegativity of xi (t). In the next section, we apply this augmented approach to sales data

that are stochastically generated from a model given by equation (2.14) and demonstrate its

performance.

3.3 Performance of the Augmented Approach on Simulated De-
mand Data

In this section, we assume that the underlying model iss = X (" )" + $ where$ is normally

distributed with zero mean. We wish to estimate" by Þnding the " value that minimizes

the mean square errors ! X (" )" . In particular, we apply the iterative descent procedure

described in Section 3.2 to solve for the optimal" .

Figure 2 shows an example where the sales (Figure 2(a)) are generated from a model

described in equation (3.3) with" = (0 .005, 0.02, 0.08, 0.30) and $ = 0. We observe quick

convergence to the true parameters in Figures 2(b)-2(f)(the dashed lines indicate the true

parameter values).

In the presence of noise ($ *= 0), we also observe fast convergence of the procedure.

However, we note that, in general, the procedure does not converge to the true parameter

value that is used to generate the sales, but rather the parameter value that minimizes the

mean square error of the models = X (" )(" )+ $. Therefore, simply comparing the parameter

estimates with the true parameter values is not a good measure for performance. Rather, we

examine the performance of the augmented approach in predicting future sales. SpeciÞcally,

we generate stochastic sales data for a given set of underlying parameter values and apply

the iterative descent procedure to obtain the corresponding parameter estimates. From the

estimates, we generate the predicted sales curves. We then compare this predicted sales

curve with the 95% conÞdence level sales band predicted by the true parameters.

Figure 3(a) illustrates such a comparison. The true parameters for the underlying model

are " = (0 .005, 0.02, 0.01, 0.30). The noise term ($) is assumed to have a standard deviation

that is 10% of the mean sales. We generate 500 sets of sales data and apply the iterative

descent method on each data set. We observe that the majority of predicted curves centers

around the ÒtrueÓ curve, nearly all of them stayed in the 30% conÞdence intervals (the red

curves) of the ÒtrueÓ curves and none has drifted outside the 95% conÞdence intervals (the

blue curves). More importantly, this observation stays true even as the uncertainty level

increases: As the band for the predicted sales curve becomes wider, the conÞdence intervals
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Figure 2: Convergence of the Augmented Algorithm to the True Parameter Values

of the true sales curve also broadens. Figure 3(b) illustrates the case when the$ has a

standard deviation that is 20% of the mean sales.
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Figure 3: Performance on Simulated Sales (Predicted sales curves largely stay within the
30% conÞdence intervals of the true sales.)

3.4 Demand Input for Strategic Planning

While of the focus of this paper is the population-growth demand model for multi-generation

products and the method to parameterize the model, we discuss brießy in this section how

the parameterized model may be used as an input for strategic planning. From the deÞnition

of the sales vectors and the regression equation (2.13), we can derive the cumulative demand

up to time t. Let S be the vector of cumulative sales:

S = ( S1(1), S1(2), ..., S1(H ), S2(1), S2(2), ..., S2(H ), ..., Sn(1), Sn(2), ..., Sn(H ))T .
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Let E be an H $ H matrix with zeros in the upper triangle above the diagonal and ones

elsewhere.

E =

-

.

.
/

1 0 ... ... 0
1 1 0 ... 0

...
1 ... 1 ... 1

0

1
1
2

DeÞne matrixM to be an nH $ nH matrix with submatrix E in the diagonal.

M =

-

.

.
/

E 0 0
0 E 0

...
0 ... E

0

1
1
2

It is easy to see that

S = M s = M [X (" )" + $] = M [X (" )" ] + M$ .

Therefore, the uncertainty of the cumulative demand is given byM$. With the normal

distribution assumption, the cumulative demand is also normally distributed. Using the

demand model derived from the augmented approach, we can obtain the cumulative produc-

tion quantity up to any time t %[0, H ] that is necessary to meet the speciÞed service level.

For Intel, this time path of the cumulative production requirement is used as the basis for

strategic capacity and production planning.

4 A Generalized Model

In Section 3, we assumed that the total population size is Þxed and stays constant over

time. As newer generations of products are introduced, customer may leave one population

and move into another. In practice, the total market size may change and the company

may face competition. In this section, we allow competition by modeling a population of

customers who currently use competitorsÕ products (Section 4.1). In addition, we allow the

total market to grow or shrink (Section 4.2).

