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Does synchronization of networks of chaotic maps lead to control?
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We consider networks of chaotic maps with different network topologies. In each case, they are
coupled in such a way as to generate synchronized chaotic solutions. By using the methods of
control of chaos we are controlling a single map into a predetermined trajectory. We analyze the
reaction of the network to such a control. Specifically we show that a line of one-dimensional
logistic maps that are unidirectionally coupled can be controlled from the first oscillator whereas a
ring of diffusively coupled maps cannot be controlled for more than 5 maps. We show that rings
with more elements can be controlled if every third map is controlled. The dependence of unidi-
rectionally coupled maps on noise is studied. The noise level leads to a finite synchronization
lengths for which maps can be controlled by a single location. A two-dimensional lattice is also
studied. ©2005 American Institute of PhysidDOI: 10.1063/1.1839331

It is well known that strongly coupled chaotic oscillators  available for external adjustment but is restricted to lie in
may synchronize and oscillate collectively in a chaotic some small interval,

way. Additionally, due to the inherent instability of cha-

otic systems, we can steer trajectories in a desired direc- lp-p[<és 2)
tion using small control efforts. Given a network of syn- -

chronized chaotic maps, this study determines whether it around a nominal valup. If we want to stabilize an unstable
is possible to control such a network from one point in ~ fixed pointZ.(p) on the attractor by a linear feedback

the network using information just from a neighborhood

of this point. We find that the topology of the network as p-p=-K'[Z-2Z(p)] (3)
well as the existence of noise in the network plays a sig- ) . . )
nificant role in determining the size of the spatial corre-  We have to determine thedimensional column vectdf in

lation that allows control. such a way that

I. INTRODUCTION Zi,1-Z(p) = (A-BKN[Z - Z.(p)] (4)

Control of Chao%and Synchronization of Cha%)are well has a stable fixed pOint, i.e., all eigenvalues of the matrix
understood phenomena associated with chaotic oscillator&~BK' have modulus smaller than one. Hekeis the n
Th|s Study Considers the fo”owing question: Assuming axn JaCObian matriX anB iS an n'dimensional CO|umn vec-
synchronized network of chaotic oscillators, can we controfor,
the network locally into a pre-specified trajectory and use the
synchronization to force the rest of the network to follow the A= DzF(Z(p),p), 5
local control? We will study how such forced synchroniza-
tion depends on the network topology, the coupling param-

eters, the inherent parameters of the chaotic oscillators and B =DyF(Z.(P).P). (6)
on noise. This can be done by pole-placement or other metHidebs-

tensions to control perio®l orbits are done by controlling
A. Controlling chaos fixed points of theN-fold composite maps.

In the following we will focus on maps—representing
Poincare maps or time sampled dynamical systems. We fo
low closely the discussion in Ref. 3 which is restricted to
one-dimensiona(1D) maps or periodic orbits of dynamical The general theory of synchronization of chaotic oscil-
systems with a one dimensional unstable manifold. For conlators is presented in Ref. 2, Chap. 14. We present here only
trol in higher dimensions see Ref. 4. Let the main definitions and results necessary for our studyf Let

Z = F(Z.D) 1) denote a 1D nonlinear map. We considiéidentical coupled

i+l nEn chaotic maps subject to linear coupling. We represent the
whereZ; e R", pe R andF is sufficiently smooth in both coupling scheme by means of a general linear operator
variables. Herep is considered a real parameter which is given by anM X M matrix:

E. Synchronization of chaos
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M II. CONTROL OF NETWORKS OF MAPS
n+l _ n
X = 12;1 Lijf(xi)' @) A. Unidirectional coupling

We are trying to control a line of identical logistic maps
We require that the following properties hold for the cou-x™!=px"(1-x") by stabilizing the first map on an unstable
pling operator: fixed point through variations in the paramepeieading to a
time dependent sequence of control states denotgd.byg a
Pnidirectional coupling system, the first oscillator is decou-
pled from the others. Hence our system is represented by

e The system(7) has a symmetric synchronous solution
where all states are identical. This is true if the constan
vector g=(1...1) is an eigenvector of the matrix to the
eigenvalueo;=1.

