242 Test 1 A

SOLUTIONS

1. [15 points] How many solutions does each of the following systems of linear equations have? Circle the

entries which led you to your conclusion.

1 0 0 0 0] 4
0100 0 2
(@ [0 01 0 0]-3
0001 0|5
Lo 00 0 1] 0
1 0 0 =1(0
0 1 0 0|4
™o o 1 12
Lo 0 0 0l0
10 5| 47
0 1 -1|-3
) |0 0 0| 5
0 0 0| 0
Lo 0o ol ol

Solution: Correct answers are shown above, with the relevant entries in boldface.

Solution: 1

Solution: oo

Solution: 0

Grading: +3 points for the correct answer, +2 points for the work; for each part. Grading for

common mistakes: —2 points for “many” (instead of “infinitely many”.)

2. [15 points] Solve the system of linear equations

161x7 — 6429 + 63 —
—12111}1 + 48.1?2 - 5$3 + 14I4 = —219
+

—25z1 + 10x9 — 3 3rqy = —45
8131 — 3$2 Ty = 14
161 —64 6 —197 " -1-1-1 2
. —121 48 -5 14 -4 -3 -9 7
using the fact that 95 10 —1 3 =1 _3_9_9 9
8 -3 0 -1 4 1 19 —6
loss of points.)
Solution:
T 161 —64 6 —197 290 -1 -1-1
o p |@e| |12 485 14| | -219|  |[-4 -3 -9
X=A"-B=1 11 225 10-1 3 45| T | =3 —2 -9
Ty 8 -3 0 -1 14 4 1 19

2
7
2
—6

290
—219
—45
14

N = O N

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; —5 points for bad matrix multiplication.



0 4 4 0
. . 3 -1 3-3
. [20 points] Find 4 3 24
-1 0 0 O
Solution:
0 4 4 0
4 4
3 -1 3-3
403 2-4|="CD _:13 ;’
-1 0 0 O

Typical derivations include the following. Using Expansion by Minors:

= [(—48) + (—36) + 0] — [0+ (—24) + (16)] =[ 76|

(Note that you can use Sarrus’s Method right after Expansion by Minors.)

Using Gaussian Elimination:

0 4 4 0
3-1 3-3
4 3 2 -4 —
-1 0 0 0 0-@
®+3@®
® +4@
® -2

= (DA

1 4 4 0
3-1 3-3
4 3 24
-1 0 0 0
1 4 4
0 -1 3-—
0-13 —14 —
0 4 4
1 4 4 0
0-1 3 -3
0 011 —13
0 016 —12
1 44 0
0-1 3 -3
0 0 1-15
005 1
76) = [ —76.

1 4 4 0
“ o0 |0-13 -9-3
0 —13 —14 —4
—4
%+8 0 4 4 0
1 4 4 0
____l0-1 3 -3
®-1B® |p 0-53 35
@ +4@ 0 0 16 —12
1 4 4 0
0-1 3 -3
~ 0 0 11 —13
®-© 0 0 5 1
1 4 4 0
0-1 3 -3
0 0 1-15
-5
© =50 0 0 0 76

Grading for common mistakes: +5 points for using Sarrus’s Method right away (on the 4 x 4
matrix); —5 points for not including the effects of the row operations on the determinant.



4. [20 points] Find the inverse of the matrix | -3 —1 0

1 0 0
Solution: Use Gauss-Jordan Elimination:
-5 0 —-1({1 0 O . 1 0 0]0 0 1
-3 -1 0]0 1 0] @+0B -3 -1 0]0 1 0
1 0 0/]0 0 1 -5 0 —-1({1 0 O
R
@ + 30 1 0 0/]0 0 1
5 0 -1 0|0 1 3
@50 1o o -1/1 0 5
) 1 0 0] O 0 1
01 0of 0 -1 -3
e 0 0 1|-1 0 -5
0 0 1
Thus, the inverse is 0 -1 -3
-1 0 -5

Grading: +5 points for the setup, +12 points for the row operations, +3 points for extracting
the inverse.



5. [15 points] Use Cramer’s Rule to solve the following system of linear equations for (z,y).

T+ y=-5
—2x + 4y = =5

Solution: Using the notation in class, A = {_; ﬂ , A1[B] = {_5 1}, As|B] = { N :5] , and

o detAl[B] o —15 d o detAQ[B] o —15
T T det A |6 e P R B

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; full credit was given if Cramer’s Rule
was used to find the value of one variable, and back substitution for the other.

6. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, 24, x5, and zg.

10 5 0 -1 0] -1
0o 1 -3 0 4 0]-19
0 O 0o 1 -3 0| 12
0 0 0 0 0o 1| -2
0 0 0 0 0 0 0

Solution: The variables x3 and x5 are the free variables, so let x3 = r and x5 = s. Then convert
the rows of the matrix into equations, solve for the lead variables, and substitute r and s to get:

r1=—-1—-bx3+x5=—-1—5r+s
To = —194 3w3 — dxs = —19 + 3r — 4s
g =124 325 =124 3s

1'6:72

then collect the equations to get the answer

r1=—1-5r+s
To = —19+ 3r — 4s

T3 =T
x4 =124 3s
T5 =S
T = —2

where r, s can be any real numbers

Grading for common mistakes: —3 points for forgetting “where ... can be any real numbers”;
—3 points for missing the equations for the free variables; —2 points for the wrong number of free
variables.