4.1 Including Competition

The di!usion of a new product is a!ected not only by adjacent generations of products sold by

the same Þrm but also by products from the competitors. In most cases, the competing Þrms

also sell successive generations of products to the same pool of customers. As a result, the
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population ßow occurs across brands and betweenany two products on the market. However,

replicating the model in Section 3 for each competing Þrm is not a desirable modeling choice

because the product-level sales data from competitions are not readily available. In this

paper, we do not di!erentiate individual product sold by competitors, but instead treat

them as one single populationy, which has a time-varying performancef y(t), reßecting

the performance improvements over time of competitive products. We assume that the

population ßow from a populationj to the competition or from the competition to population

j is determined by the performance gap of the two. SpeciÞcally, if a particular productj

has a performance that is higher (lower) thanf y(t), then there is only ßow from population

y to population j (population j to y) and none fromj to y (y to j ).

Let J (t)(J (t)) be the set of products that has a higher(lower) performance than the

competition. Clearly the setJ may change with time. Denote the fractional ßow rate from

xi , i %J (t) to y as Piy and that from y to xi , i %J (t) as Pyi . Again as in the Bass model,

we assume that these population movements follow the relationships

Piy = qiy + piy y , (4.1)

Pyi = qyi + pyi xi , (4.2)

where the di!usion parameterspiy , pyi , qiy and qyi satisfy

qiy = " 5 + " 6# f iy , (4.3)

piy = " 7 + " 8# f iy , (4.4)

" i %J ,

qyi = " 5 + " 6# f yi , (4.5)

pyi = " 7 + " 8# f yi , (4.6)

" i %J .

Note that we assume that the ßows fromxi to y and from y to xi have the same coef-

Þcients" k, k = 5 ! 8. Presumably the customers who switch brands tend to have similar

characteristics, so we believe that this is reasonable.
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With competition, the system evolves according to:

xi (t + 1) = xi (t) +
!

j<i

[qji xj (t) + pji xi (t)xj (t)] !
!

j>i

[qij xi (t) + pij xi (t)xj (t)]

+ [ qyi + pyi xi (t)] y(t)I (i %J ) ! [qiy + piy y(t)] xi (t)I (i % öJ ) , (4.7)

" i = 1, 2, ..., n ,

y(t + 1) = y(t) !
!

i∈J

[qyi + pyi xi (t)]y(t) +
!

i∈ øJ

[qiy + piy y(t)]xi (t) , (4.8)

si (t) =
!

j<i

[qji xj (t) + pji xi (t)xj (t)] + [ qyi + pyi xi (t)]y(t) , (4.9)

" t = 1, 2, ..., T ,

whereI (i %J ) is an indicator function which equals 1 if producti belongs to the setJ and

0 otherwise.

We then substitute equations (2.6), (2.7), and (4.3)-(4.6) into equation (4.9) to obtain:

si (t) = " 1

"
!

j<i

xj (t)

#

+ " 2

"
!

j<i

# f ji xj (t)

#

+ " 3

"
!

j<i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t)

#

+ " 5 [y(t)I (i %J )] + " 6 [# f yi y(t)I (i %J )]

+ " 7 [xi (t)y(t)I (i %J )] + " 8 [# f yi xi (t)y(t)I (i %J )] .

Therefore, with competition, we need to determine 8 coe"cients:" k , k = 1 ! 8. The data

matrix X can be constructed by

X t+( i−1)H =

$
!

j<i

xj (t),
!

j<i

# f ji xj (t),
!

j<i

xi (t)xj (t),
!

j<i

# f ji xi (t)xj (t), y(t)I (i %J ),

# f yi y(t)I (i %J ), xi (t)y(t)I (i %J ), # f yi xi (t)y(t)I (i %J )

%

, (4.10)

whereX t+( i−1)H is the [t + ( i ! 1)H ]th row vector of X .

4.2 With Time-varying Total Market Size

For multiple generations of products, managersÕ knowledge on the total market demand is

usually much stronger than on individual product. For example, at Intel, there seems to
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be an unanimous agreement and conÞdence on how the total market behaves over time; the

di"culty is in predicting how the demand is split between Intel and competition, and among

the products within Intel. We thus make the following modeling assumptions regarding the

total market.

Let g(t) be the percentage growth or decline of the total market. We assume that

g(t), t = 1, ..., H is known. The total growth or declineg(t) is split proportionally among all

products and the competition based on each productÕs most recent market share in terms

of sales. In other words, if the total market grows byg(t) in period t, then product i gains

si (t ! 1) ág(t). This is a simpliÞcation. Nevertheless, if one can safely assume that growth

or decline is from a population that is similar to the current adopter population of bothx

and y, we can argue that this proportional split assumption is reasonable.