« All other eigenvalues of are in absolute value less than 1. X" =F(X",p") - ~
n n

Linear stability theory for the synchronous state determines 10 o .. 0 fxg, ")
its stability: With o;=1 the largest eigenvalue &f the larg- e l-¢ 0 ... O f(x2,p)
est asymmetric perturbation is determineddyyleading to a =0 € 1-¢ ... 0O fx3p |- (9
transverse Lyapunov exponeint, =\+In|o,| with N the :
Lyapunov exponent of. Ny

Hence stability of the synchronous state is characterized [0 .. 0 e 1-¢] | O p)- |
by We define)?*zx*[l,l,... , 1" to be the vector of fixed

points and linearize Eq9) in a neighborhood OK* and p:
In|ory| = Injoy| >\
VLRV N _ W n_ T
requiring a gagof the size at least) in the spectrum of the X X* = ALXT=X*) +B(p"-pIL0, .0
linear coupling operatot between the first and the second (10
eigenvalues. A lot of work has been done to determine th¢iin A andB given as
relationship between the connectivity mattixthe topology
of the connections and the synchronization properties of the f
associated map lattic&s” Extensions to synchronized be- A=—=p-2px* (11
havior of coupled dynamical systems have been discussed by X
Pogromsky and Nijmeijet.

To keep things simple and to work out the main ideas we d

will consider here only two typical 1D coupling schemes: B= dp =x* (1-x*) (12

 Unidirectional coupling implies that the signal from one
chaotic oscillator forces the next one. In this case the cou
pling matrix has the form

Since the first map has no feedback from any other map, we
can control the eigenvalue of the first map at its fixed point
independently of all the others. Calling that eigenvalyeve

- - can therefore assume that| < 1. Then the linearization be-

1 0 o ... O comes
e 1-¢ 0 ... O ) ) L
L=|0 € 1-e .. 0 |[. X =X* = AL(X" = X*) (13)
; : ‘ : ; with L being the form
o ... 0 e 1l-e€ - -
M 0 0 0
We impose free boundary condition on the first oscillator. A
* Nearest Neighbor Coupling/Diffusive CouplingA cou-
) . ~ e 1-¢ O 0
pling matrix of the form L=
0 e l-€ . 0
1-2¢ € 0 € ’ h - :
. 1-2€ i o ... 0 e 1- €
L= 0 e 1-2¢ ... 0 Therefore, stability of the whole unidirectional chain of maps
. . on the fixed pointk*=1-1/p is given by
€ 0 e 1-2¢

=|(1-e)(2-p)|<1. (14)

‘(1 0%
represents nearest neighbor or diffusive coupling. Typi- X
cally, periodic boundary conditions are imposed such thafThis gives us a relationship between synchronization
the topology becomes that of a ring of coupled oscillatorsstrengthe and the control parametgr For
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Choosingp" such that the right hand side of EQ.9) is
1-e (15 zero, trivially stabilizes the first oscillator and decouples it

from the rest of the system. The associated feedback control
the complete line of unidirectionally coupled maps can bejs

stabilized. Note that the left hand side of Ed4) is inde-

pendent of the actual map. Hence for any arbitrary unidirec- A A

tional map the complete line of coupled maps can be stabi- p1-p=- —(x]-x*)- —E((Xg_x* )

lized, if there exists a critical parameter valpe such that B B(1-2¢)

for p<p* or p>p*, |(1-e)(df/dx)(p*)|<1. + (0 = x*)) (20)
We can also easily control nontrivial periodic orbijse-

riod greater than oneln that case, the requirement of sta- gjying us a linearization of

