CHAOS VOLUME 13, NUMBER 1 MARCH 2003

Noisy heteroclinic networks

Dieter Armbruster
Department of Mathematics, Arizona State University, Tempe, Arizona 85287-1804

Emily Stone
Department of Mathematics and Statistics, Utah State University, Logan, Utah 84322-3900

Vivien Kirk
Department of Mathematics, University of Auckland, Private Bag 92019, Auckland, New Zealand

(Received 15 July 2002; accepted 30 November 2002; published 17 Januajy 2003

The influence of small noise on the dynamics of heteroclinic networks is studied, with a particular
focus on noise-induced switching between cycles in the network. Three different types of switching
are found, depending on the details of the underlying deterministic dynamics: random switching
between the heteroclinic cycles determined by the linear dynamics near one of the saddle points,
noise induced stability of a cycle, and intermittent switching between cycles. All three responses are
explained by examining the size of the stable and unstable eigenvalues at the equilil2@03©
American Institute of Physics[DOI: 10.1063/1.1539951

An asymptotically stable heteroclinic cycle is an attractor infinity, while the addition of small noise creates a well de-
of a system of nonlinear differential equations that con- fined mean period that depends in part on the noise level.
sists of a finite number of equilibria which are cyclically =~ The scaling properties of this noise-induced time scale are
connected. Such heteroclinic cycles can occur in a struc- derived in Ref. 5. Further work on similar cycles made up of
turally stable way in systems with symmetry and in evo- more than two fixed points was carried out in Ref. 6, specifi-
lutionary game theory. A heteroclinic network consists of  cally addressing the case when tiny noise could create an
two or more heteroclinic cycles that share some but not observable spread in the trajectories around the cycle. Here
all of the equilibria and connections in the corresponding  we study the effect of small noise on a network of hetero-
cycles. Within such a network there is competition be- clinic cycles, such as that described in Ref. 7, where the
tween the different heteroclinic cycles that make up the trajectory is presented with a “choice” of cycles at one
network. It has been shown that the eventual fate of a saddle in the network. Characterizing the noise-induced
solution trajectory near a heteroclinic network depends  switching between cycles leads us to understand the inter-
crucially on whether the trajectory visits extremely small  pjay between the noise and the deterministic properties of the
cusp-like regions in phase space. Following this it has cycles.
been suggested that the addition of noise will smear out Heteroclinic cycles are characterized by the fact that due
the deterministic behavior in phase space and thus sim- 5 some special structure of the vector fi¢dg., equivari-
plify the resulting behavior. The present study refutes a  5nce under a symmetry grouhere are invariant subspaces
simplistic noise influence and shows that the dynamics is i \hich saddle-saddle connections exist, with the connec-
determined by the intricacies of the interplay between  ions peing structurally stable with respect to perturbations
noise and deterministic dynamics. that preserve the invariant subspat&e prototypical ex-
ample inR® (Ref. 9 (hereafter called the Busse cycleas
| INTRODUCTION three s_addle points on .the coorqlinate axes with one-
dimensional unstable manifoldisee Fig. 1a)]. In this case,

