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» Optimize cost functional with the network model acting
as a constraint.

» [ wo approaches
— Adjoint calculus.

— Mixed integer programming.

» Examples:
— A simple model for re-entrance.

— Bankruptcies in networks.



Standard problem:

» Given a model for the flux through a production system,
optimize influx and policies to meet a certain projected
demand.

» Models based on differential equations can relatively easily
be optimized using an adjoint calculus formulation.

» Optimize a cost functional with constraints given by a
conservation law.



Example:

Ou + Oxd(z,t,u) =0, ¢(0,t,u) = q(¢)

T
J = A/O [b(1,¢,u) — d(t)]? dt—I—B/OTdt /Oldac w(z, t) — min

qg(t): control variable, d(t): given demand, J: cost functional
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Abstract setting:
J(u,q) — min, G(u,q) =0

J: cost functional, ¢: control variable, G: constraint (con-
servation law)

» Spaces: u € Hy, ¢ € Hqg

» Assumption: G(u,q) has a well defined inverse for fixed ¢

G(u,q) =0 <= u="F(q), G(F(q),q) =0

» = minimize L(q) = J(F(q),q)



Assumption: We can solve the unconstrained minimization
problem L(g) — min if we can evaluate L£(gq) and V.L(q) for
any q. (Steepest descent, conjugate gradient — canned soft-

ware).



» Define the gradient V£ as the adjoint of the Frechet
derivative

VL(q) = DgL(q)*1

» Problem: uw = F'(gq) can be evaluated for each ¢
(solve G(u,q) = 0), but not derivative DyF.

» However: VL can be evaluated easily by solving the ad-
joint differential equation backwards.



L(q) = J(F(q),q) = DgL = DyJ(u,q)DgF + DgJ(u,q), u=F(q)

Differentiating the constraint:

= D¢L(q) = —DyJDyG 1D,G + DyJ,

VL = —DyG*DyG *DyJ* 4+ DgJ*, DgJ* € Hy, DuJ* € Hu




Program: g

VL = —DyG*DyG *DyJ* 4+ DgJ*, DgJ* € Hg, DuJ* € Huy

o Z = D,G*Y € Hy,

o VL =74 DyJ*




Weak formulation:

(1) (DG, Y)Y+ DyJyp =0, Yop € Hy = Y

(2) (Aq,Z) = (D¢GAq,Y), VAqE Hqg= Z

» (1) involves the solution of the backward adjoint differ-
ential equation.

» (2) involves usually the numerical evaluation of integrals.



» G IBVP for a system of conservation laws, controlled by
the influx and the flux function (routing).

» Track a certain projected demand.

G(u,q) =0 <= O+ 0r¢(x,t,u,q) =0,
u(x,0) = a(x), ¢(0,t,u) ="0b(t,q)

1 /7
I(u,0) = = [ 16(1,t,u,q) — d(@®)[? dt
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The computation of Y. 14

Have to compute Y from

(DyGY,Y) 4+ DyJip = 0, Vap € Ha

Weak formulation of the constraint equation:
(G(u,q),Y) =0, VY

1 T
(G,Y) = / Y(z,0) a - YTu(x,7) dx + / Y1(0,8)b — Y p(1,t,u,q) dt
0 0

T 1
n / dt / dz [uT8Y + (8:,Y) (. t,u,q)]
0] 0

The derivative of G:

(DuGH,Y) = — [3YT(2,7) de — [T YTDud(1,t,u, (1, t) di

+[Tdt [} dz [WTOY + (8,Y)T Dug(a,t,u, @]

The derivative of the functional J

Dud (u, @) = /0 (1,4 uq) — AW Dud (L, b1, )eb(1,1) dt
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The adjoint backward problem q¢

8tY _I_ DU¢($7 t7 u, q)axYT — 07
Y(z,7) =0, Dup(l,t,u)"[-Y(1,t) +¢(1,t,u,q) —d] =0

Remark: If the forward equation is well posed (3F(g)) than
the adjoint equation is well posed as well.
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the computation of Z:

(2) (Aq,Z) = (D¢GAq,Y), VAqE Hqg= Z

]
(DyGAG,Y) = /O YT(0,4)Dgbrg dt

T 1

if ¢ € RE:

Z = [§ Dgb"Y (0,t) dt + [§dt [5 da [Ded(x,t,u,q)"82Y]
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Given q

» Solve

Ou + 0:¢(x,t,q,u) =0,  u(wz,0) =alz), u(0,t)=0>(q)
= u = F(q)

» Solve the adjoint backward problem
0Y + Duop(x,t,u,q)t0,Y =0,

Y(CIj)T) — O) DU¢(1at7u)T[_Y(l7t) _I_ qb(l,t,u,q) - d] =0
for Y

» Compute VL from

T T 1
VL’=Z=/ D,b'Y (0,1) dt—l—/ dt / de [Dyp(x,t,u,q)’ 0,Y]
0 0 0
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A very simplified model of a production chain

p(z,1)
14 fg p(y,t) dy’

Otp+0z¢ = 0, ¢(x,t,p) = ¢(0,t,p) = q(t)

» Models a highly re-entrant system, where the velocity of
a part is determined by the load in the total system.