bility is basically the same as E@L4) replacingdf/dx by the

average of the derivatives evaluated over all the points in the

p<2+

periodic orbit. XM X* = ALX" = X*) (21)
B. Diffusive coupling with (L) being
We intend to control a ring of one-dimensional diffu- B .
sively coupled maps by controlling just one map to its un- 0 0 0 0
stable fixed point. The linearization near the fixed pofft € 1-2¢ € ... O
and the parameter valyebecomes T=l0 € 1-2¢ 0 (22)
XM - X* = ALX" = X* ) + (1 - 2¢)B(p" - P) o
€ ... 0 € 1-2¢
x[1,0,....,d" (16) - -
with Thus the stability of our control algorithm depends on the
eigenvalues of the matriAL which are 0 and the eigenval-
A= ﬂ =p- 2px* (17) ues of a(M-1) X (M-1) tridiagonal matrix
dx ’
df 1-2¢ € 0 e 0
B:d—:)(*(l—)(*) (]_8) € 1-2¢ € 0
P T=| o e 1-2 ... 0 | (23)
andL being the ring coupling matrix given in Sec. | B. The : . :
linear approximation for the first oscillator is: 0 0 ¢ 1-2

X —x* = A(1-2)(X] —x* ) + e(X)—x*)) . .
. . The eigenvalues of are \j=1-2¢(1-cogwj/M)). Hence
+e(xy —x*) +B(1 - 2¢)(p" - p). (19 the condition of stability of our control algorithm is

FIG. 1. (Color onling. Controllable regime ofe for
differentp and M.
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j _ Al -1 Al +1
All-2e 1—cosM <1 0Oj=1,...M-1. ——<e<—F— (27)
2|A|<1 - cosw) 2|A|<1 + cosw)
(24 M M
Since the left hand side of this expression is linear inFOr such are to exist, we need
cogmj/M), the extrema can only occur gt1 or M—1 for -
every fixede. Thus the above inequality is equivalent to COS— < 7 (28)

T 1
l—2€<1—COS) < —,
M Al

1

Al

‘ ( (M—Dw)
1-2¢l1l-cos———
M

Since 1-2(1-cog7/M))>1-2e(1-cog(M-1)7/M])

(for €>0), it is also equivalent to

T 1
1—25(1—cos> < —,
M/ A

(29

M Al

This condition is violated foM >3. Using the fact thaA
=2-p for a control on a fixed point we can analytically
determine from Eqs(27) and (28) the relationship between
p, the number of oscillators in the ring and the strength of
the couplinge. The results are shown in in Fig. 1. We see
that in the chaotic regime>3.566... only a ring of three
maps can be controlled.

C. Remarks

 Notice that Eq(28) does not depend on the particulars of
the logistic map. As long as we can decouple the controlled
oscillator from all the others by choosimgin Eqg. (19) in

(26) such a way that the eigenvalue of the first oscillator be-
M=-1)x 1 comes zero, the condition in E(R8) holds.
1-2¢1-cos = Al « The control algorithm depends critically on [see Eq.
(29)]. If |A| is not very large, say it is just a bit lager than
which gives the stability condition 1, then 1A is close to one and we are able to control a
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£y

FIG. 3. (Color onling. Noise propagation in the unidi-
rectionally coupled system Ed31). Numerical data
points are fitted with an exponential model.

gy )

system with a large number of maps. This implies that we value to values that are still stable but just below 1. At that
should be able to control a large ring of maps to an un- moment Eq.(28) does not hold any more. However, we
stable periodic orbit that has just lost stability through a can then decrease the other eigenvalues and stabilize more
period doubling bifurcation. For example, fpF3.843 we  than just 3 oscillators. The operating principle in that case
get |A| ~1.0381 for the period-3 orbit just after the main g that the feedback has to introduce strong asymmetry in
stable pelnod three ww_urj]ow. By 51628)* ‘_’I‘I’e shouCI;j beable  ,ger to change the symmetry type of the ring of oscilla-
0 co_ntro a_system with up to 11 oscillators. Our numert- -, ¢ tom 4 diffusive coupling to a preferred direction
cal simulations allow us to control 8 maps for as long as . . .