The study of the effect of noise on dynamical systems iall co.or_dinate planes .and all axes are invariant subspaces.
critical, since the physical situations that they model will Restricting the dynamics to any coordinate plane, two of the
never be completely free from random perturbations. Of parthree saddles in the cycle lie in that plane but one of these
ticular interest to us is the situation where very small noisd00ks like a sink in the plane. If a connection between the
can make a big difference in the observable behavior of &0 equilibria exists within the coordinate plane, then it is a
system, i.e., the system acts as a noise “amplifier.” someaddle-sink connection in that plane, and is thus robust to
examples of this phenomena include stochastic resorfence,Perturbations that preserve the invariance of the plane. If
and other studies of systems that are near critic%lmg.part such saddle-sink connections exist in all three coordinate
of the development of a fluid turbulence mofetructurally ~ planes, then the union of these three connections comprises a
stable heteroclinic cycles emerged as another dynamic fe&tructurally stable heteroclinic cycle. The heteroclinic cycle
ture that can be sensitive to small additive noise. Thesgay also be asymptotically stable, in which case solutions
cycles, if attracting, maintain the same orbit in the presencavill approach the cycle as—c.
of tiny noise, but their period is profoundly affected; in the Coexisting heteroclinic cycles that have a common het-
absence of noise the time to complete one cycle will tend t@roclinic connection and that are not related by a symmetry
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where thec;; and thee;; are positive constants. The system
has four equilibriaé,,&,,£3,&, on the coordinate axes &t
=1 and has two competing heteroclinic cyclgs— &,— &5
— &, and §,—&,— &,— ¢, called the three-cycle and the
four-cycle, respectivelysee Fig. 1b)]. The two cycles are
structurally stable with respect to perturbations that preserve
£ 3 the symmetries of the system. The cycles share a common
o connection¢;— ¢,. The equilibriumé, has a two dimen-
sional unstable manifold containing a continuum of connec-
tions to the three-cycle and the four-cycle. The coefficegnt
represents the stable eigenvalue at the equilibrgynm the
g2 X; direction. The coefficientg;; are the corresponding un-
g1 - stable eigenvalues. Without loss of generality, we assume
that the unstable eigenvalueséatsatisfye,s>e,, and hence
orbits leavingé, in the direction of¢, pass through a cus-
poidal region abutting the heteroclinic connection fr@gm
£ 4 —&,. [See Fig. 1c).] Kirk and Silbef analyze the stability
properties of the competing heteroclinic cycles. Specifically
they find cases where neither cycle is asymptotically stable
but one or both have strong attractivity properties. They fur-
1 ther show that switching between cycles can occur in only
) one direction: a trajectory may start near one cycle and then
4-cycle | basin switch to the other cycle but thereafter may not switch back
to the original cycle. They speculate tHatthe influence of
3—cycle basin noise will lead to orbits switching randomly between the two
competing cycles andi) the noise will have a large influ-
ence on trajectories that pass through the narrow cuspoidal
region as they get attracted to the four-cycle. In this paper we
show that the influence of noise is in fact more complicated
and is determined by intricacies of the interplay between
noise and the deterministic dynamics.
As described in Refs. 5 and 6, we are able to model the
P b o o e eyl e e SECLofnoise o the system by spiting the phase space o
Orbits leavingé, in the direction ofé, havexs,x, cgordinates lying in the Ioga}l regions near th,e _saddle pOIIj]tS and global regions con-
cusp-shaped region, i.e., orbits have passed through a cuspoidal region abl@iNing the heteroclinic connections between the saddle
ting the heteroclinic connection froiy to &, . points; this splitting is achieved by defining for each saddle
point a small box centered on the saddle, with the sides of

. - each box parallel to the coordinate planes. We assume that
are typically referred to as heteroclinic networks. They CaNpe noise is small enough to be negligible outside the boxes.

oceur in a strpcturally sta.ble way in systgms with symnretry In particular, since the vector field is @(1) on every con-
or 'nKFhlf reglgi\tt)org (:aquatlons(,j of populaftlon dynarﬁf&;. h necting arc, and we consider noise of rms smaller tharf 10

Tk and Stiber discussed a case o two C.Ompe“T‘g ®\ve assume the dynamics is influenced by the noise only near
groclmlc c_:ycle_s, aonslstlrlg of a system of _ordmary dlfferen'the fixed points. In Ref6 a study is made of the probability
t'hal equatlcf)ns IR w;;ch 22 sgm(r;(_atry. A typical example of distribution of solutions as they pass through the sides of the
the type of system they studied is boxes, either entering or exiting the box-neighborhood of a

b)

X

X1=X1(1—XE—X§—X§—X§)—021(X§X1)+egl(x§x1) sgdcﬂe. .Certain estimates of the. mean anq va'\riance of this
distribution are calculated and this information is referred to
+e41(X2X4) :
410 X4X1), in our work here.
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1 T T T T Example of Random Switching
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FIG. 2. Busse cycle with added noise={10~) illustrating liftoff at saddle
point ;. FIG. 3. Time series forxs(t) and x,(t) for (C43,C14,C21,C32,C34,Ca2,
C43,€12,€23,€24,€31,647) = (4.2,4.2,4.3,4.4,4.4,4.4,4.4,1.9,2.5,2.2,2.0,2.0
The rms noise level ig=10"5.