With these assumptions, we revise the system of equations to

xi (t + 1) = xi (t) + " 1

"
!

j<i

xj (t) !
!

j>i

xi (t)

#

+ " 2

"
!

j<i

# f ji xj (t) !
!

j>i

# f ij xi (t)

#

+ " 3

"
!

j<i

xi (t)xj (t) !
!

j>i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t) !
!

j>i

# f ij xi (t)xj (t)

#

+ " 5
)
y(t)I (i %J ) ! xi (t)I (i % øJ )

*
+ " 6

)
# f yi y(t)I (i %J ) ! # f iy xi (t)I (i % øJ )

*

+ " 7
)
xi (t)y(t)( I (i %J ) ! I (i % øJ ))

*
+ " 8 [# f yi xi (t)y(t)]

+ si (t ! 1)g(t) , (4.11)

y(t + 1) = y(t) + " 5

"

!
!

i∈J

y(t) +
!

i∈ øJ

xi (t)

#

+ " 6

"

!
!

i∈J

# f yi y(t) +
!

i∈ øJ

# f iy xi (t)

#

+ " 7

"

!
!

i∈J

xi (t)y(t) +
!

i∈ øJ

xi (t)y(t)

#

+ " 8

"

!
!

i∈J

# f yi xi (t)y(t) +
!

i∈ øJ

# f iy xi (t)y(t)

#

+ sy(t ! 1)g(t) , (4.12)

si (t) = " 1

"
!

j<i

xj (t)

#

+ " 2

"
!

j<i

# f ji xj (t)

#

+ " 3

"
!

j<i

xi (t)xj (t)

#

+ " 4

"
!

j<i

# f ji xi (t)xj (t)

#

+ " 5 [y(t)I (i %J )] + " 6 [# f yi y(t)I (i %J )] + " 7 [xi (t)y(t)I (i %J )]

+ " 8 [# f yi xi (t)y(t)I (i %J )] + si (t ! 1)g(t) , (4.13)

sy(t) = " 5

"
!

i∈ øJ

xi (t)

#

+ " 6

"
!

i∈ øJ

# f iy xi (t)

#

+ " 7

"
!

i∈ øJ

xi (t)y(t)

#

+ " 8

"
!

i∈ øJ

# f iy xi (t)y(t)

#

+ sy(t ! 1)g(t) . (4.14)

The theoretical results in Section 3 carry through in the generalized model.
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Proposition 4.1. In the generalized model, construct the matrix X as in equation (4.10)

where xi (t), y(t) are given by equations (4.11) to (4.14). Construct the sales vector s

s = ( s1(1), s1(2), ..., s1(H ), s2(1), s2(2), ..., s2(H ), ..., sn(1), sn(2), ..., sn(H ))T ,

where si (t) is given by equation (4.13). Define v(" ) ' (X (" )" ! s)T (X (" )" ! s). Then

the matrix lim#→0[( (X" )](X T X )−1X T
is positive definite and thus the augmented iterative

approach converges to a stationary point of v(" ) if " k ) 0.

Proof. Since bothxi (t) and y(t) are bounded, we can use a similar induction argument as in

the proof of Proposition 3.4 to show from equations (4.11) to (4.14) that( #X is bounded.

Consequently, lim#→0(( #X )" ) 0. Therefore,

lim
#→0

[( (X" )](X T X )−1X T = lim
#→0

[X + ( ( X )" ](X T X )−1X T = lim
#→0

X (X T X )−1X T ,

which is positive deÞnite given thatX is full rank. From Corollary 3.3, the augmented

iterative approach converges to a stationary point ofv(" ).

5 Application to the Extreme Edition Microprocessor
Market

We apply the generalized model and iterative descent method to the sales data of IntelÕs

extreme edition microprocessors. These products are high-end processors which are sold

primarily to end users who are into sophisticated computer games - the Òextreme gamersÓ.

The data include the introduction date, the performance, and the weekly sales volume for

each product sold by Intel, as well as those for a major competitor. The competition data are

based on estimates through market research. Both sets of data are masked for conÞdentiality.

We Þrst sum up the total sales across products and companies to obtain the aggregate

market trend. The reason for performing this step is to obtaing(t), the percentage growth

or decline of the total market. In practice, Intel can predict the overall market trend very

well and for forecasting purpose, such data can be safely assumed to be known. The focus

is on how the total market is split among competition and among the products within Intel.