. . . coupled ring. It is well known, that in such a case, syn-
we choose to simulate—rings with 9 and 10 maps eventu- hronization is much ior t hie(Ref. 2. In th
ally lose stability due to what we believe is an accumula- chronizatio S, uch €asier to achieyeet. 2. ese
tion of numerical errors. cases the matrik does not decouple any more and we do
Our feedback policyEq. (20)] is conservative by setting ~ hot have analytical eigenvalues any more. By trial and er-
the eigenvalue for the first map to zero. By choosing dif- ror we found that we can stabilize rings of up to five
ferent feedback coefficients we can increase the first eigen- coupled maps with a feedback just to the first oscillator

35 T T T T T T T T T T

FIG. 4. (Color online. Number of oscillators under
control for different input noise level(numerical
experiment

Number of Oscillators Under Control (n)
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based on the state of this oscillator and the two adjacent dimensional coupling case, we get the control algorithm

oscillators.

e Aring of a large number of oscillators can be controlled
via periodic refreshers. For instance, Fig. 2 shows the third
and the ninth map of a twelve map ring. We chogse
=3.83 and a coupling parametex 0.48 and control every
third map by a local feedback control like E@0). The
control is started at around=5500. We see that the two

very distant maps go from synchronized chaos to the same

stabilized fixed point.

¢ We can extend this scheme to control a two-dimensional
lattice of identical mapsgoscillators coupled diffusively to
its nearest neighbors. Suppasgdenote the oscillator on
theith row andjth column, then

X_r_|+1 —

= (L - 49T (x)) + el FOGLy) + FOLy) + T _p) :

104,01 (29)

Suppose we are going to control a single oscillagprin

eA
(1-4¢)B

pi—P=- 504

_X* —
B )

[OGLg = x* ) + (X

=X* )+ (G = X* ) + (X~ X*)]. (30)

Numerical simulation shows that we cannot control the
whole system by only controlling one single oscillator.
However, we can control the lattice by a refresher lattice.
We find that by controlling the maps locally in the odd
number columns in the odd rows and all the maps in the
even number columns in the even rows we can control the
whole lattice to a fixed point.

There are no fundamental obstacles to extending these re-
sults to the control of periodic orbits of continuous time
oscillators as long as the periodic orbit has a one-
dimensional unstable manifold. The resulting Poincare
map transforms a continous system back to the case of

the lattice. By the same analysis we have done in one- coupled maps.

ox107°
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FIG. 5. (Color online. Numerical simulation of a uni-
directional chain with added noise level of"70Shown

is the growth of the perturbation from steady state as a
function of the map number. Every 18th map is con-
n trolled to zero.
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Ill. THE IMPACT OF NOISE ON CONTROLLING A shows the exponential growth along a chain and the periodic
UNIDIRECTIONAL LINE OF MAPS resets due to refresher control. The added noise had an am-
sdlitude of 107 and the maximal allowable perturbation was
rset at(e= 10%). With the exponential growth along the chain
from above this indicates that the 18th map will exceed the
allowable noise level and hence should be controlled back to

We add independent identically distributed random noi
& to the coupled maps chosen from a uniform distribution o
the interval[-c,c]. We usec as a measure of the magnitude
of the noise. Then the system becomes

zero.
i 1 0 o ... o0 ] £(x2, p") -51- This result is closely _relat_ed to ear!ier results of K_ar?eko
n who showed that a unidirectional chain of synchronized lo-
. € l-e 0 ... O fOoe,p) & gistic maps can become convectively unstable, i.e., perturba-
X*=10 e 1-e .. O fxg.p) [+] & | tions will travel downstream, amplify and generate spatio-
: ) ) ) : : : temporal chaos. Our analysis shows ttiatn the absence of
0 . 0 e 1-e€||fo,p &, extra noise, the convective instability can be suppressied,;

- even with strong control at the leading map of the unidirec-
(31) tional chain, with added noise the noise will exponentially

While the theory shows that for any finite number of maps,grow in_spa_lce(iii)_with suitab_ly placed control a(_:tion, the
the control algorithm leads to stable fixed points, we find thafONvective instability mode will stay below detection levels.
as the noise level increases, maps downstream decouple and

cannot be controlled. Specifically, let
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where 7, describes the maximal displacement of the map
o . . NS

from its fixed point over the whole controlled set of time
stepsQ and v is the gain over the input noise level.
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