242 Test 1 B SOLUTIONS

1. [15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

rl 4 0]15
0 0 1] 0
(a) |0 0 0] O Solution: oo
0 0 0| O
L0 0 0l O
ri 0 -3 -4
0 1 -3 0
(b) O O 0]-2 Solution: 0
0 0 0| O
LO O 0l O
[1 0 0]2
(¢) |0 1 0[4 Solution: 1
0 0 1)1

Solution: Correct answers are shown above, with the relevant entries in boldface.
Grading: +3 points for the correct answer, +2 points for the work; for each part. Grading for
common mistakes: —2 points for “many” (instead of “infinitely many”.)

2. [15 points] Solve the system of linear equations

—12z1 — 4525 + 12423 + 27x4 = 460
5x1 + 20x2 — bbbz — 12z4 = —204

— 3z + 93 + 214 = 34
—r1 — 219 + 5r3 + €Ty = 18
~12 —45 124 277 °* -1-2 1 1
. 5 20 —b5 —12 3 7 2 -1 .
using the fact that 0 -3 9 9 = 1 3 3 3 (Other methods may result in
-1 -2 5 1 0 -3 —-10 —15
the loss of points.)
Solution:
T1 12 —45 124 27771 460 -1 -2 1 1 460 0
4l o T2 5 20 —b55 —12 | —204 ) _ 3 7 2 =1 [ -204| |2
X=A4 B= x3 | 0 -3 9 2 34| 1 3 3 3 341 |4
Ty -1 -2 5 1 18 0 -3 —-10 —15 18 2

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; —5 points for bad matrix multiplication.



3. [20 points| Find

— O O

O O O N

= O Ot
\

TN B

Solution: Typical derivations include the following. Using Expansion by Minors:

2 5 —-4—-4
0-4 0
00400 51 4 9 0 -2 —4)—’ 1 0’:—8-4— —32
8 ‘11 g ‘1) EM : C1 1.5 1| EM:R1 -1 1
(Note that you can use Sarrus’s Method right after Expansion by Minors.)
Using Gaussian Elimination:
-2 5 -4 -4 -2 5 -4 -4 -2 5 —4 -4
0 0-4 0 (-1) 0-1-5 1 1. 0-1 -5 1
0 4 2 0 0 4 2 0 0 0-22 4
R +4
0-1-5 1 @00 0 0-4 0 ® ® 0 0 —4 0
-2 5 -4 -4 -2 5 —4 -4
0-1 -5 1 : 4 0-1 -5 1
0 0 -4 0 0 0 1 0
o _Z
©e0 0 0-22 4 4® 0 0-22 4
-2 5 -4 -4
- _ 4. 8_(1)_51’ (1):_4.(_2._1.1.4):_32
+ 22
@ ® 0 0 0 4

Grading for common mistakes: +5 points for using Sarrus’s Method right away (on the 4 x 4
matrix); —5 points for not including the effects of the row operations on the determinant.



3
4. [20 points] Find the inverse of the matrix | 0
1

Solution: Use Gauss-Jordan Elimination:

3 -2 111 0 O 1 -2 111 0 2
0 1 0/{0 1 0 ®+2G 0 1 00 1 O
-1 0 o0o/0 o0 1 -1 0 0/0 o0 1
1 -2 171 0 2
®+0® 0 1 00 1 O
0o -2 11 0 3
1 -2 1|1 2
®+20 0 1 0j0 1 0
0 o 1|1 2 3
s (1 =2 0]0 -2 -1
O-0 0 1 0]0 1 0
0 0 1|1 2 3
({1 0 0/{0 0 -1
@ +20 0O 1 o0j0 1 0
0O o0 1|1 2 3
0 0 -1
Thus, the inverseis| |0 1 0
1 2 3

Grading: +5 points for the setup, +12 points for the row operations, +3 points for extracting
the inverse.



5. [15 points] Use Cramer’s Rule to solve the following system of linear equations for (z,y).
T+ 5y = -3
5c — y= 0

Solution: Using the notation in class, A = E _ﬂ, A4[B] = [_(?; _ﬂ , A3[B] = E _g}, and

o det Al[B] o 3 d o det AQ[B] o 15
T TaebA | 26| MYOYT Tdea | D26

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; full credit was given if Cramer’s Rule
was used to find the value of one variable, and back substitution for the other.

6. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, and z4.