» Given a certain demand, optimize the influx as a control
parameter to minimize

/()T[qb(l,t,p) — d(®))? dt
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Linear program:

» Minimize a linear cost functional in RY within a domain

bounded by K hyperplanes
w'z — main, a%x < cp

by searching along the vertices of the resulting N— di-
mensional polygon.
» +: Very efficient N >> 1.

» —: Restricted to the linear case.

» Today: replaced by more efficient (interior point) meth-
ods.
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MIP: 54

Constraints dependent on J additional binary variables to be
optimized

wlz = min, ap(€)Tz<c¢, € =(&,.,85) €{0,1}/

Allows for the implementation of piecewise linear constraints
(and cost functionals).

21



Basic idea:
Implement the function U(a,b) = min{a, b}

Introduce U as an independent variable, and an auxiliary bi-
nary variable £ € {0,1}, in the program, satisfying the con-
straints

a—ME<U<a, b—M(A—-¢<U<b M>>1

Proposition: The only solution to these constraints is

U = min{a, b}
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Remark:

» This allows the implementation of any convex (concave)
piecewise linear function, and therefore the approximation
of nonlinear functions.

» Introduces, however a |lot of additional variables.

23



CONTENTS

» Optimize cost functional with the network model acting
as a constraint.

» [ woO approaches
— Adjoint calculus.

— Mixed integer programming.

» Examples:
— A simple model for re-entrance.

— Bankruptcies in networks.

24



Bankruptcy cascades in a distributed supply network (Battis-
ton).

» 3 levels of production

» Suppliers on each level can order raw material from a
defined set of suppliers on the previous level.

» Each supplier has a limited capacity to produce, a capital,
and a defined set of costs.

» T he capital is dynamically defined via the influx of price

and the outflux of costs.
25



» If the capital falls below a threshhold, the supplier goes
into bankruptcy, and is unable to order.



Network structure
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Each node j is governed by a conservation law with a maximum
production capacity c;.

Each node can place orders to a defined set of nodes.

Each node has a front end (input) inventory to be able to order
more than his capacity.

Each node has a back end (output) inventory to store over-
produced items.

Each node has to pay a defined price / item to its suppliers
and receives a price /item from its customers if he delivers.

This gives the node a certain capital. Bankruptcy occurs if the
capital falls below a certain (negative) threshold.

In this case the node has to stop ordering.
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8tpj + a:c?bj =0

Use qu — min{c-,vjpj as model to capture simple time delays,
using a first order upwind difference scheme.

pjm(t + At) = ij(t) + ﬁ—at;(¢jm - ¢j,m—1>a g=1:M

Gjm = Min{cj,vjpjm}, m=1:M,

dom.: 1Nflux
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Proposition:

Vipim < ¢j, m =21 M

This implies that the conservation law can be replaced by
At .
pi1(t + At) = p;1(t) + A—x(mm{cj’ vipi1} — ¢4.0);

At’vj

Atv]
N )pim(t) +

Ax

pjm(t + At) = (1 - “~__ Pjim— 1(¢)

For the optimal Courant number AAth — 1 this just shifts

the product through a register. What flows out of the first
cell leaves the last cell after M time steps, or after a time

— At _ 1

The contents of the first cell Azp;1 can be regarded as an
input inventory, storing the excess product, if more than the
capacity is ordered.
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The output Inventory:3g

If more / less is produced than orders received the difference
is stored in 19Ut

OIS = (1) — g wi

Remark: Ij < 0 denotes a backlog in production. The actual
product outflux of I;“t is given by H(Ij“t) >k Wik

wj: rate of orders from supplier k£ to supplier j.

Wik Sk
() = > espam(l)

WNk m=1
Actual product influx:

¢jo(t) = X H(I)wy;
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0;Cy5 = p;H(I;) > wir — > ppHI)wy;
k k

1
—Oéj/O pi(z,t) dx — B;p; H(—1;) Zk:wjk

p;: price supplier j charges.
a production cost

B;: discount for late delivery
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» If the capital sinks below a certain (negative) threshold
orders, are terminated.

» Replace Wi by
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Cost functional 43

J = — Z Cj (Tend)
J

Control parameters:

Rates ¢ (t) at which each node orders from its given set of
suppliers.

W1k Sk
(t) = D espnam(t)

WNk m=1
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moneyflow for different order policies
40 -

benchmark
ag k| time—independent orders
— - — — order up to capacity

30 -

25

20 -

money flow

15 -

10 -

Total capital over time for Inventory threshhold, order up to
policy, and global optimization.
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Survivors
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