To describe our results about switching we need the fol-
lowing definition.
Definition 1 Consider a saddle point with eigenvalues

N <Ag. < ...<Ag <0 and\,>0. Thesaddle quantityfor S . .
S1 %2 ®n ! q f reverse the deterministic preferen@ee., pick out the

this equilibrium iSU:)‘0+)‘Sn' cycle not observed in the deterministic dynanpics

We have shown in Ref. 6 that the probability distribution (3) Orbits exhibit intermittent switching between the cycles.
of trajectories moving past a saddle-type equilibrium in two

dimensions in the presence of noise depends on the eigewe will explain all three responses by focusing on the size of
values of the saddle. For an incoming normal distributionthe stable and unstable eigenvalues at the equilibria. We
with zero mean the leading order of the meag;; of the  show that the value of the saddle quantity for the equilibrium
outgoing distribution scales a$'s’*u wheree is the rms of &, and the interaction between the deterministic dynamics
the noise process, ang and\ s are respectively the unstable and any liftoff near thet; saddle are the key factors in dis-
and stable eigenvalues of the saddle. The correspondininguishing the different cases. Furthermore, in the first of
leading order of the standard deviation of the exit distribu-the three cases described above, we are able to make predic-

reinforce the deterministic dynamidse., result in the
deterministically preferred cycle being obseryved may

tion is given as tions of the switching frequency based only the local dynam-
Gexnoc\/mb\—sm\—u @) ics at theé, saddle point.

We note that the time scale effect, observed in Ref. 5 and
for some positive constantg andc,. We showed that fora mentioned above, is also observed in the heteroclinic net-
saddle with positive saddle quantity, in the lineit>0, uei  works studied here. In particular, see Figs. 3—-5, where the
> eyt @and the outgoing probability distribution showdife: variation in period of the cycle with noise level is apparent.
off from the coordinate axis, i.e., the bundle of trajectoriesThis phenomenon, however, will not enter into our calcula-
making up the distribution is lifted away from the noise-freetion of switching probabilities.
heteroclinic connection. This idea generalizes to liftoff near
saddle points in more than two dimensions. Figure 2 shows
an example of liftoff for the Busse cycle with additive noise. Il. CASE STUDIES
See Ref. 6 for more details.

In this paper we will show that the heteroclinic network

(1) can respond to small additive noise with three dlfferentfor three different case@hree different choices of the coef-

itzgedse?;r;"}':gg?%yﬂgﬁﬁgg_'ng on the details of the underly_ficientsci j ande;;) of s_ystem(l) _vvith Gauss_ian v_vhite noise
' added to each coordinate, during the entire simulation, not

(1) Orbits switch randomly between the heteroclinic cyclesjust when the trajectory is near a saddle point. The simula-
as conjectured in Ref. 7, i.e., the noise induces switchingions were performed with a noise-adapted second order
between cycles, with the switching rate essentially inde-Runge—Kutta schem@.Each case shows the time series for
pendent of the history of the orbit. X3(t) andx,(t), including the transient, obtained by starting

(2) No switching between cycles is observed, at least fofrom a single initial condition. Note that the rms noise level
very long times and apart from initial transients. This used in the examples ranges fram 10 ° to e=10 %, and
case can occur when trajectories are deterministically athe average time to complete one circuit of a cycle varies
tracted to either of the heteroclinic cycles; the noise mayetween the different cases, owing to the variation in noise

To illustrate the three distinct ways that the network can
react to small additive noise we plot tkg andx, time series
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Example of Noise Insensitivity The first casgFig. 3) demonstrates the situation where
1F ' ' ' ' ] the addition of noise causes random switching between the
05 | cycles in the network, with the underlying dynamics seem-
' ingly irrelevant in determining the pattern of switching. In
<7 0 1 the corresponding deterministic system, the three-cycle is
-05} 1 eas, while the four-cycle is not eas but attracts a significant
1} i set of initial conditions. The saddle point & has negative
0 100 200 200 200 saddle quantity. Noise causes the trajectory to land mostly in
1 the basin of attraction of the three-cycle, but occasionally in
] the cusp-shaped part of the basin of attraction of the four-
cycle. Every time the trajectory passes near the saddfe at
05 1 it can be affected by noise in this way, and we see apparently
<~ 0 random switching between excursions around each of the
_05 i cycles, with the three-cycle being traversed most frequently.
i In the second caséFig. 4 we show a situation where
: : : : noise does not appear to have any long-term effect on the
0 100 200 300 400

pattern of visits to the two cycles. In the underlying deter-
ministic system, the three-cycle is eas and in fact attracts
FIG. 4. Time series forx(t) and x,(t) for (C13,C14.C21,C32,Caa:C22,  almost all trajectories started near the network. The simula-
Cas,€12,€23,€24,€31,€4) = (05,33,4.3,4.9383.730352520,10.48 o is started on the four-cycle, but the noise soon pushes
The rms noise level ig=10"". . . . .
the trajectory into the basin of attraction of the three-cycle,
where it remains for a very long time.