For the extreme gamers market, the total market during the time for which the data are

made available is on a logistic growth pattern. We thus Þt a simple logistic growth curve to

the total sales and the growthg(t) is obtained through this Þtted curve. Figure 4 shows the

Þtted logistic curve.
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Figure 4: Total Market

Before applying the iterative descent approach, we Þrst need to estimate the initial popu-

lation mix. The extreme gamerÕs processor market is initially dominated by the competition,

so we only need to estimate the initial populationy(0). To minimizes the mean square error,

we perform a single-dimension search ony(0): For any given estimate ofy(0), we apply the

model described in equations (4.11) to (4.14) and use the iterative procedure to obtain the

optimal parameter estimate for" i , i = 1, 2, ..., 8. We then Þnd they(0) value that minimizes

the mean square error of the iterative descent algorithm. Because the iterative procedure

converges rather quickly, the single-dimension search fory(0) can be done in a short amount

of time.

Figure 5 shows the convergence path of the parameters and Figure 6 shows the predicted

versus actual sales, both in units of Million. The optimal mean square error is 6.2 $ 10−5

Million 2 and the mean absolute error is 0.0036 Million, which is about 6% of the average peak

demand. Considering that we have only included one causal factor, the product performance,

this is rather impressive.

In this analysis, the only sales-inßuencing attribute we have included is the product

performance index. If price, and/or other additional attributes data are available, they can

be included in two alternative approaches.

A straightforward expansion is to include price as an additional variable in the linear

equations (2.7) and (2.6) for the di!usion parameterspij and qij . All the theoretical analysis

in this paper easily follows through. Numerically this implies that we need to estimate 4

more coe"cients for each additional causal factors we introduce to the model. Therefore,
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Figure 5: Convergence of Parameters

the downside for this approach is the proliferation of parameters as the number of causal

factors increase, which could risk overÞtting the data.

Alternatively, to minimize the number of parameters, we propose a single index to mea-

sure product strength. Let there be a single aggregate index for each product, which is

inclusive of all necessary factors that the experts believe are important. We use expert

knowledge to create this index: for example, one could start with the performance score,

then superimpose the impacts of other factors. If the expert believes that a 20% price dis-

count is equivalent to a 10% performance improvement in terms of impact on demand, then

we modify the original performance index to signify that; if the expert thinks that a leap
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Figure 6: Actual vs. Predicted Sales and Cumulative Sales

in production technology (e.g., from 45nm to 30nm) is going to push demand higher even

though the CPU speed stays the same, we then again modify the original performance score
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to reßect that (for instance, an expert might believe that compared to 45nm, 30nm produc-

tion technology is worth 30% performance improvements). Compared to the Þrst method

described above, this approach involves more pre-analysis of the data, but could potentially

greatly increase the applicability of the model.

6 Conclusion

We have proposed a method for parameterizing and forecasting the demand for multiple

successive generations of products. Our model is based on a population growth model.

The usual application of a population growth model requires data on the population size.

However, for many companies who do not track the Òunits-in-useÓ for each generation of

product, a direct application of the growth model is not possible. We overcome this di"culty

by an iterative approach that generates the size of the units-in-use population for each

product based on current parameter estimates, and then use the generated population size

to improve the parameter estimates. We show that this method is theoretically sound so long

as we restrict the time interval of discretization to a small value. The method performs well

for the synthetic data, as well as for the sales data of Intel microprocessors for the high-end

gamer market.

We have made several assumptions in this multi-generation di!usion model, some of

which are similar to the Bass model; others pertain to the inter-generational e!ect. First,

the products are consumer durables and each customer purchases only one unit, i.e., there

is no repeat purchase of the same product. Second, we assume that the performance of

the newer generation products are always higher than the old ones and that customers will

always buy a product that is newer than the one he currently owns. Third, customers switch

from and to competitorsÕ products only if doing so results in a performance increase. Lastly,

the trend of the total market growth and/or decline can be estimated with high conÞdence.

Clearly these assumptions do not hold in every industry and for every company, however,

they provide reasonable approximations to many durable-goods markets such as for the

microprocessors and for certain consumer electronic devices. We show in this paper how this

demand model can be parameterized and employed at Intel as an input to strategic planning

and we hope that researchers or practitioners may Þnd it useful in other industry contexts

as well.
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