Finally we show a case where switching between the
level and parameters. The mechanisms causing the differegycles takes on an intermittent aspect, creating the effect of
types of behavior are described later in the paper. “blocks” of passages close to the three-cycle alternating with

In describing our results we use the fOIIOWing definition: blocks of passages close to the four-cyde_ See F|g 5. In the

Definition 2 We call a flow invariant set X essentially underlying deterministic system, both cycles attract large sets
asymptotically stable (eas) if there exists a set C such thagf initial conditions. In the noisy system, a trajectory started
given any number & (0,1) and any neighborhood U of X near one of the cycles persists near that cycle until it passes
there is an open neighborhooddU of X such that sufficiently close to the basin boundary that noise pushes it
into the basin of attraction of the other cycle. The blocking is
obvious forx,(t), where the trajectory does not cross the
Xx,=0 axis, but we say there is a block of three-cycles in
between the four-cycle blocks, even thougd(t) changes

Typically, if a heteroclinic cycle is eas, then all initial condi- Sign.

tions in a neighborhood of the cycle outside a cusp-shaped In the next section we discuss how these different cases
region are attracted to the cycle. arise and how to determine which will occur upon addition

of small additive noise to a heteroclinic network.

1

(i) all trajectories started in MC remain in U and are
asymptotic to X and
(i)  w(V\C)/u(V)>a whereu is the Lebesgue measure

Example of Intermittency Ill. NOISE AND DYNAMICS
! The three cases above correspond to the network with
051 qualitatively different spectra for the saddle poirts and
X7 0 | &,. We first give a heuristic explanation of how different
-05} spectrums result in different noise-induced dynamics, then
-t provide details in the following subsections.
0 500 1000 1500 2000 2500 3000 If all the saddles have negative saddle quantity, liftoff

t cannot occur at any fixed point and, upon the addition of
small noise, the distribution of solutions traveling around the
network will form “tubes” centered on the cycles; the widths
of the tubes will be proportional to the rms of the noise. In
this case a noise tube will intersect with the linear approxi-
mation to the unstable manifold & as suggested in Fig.
. . . 1 6(a). A noisy trajectory will switch randomly between visits
1500 2000 2500 3000 to the three-cycle and the four-cydEig. 3), with the pro-

t portion of visits made to each cycle depending on the rela-
FIG. 5. Time series for(t) and Xa(t) fOr (Cia.Cua.Cot,CaziCas.C tive size of the intersection of the noise tube and the local

. . 3 4 13:%14,%21:%32:%34:%42

Cus,€12,E3,800,€51,€4) =(6.2,1.0,7.3,2.4,12.7,5.7,5.0,1.5,2.5,2.0,3.0,4.8 basins of attraction of each cyclsee Se_c. 1 A. _
The rms noise level is=10"". If all saddles except; have negative saddle quantity,

0 500 1000
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there are two cases, depending on the eigenvalu&s.off subtle case, and is seen in the case of weak liftoff ah the
there is liftoff at & in the three-direction only ;3<e;»  direction of x,. In this case, the noise tube intersects the
<cCy4), the center of the noise tube connectigto &, will local basins of both cycles, resulting in intermittent switch-
be shifted away from the determinisitic connection and in thang between the cycles. See Sec. IlI B for details.
X5 direction. See Fig. ®). Thus, for small enough noise and Next we take up each case in turn, documenting what
strong enough liftoff, the noise tube will fall squarely into predictions can be made about the switching frequency and
the basin of the three-cycle. We see that with the inclusion ofvhy.
noise all initial conditions will result in trajectories that even-
tually end up traversing the three-cycle with little chance of
switching to the four-cyclésee Fig. 4. In the case where the saddle &t has saddle quantity
On the other hand, if there is liftoff a§; in the four-  significantly less than 0, we say the cycle is “memoryless”
direction only €14<e€;,<C13), the center of the noise tube because the contraction of the flow&tcombined with the
connectingé; to & will be shifted in thex, direction as noise removes any liftoff effects or deterministic biases due
shown in Fig. 6c). For small enough noise and strong to the passage near the other saddle points in the cycle. Then
enough liftoff the four-cycle will thus dominate the noisy the stochastic dynamics can be analyzed just in the neighbor-
dynamics, regardless of which cycle is seen in the determinhood of the two-dimensional unstable manifold at the
istic dynamics. saddle point, and a scaling law for the proportion of orbits
The “blocking” of cycles, illustrated in Fig. 5, is a more that traverse the four-cycle as noise is increased can be com-

A. The memoryless cycle
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1 T T T the disc and the cuspoidal region is underestimated by the
area under the separatrix boundedxsye cos¢, wheree is
X =€ COS ¢ the angle determined by the intersection of the circle of ra-
0.8’ 4 X 5 dius € and the separatrix. This area is proportionaktd !,
X3 =%4 and an overestimate of the cusp with the same scaling prop-

erties can be easily found. The ratio of that amount to the

A-cyia basin total area under the flat distribution é§~*. Hence the pro-

061 . . . .
portion of trajectories traversing the four-cycle should scale
<y like €7~ with respect to the rms noise level,
circle of radius e To confirm this scaling result we performed numerical
04T o . simulations of the network with additive white noise on each

coordinate, under various conditions. Each testdjas 2.0
ande,3;=2.5, and¢; has significantly negative saddle quan-
0.2f 3—cycle basin tity. The rest of the eigenvalues were set to explore different
possibilities for the global dynamics as discussed in Ref. 7.
The main features of the deterministic dynamics for each

0 case, with the corresponding coefficient sets, are as follows.
0 0.2 0.4 0.6 0.8 1 _ _ _
Xq () Test 1: The three-cycle is eas, and almost all trajecto-
ries started anywhere in the network are eventually
FIG. 7. Basins of attraction for the three-cycle and four-cycle with a noise attracted to it. €13,C14,C21,C32,C34,C42,C43,€12,

tube (radiuse) centered at the origin. 31,64 =(2.2,6.2,4.3,1.9,3.8,3.7,4.8,1.5,2.0,4.8).
(i)  Test 2: The four-cycle is not eas, but almost all trajec-

tories started anywhere in the network are eventually
puted. Our claim that the cycle is memoryless in this case is attracted to it. €13,C14,C21,C32,C34,Ca2,Ca3,€12,
encapsulated in the first assumption below; the success of the es1,€41) =(4.8,3.2,1.3,10.0,2.0,10.0,2.8,1.8,1.0,2.5).

scaling law we obtain in part justifies this assumption and thgijii)  Test 3: The three-cycle is eas, but the four-cycle at-

one following, which are both used in deriving the law. tracts an open set of initial conditions.
Assumption 1: If the saddle quantity &t is sufficiently (C13,€14,C21,C32,C34,C42,Ca3,€12,€31,€47) = (2.2,4.2,
negative, then the probability distribution of orbits leaving a 4.3,2.4,3.0,3.7,7.0,1.8,2.0,2.8).

box-neighborhood of; in the direction of;, is well approxi-  (iv)  Test 4: Neither of the cycles is eas, but both attract
mated by a Gaussian centered on the heteroclinic connection open sets of initial conditions with the four-cycle at-

between¢; and &;.° tracting a larger set of initial conditions than in the
Assumption 2: Upon entrance to a box-neighborhood of previous case. dj3,C14,C21,C32,C34:C42,C43,€12,
the &, saddle point, the solutions then have a probability €31,€47) =(6.2,4.2,7.3,2.4,12.7,5.7,5.0,0.5,2.0,4.8).

distribution that can be approximated by a Gaussian in the
X3 and x, coordinates and that is centered on the hetero-  For a given coefficient set integrations were performed
clinic connection fromé; to &,. with increasing noise levels, where for each noise level a
The number of trajectories going to the four-cycle is 1000 time unit transient was run otlhietween 50 and 100
determined by the overlap between the incoming probabilitycycles depending on the noise leyelnd the orbit was then
distribution at¢, and the cusp-shaped region through whichallowed to evolve until it had made 10 000 passages §ast
trajectories pass on their way around the four-cycle. In par{Note that the memoryless nature of the dynamics means that
ticular, if both of the assumptions hold, the number of trajecremoving the transient and then following the evolution of a
tories going to the four-cycle can be found by integrating asingle trajectory is equivalent to sampling from an ensemble
Gaussian distribution centered at the origin of thex,  of initial conditions) The number of traversals of the four-
plane over the cuspoidal regiocg<cxj] wherex; andx, are  cycle was counted and that percentage recorded for each
positive, n=e,3/e,,, andc is a positive constant. Note that noise level. A log-log plot of the data for four tests is shown
by assumptiory>1. in Fig. 8. A linear regression of each test yields slopes that
A first order approximation to this calculation is given are within 8% of each other, and within 6% of the theoretical
by integrating a flat probability distribution which drops to value 2.5/2.6-1=0.25, specifically: 0.257, 0.236, 0.240,
zero at a distance from the origin over the same domain. and 0.251 for tests 1, 2, 3, and 4 respectively.
is taken to be proportional to the rms noise level. This re-  From the evidence of these experiments it appears that
duces to computing the area of intersection of a disc of rathe global dynamics of the network is not important in de-
dius € and the cuspoidal region defined abdgee Fig. 7. termining switching rates once noise is added to the system,
Since we cannot know the exact position of the separaso long asé¢; has saddle quantity significantly less than O.
trix between orbits that go towards; and orbits that go  The proportion of orbits that traverse the four-cycle is deter-
towardsé, without knowledge of the global dynami¢se.,  mined by the dynamics local t§, and specifically by the
we cannot fincc), we further restrict the calculation to find- ratio of eigenvalueg,s/e,,, with the noise simply allowing
ing thescalingof that area ag increases. This also allows us the system to sample randomly from the two regions, i.e., the
to make a further approximation: the area of intersection ofocal region of orbits that deterministically go towards
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FIG. 8. Scaling of switching percentages with noise level. For details on
the four tests plotted see the text, with the designations: test)] {est 2 -1
(%), test 3(O) test 4 (). In each casé&; has negative saddle quantity and L 1
variations are in the attractivity properties of the other fixed points. -2 -1 0 1 2

and the local region of orbits that go towargls This should I_:IG. 9. 3asms of aFtrac_tlon for the ‘three- and four-cycles with noise ellipses
lifted-off in the x, direction, two noise levels.

be contrasted with the cases outlined in the next section,
where the noise interacts with the deterministic dynamics to

produce subtle and sometimes counterintuitive results. . . . . -
dimensions that scale as the Gaussian above in the limit of

small noise. We refer to this distributidhe., the intersection
of the noise tube and the side of the box-neighborhazd

If £, has positive saddle quantity, then the details of thethe “noise ellipse.”
deterministic dynamics determine how the noise will influ- As mentioned earlier, the region where orbits going to-
ence switching of orbits from one cycle to the other. Thewardsé, intersect the incoming side of a box-neighborhood
critical part of the network for this is the passage near theof &, is cusp-shaped, and corresponds to the regign
fixed point¢,, with the liftoff occurring at this saddle being <cxJ] (X3,X,>0), and its reflection about the; axis, in
the crucial feature of the dynamics. Fig. 9. The position of the ellipsoidal distribution of trajec-

In the following, we develop our argument by consider-tories relative to this cusp will determine the qualitative dy-
ing first the case where there is liftoff & in thex, direction ~ namics of the noisy network, and this position varies with the
but not in thex; direction. We assume that and &, both  size of e. In determining the relative positions of the noise
have negative saddle quantity, so that the probability distriellipse and the cusp-shaped region, we make a first-order
bution of orbits entering a neighborhood &f from the di-  approximation to the distribution as in the previous subsec-
rection of eitheré; or &, is Gaussian, being centered on thetion, i.e., we replace the true distribution, which decays
appropriate heteroclinic connection and with variance of orsmoothly to zero as the distance from the center is increased,
der € (see Assumptions 1 and 2 and Ref. kb this case, in  with a flat distribution that is nonzero on an ellipse with
the limit of small ¢, the outgoing probability distribution at center at the mean of the true distribution, with semi-major
&, is Gaussian, with mean shifted from the heteroclinic con-axes parallel to th&; andx, axes and of length equal to the
nection in thex, direction by a distance proportional to variances in those directions. This approximation yields scal-
e“14/®12and with variances in the; andx, directions being ing arguments about the behavior of the trajectories as noise

B. Interaction of noise and dynamics

proportional toe and €°14/®12, respectively. In the, direc-  level (rms) is varied, just as in the previous section.
tion, the variance is smaller than the mean in the limit  Whether or not the ellipse lies completely inside the
e—0, i.e., we have liftoff in thex, direction® cusp is approximately determined by the width the x;

Now, as discussed in Sec. |, noise has a negligible effeatoordinate of the cusp at thex, value corresponding to the

on the dynamics along the heteroclinic connection, awayenter of the ellipse, i.e., ai, proportional toe®4/12. The
from the fixed points. Furthermore, as discussed in Ref. 7Awidth of the cusp at this point is proportional & where

the symmetries of systeifd) are such that the deterministic a= e,3C14/€,461, and the width of the ellipse in the; di-
dynamics does not “twist” the distribution as it is trans- rection is proportional te. If o<1, then asse—0 the cusp
ported along the heteroclinic connection frgmto &, but  becomes wider than the noise ellipse and hence trajectories
merely multiplies thex; andx, coordinates by constant fac- will with high probability follow the four-cycle. Ifa>1,

tors. Hence, the distribution of trajectories arriving from thethen ase— 0 the cusp closes faster than the noise ellipse, and
direction of ¢, as they pass through the side of a box-a greater fraction of the orbits will follow the three-cycle.
neighborhood o&, will again be an off-center Gaussian with A similar argument holds when there is liftoff & in
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the x5 direction only, with £; and &, having sufficiently givesa=0.49. With these parameters, the three-cycle is eas

negative saddle quantities. However, in this case we find thah the deterministic system, so once a trajectory falls into the

the exponent analogous @ is B= e,,C13/€,3€1, and note  basin of attraction of the three-cycle it will not leave it in the

that 8<1 whenever there is liftoff in th&; direction since  absence of noise. Similar behavior is observed in simulations

€24<€,3 by assumption. Thus liftoff in the; direction al-  with noise of rms 102 trajectories starting on the three-

ways makes traversals of the four-cycle extremely unlikelycycle follow this cycle fort=2x10%, although a switch is

for small noise. subsequently made to the four-cycle and the four-cycle then
Depending on the details of the liftoff near the fixed persists for a long time.

point§; and on the deterministic dynamics of the network as  However, if we increase the noise, the liftoff in thie

a whole, we find three qualitatively different cases: direction becomes large enough to switch trajectories imme-

(1) There is liftoff at£, in the x5 direction. This can occur diately to the four-cycle, and sinae<1 the probability of
when the three-cycle deterministically attracts almost allswitching back is low. For example, far=10"° an orbit
trajectories(see Fig. 4, in which case small noise has Started on the three-cycle will visit only the four-cycle tor
little effect on the switching behavior of trajectories. <10". However, the probability of switching to the three-
However, it can also occur in cases where the three-cyclgycle is not zero, and longer simulations can uncover occa-
is eas but the four-cycle attracts open sets of initial consional single or double traversals of the three-cycle. An exact
ditions; in this case, the dynamics is modified by theanalysis of the probability of switching in these situations
noise so that the three-cycle occurs predominantly for alvould require a detailed description of the deterministic dy-
initial conditions. The system with the coefficient namics away from the saddle points in the cycle in each case,
set  (C13,C14:C21,C32,C34,C42,C43,€12,€23,€24,€31,€41) and could not be generalized.
=(0.5,3.3,4.3,4.9,3.8,3.7,4.8,3.5,2.5,2.0,1.0,4.8) is an Intermittent behavior is illustrated in Fig. 5. The param-
example of this situation. eters are such that deterministically both cycles attract sig-

(2) There is strong liftoff ak, in thex, direction(«a signifi-  nificant sets of initial conditions, and the three-cycle is eas.
cantly smaller than )1 making traversals near the three- In this case we have liftoff in the, direction buta=0.83 is
cycle very unlikely for small noise. This can occur when close enough to one to give a small but finite probability of
the four-cycle deterministically attracts almost all trajec-an orbit landing in the basin of attraction of the three-cycle.
tories (in which case small noise does not affect theOnce there, the deterministic dynamics tends to keep the
switching behavior or when the three-cycle is eas and orbit away from all the basin boundaries except for the
the four-cycle attracts an open set of trajectories  poundary abutting the three-cycle; as long as the trajectory
which case two cycles are seen in the deterministic dyyoes not pass too close to the four-cycle the noise will not
namics, depending upon the initial conditions, but inde-cayse it to leave the basin of attraction of the three-cycle.
pendent of initial condition the noisy case favors thegyentually, however, the orbit will get sufficiently close to
four-cycle. An example of the latter case is discussedine neteroclinic cycle that the liftoff in the, direction will
further below. o cause it to fall into the basin of attraction of the four-cycle.

(3) The liftoff in the x, direction is weak enough that there e ot will then stay near the four-cycle for some time
is a significant probability of traversals near the thrée-g, o the four-cycle also attracts a large set of initial condi-
cycle (a larger than in case 2 and close enough to)one tions, and the noise-induced probability to leave the basin of

In this case we will see orbits switching between ravers-itraction is small. Note that while the average length of the
als around the three-cycle and around the four-cycle

. 2 ~~block increases with decreasing noise, we find switching
This can occur when one cycle attracts almost all initial

e L blocks even at a noise level of 18.
conditions deterministically or when both cycles attract ; L . . )
L .2 . We illustrate the counterintuitive action of the noise with
large sets of initial conditions deterministically. In the

S . ) — one final example. For ¢{3,C14,C21,C32,C34,Ca2,Ca3
latter situation, we encounter intermittent behavior in the [T TR mes ) Ton aat Asy
12,823,824,631,641) = (26,1,43,1,20,100,28,18,25,20,

) i . e
noisy system: a trajectory loops many times around the . o " .
y sy J y 100p y .2,1.5 the three-cycle is eas. Hence for initial conditions in

same cycle before it switches to the other cycle. See Fi . .
5 4 4 he basin of attraction of the three-cycle, and for very small

noise (1012, we find only passages near the three-cycle for

We describe more fully below some situations that generaté=10". However, there is liftoff in thex, direction with «
these cases. =0.83. As a result, foe=10"8, a trajectory that starts on

Figure 4 is an illustration of a case that is left qualita-the three-cycle switches over to the four-cycle and stays
tively unaltered by the addition of small noise. In this casethere fort<10". Fore= 10" the probability of switching to
the three-cycle deterministically attracts almost all initial the three-cycle has increased ag@s a consequence of the
conditions. The liftoff is strongly into thex; direction and  noise ellipse getting larger asincreasepand we find block-
hence the probability of switching to a four-cycle is very ing behavior fort< 10*. In fact, long-time simulations at
small. each noise level reveal blocking in all these cases, with sub-

The behavior fora significantly less than one is illus- stantially more traversals of the four-cycle per block &or
trated by a simulation with the following parameters: =10 8 than fore=10"°, which could lead to the conclusion
(€13,€14,C21,C32,C34,C42,C43,€12,623,624,€31,641) =(6.2,  that one cycle is favored over the other for all time at that
1.5,7.3,2.4,12.7,5.7,5.0,3.8,2.5,2.0,2.0,4.8lote that this noise level. Ate=10" 2 a switch to the four-cycle is seen
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after aboutt=5x10%, and it persists for an equally long havior on a scale larger than the applied noise. This noise
period of time. induced behavior has a persistence property: as long as the
In this section we have discussed situations where therglobal stability of the underlying cycles is maintained and as
is liftoff only in one direction. It is possible to have liftoff in long as the liftoff property persists, the exact values of the
both thex, andx; directions simultaneously without violat- other parameters in the system will not determine the switch-
ing the overall stability properties of the cycles. In this situ-ing behavior.
ation the noise ellipse will be centered at a point with neither  In our example systertl), we have seen that there exists
X3 Or X4 equal to zero, corresponding to a point in the uppera third type of behavior characterized by intermittent switch-
right quadrant in Fig. 9. Most generally this will lead to ing between different cycles. This behavior occurs when both
switching as in Sec. Il A, but the statistics will not scale ascycles in the deterministic network attract significant sets of
calculated there. Rather the switching percentage will demitial conditions. The frequency of the switching will be
pend on both the size and position of the origin of the ellipsestrongly determined by the details of the global attractivity
and on the overall attractivity properties of each cycle, in aproperties of the respective heteroclinic cycles; for instance,
way that would have to be calculated on a case-by-case b#he cases in Ref. 7 would have to be studied individually to
sis. The latter is true also in the case that the equilibriym determine the effect of even very small additive noise. We
has negative saddle quantity and also eithgor £, or both  note that this intermittent switching is unlikely to occur in

have positive saddle quantity. heteroclinic networks such as those in Ref. 14 where differ-
ent heteroclinic cycles with a common heteroclinic connec-
IV. CONCLUSION tion cannot simultaneously attract open sets of trajectories

rom a neighborhood of the network.

We have described here a variety of responses of the
network to very small noise and have demonstrated a rich
array of phenomena that can be observed. It was originally
hought that small additive noise would wipe out the unique
eatures of the network, and the “strong” three-cycle would

example Ref. ¥, and it might be thought that making predic- pre_dominat_e. This is cIeaIIy noE the case, and in _fact the

tions about the effect of noise in these cases would be intrad®'S€ careinforce th? the weak four-cy_cle so that it oc-

table. However, by considering the effect of noise on aours more qftenthfin it would W|thou_t noise. Perhaps ”.”OS‘

simple heteroclinic network of the type studied by Ref. 7, Wemtere.stmg}s the interplay of the noise and.the dynam.|cs as

have found general mechanisms that explain the interpla es.,crlbe.d in Sec. Il B. Unraveling the details of _such inter-

between dynamics and noise and which allow us to mak ctions in other systems, suc;h as ne.tworlfs with _complex

straightforward predictions about the behavior of generaFlgenvalues, would be an obvious continuation of this work.
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Systems containing heteroclinic networks may have'c
limit sets with very complicated attractivity properties and
which are neither asymptotically stable nor essentially as
ymptotically stable. For a purely deterministic system this
can lead to a highly complicated taxonomy of different case%
describing the long term behavior of trajectories in, for
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