1 0 -3 1] —18
0o 1 -1 =2 7
0 0 0 0 0

Solution: The variables x3 and x4 are the free variables, so let x3 = r and x4 = s. Then convert
the rows of the matrix into equations, solve for the lead variables, and substitute r and s to get:

r1=—-1843x3—24=—-18+3r—s
To=T4+x3+204=T4+1r+2s

then collect the equations to get the answer

r1=—18+3r—s
To=T4+1r+2s
T3 =7

Ty=S

where 1, s can be any real numbers

Grading for common mistakes: —3 points for forgetting “where ... can be any real numbers”;
—3 points for missing the equations for the free variables; —2 points for the wrong number of free
variables.



242 Test 1 C SOLUTIONS

1. [15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

(1 0 0] -2
(a) {0 1 0|—-2 Solution: 1
[0 0 1]-2
Tl =5 0| 207
0 0 1| -1
(b) |O 0 0| O Solution: co
0 0 0 O
L0 0 o0l 0l
r1 4 -2 0|3
0 0 0 110
0O 0 0 0O0f1 )
(c) o o o olo Solution: 0
0 0 0 0|0
L0 0 0 01l0

Solution: Correct answers are shown above, with the relevant entries in boldface.
Grading: +3 points for the correct answer, +2 points for the work; for each part. Grading for
common mistakes: —2 points for “many” (instead of “infinitely many”.)

2. [15 points] Solve the system of linear equations

—120x1 + 4029 — 1523 + 17x4 = —221

—30x1 + 1l — bxg + bxry = =55
—33x1 + 1029 — 3x3 + 4xy4 = —61
—5r1 + 2x9 — xr3 + €Ty = -9
—120 40 —15 177" 1-2 -2 1
. -30 11 -5 5 5-9-10 0 .
using the fact that 33 10 -3 4 = 3.8 -5 9l (Other methods may result in the
-5 2 -1 1 -2 0 5 15
loss of points.)
Solution:
T ~120 40 —15 177°¢ —221 1 -2 -2 1 —221 2
Cutp @ ] 80 11 -5 5] | -55| | 5-9-10 o | -55| _[]o
X=4 B= z3| | =33 10 -3 4 —61| 3-8 -5 9 61| | |1
T4 -5 2 -1 1 -9 -2 0 5 15 -9 2

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; —5 points for bad matrix multiplication.



3. [20 points| Find

= w o N
C,OCIAD»JkUY
O N O =
=N OO

Solution: Typical derivations include the following. Using Expansion by Minors:

EM : R2

B~ W O N
|
[SCIGUTNINGH
e =

2
—4-13
4

[en il N

0
? =—4-[(4) +(8)+(0) = (0) = (0) = (3)] = =36.

O O

(Note that you can use Sarrus’s Method right after Expansion by Minors.)
Using Gaussian Elimination:

2 5 1 0 -1 8 —-1-2 -1 8 -1-2
0-4 0 0 0-4 0 0] ————— | 0-4 0 0
3-3 2 2| 5 _gq 3.3 2 2| ©®©F30 021 -1 —4
4 3 0 1 4 3 0 1| @+40 0 35 —4 —7
-1 8 —-1-2 -1 8 —1-2
0-4 0 0 L]0 114
0 1-1-4 o, | 0-4 0 0
+5 &
®+50 0 35 —4 —7 @O 0 35 —4 —7
-1 8 -1 -2 -1 8 -1 -2
——— _1 0 1-1 —4 L]0 -1 4
N 0 0—-4—16 Tl 0 0-4-16
®+40@ 4 e 4
® -35@ 0 0 31 133 O+80 0 0-1 5
-1 8 -1 -2 -1 8 -1 -2
0 1-1 —4 0 1-1 —4
0 0-1 5/ =~ 4~ | 0 0-1 5
> —4
®c0 0 0—4-16 ©-1® 0 0 0-36
= (=1)(1)(=1)(-36) = | —36.

Grading for common mistakes: +5 points for using Sarrus’s Method right away (on the 4 x 4
matrix); —5 points for not including the effects of the row operations on the determinant.

10



4. [20 points] Find the inverse of the matrix

Solution: Use Gauss-Jordan Elimination:

0 3 1|1 0 O

-3 -1 0|0 1 0

-1 0 0/0 0 1
0 0-1
Thus, the inverseis| | 0 —1 3
1 3-9

SN 1 3
O- | -3 -1
-1 0
.~ [1 3
® + 30 0 3
®-0 0 3
- |1 3
® -3B 0 -1
0 3
|1 3 11
- 0 1 00
0 3 1|1
—— . J1 0
® -3 0 1
@73@ 0 0
4|10
O-® |01
0 0

_ o O

111 0 -1
0j0 1 0
0j0 0 1
11 0 -1
3]3 1 =3
11 0 0
111 0 -1
0jo0 1 =3
111 0 0
0 -1

-1 3

0 0

11 —10

0j0 -1 3

111 3 -9
0 0 -1

0 -1 3

1 3 -9

Grading: +5 points for the setup, +12 points for the row operations, +3 points for extracting

the inverse.

11



5. [15 points] Use Cramer’s Rule to solve the following system of linear equations for (z,y).

—2z — 3y =4
4 — y =20

Solution: Using the notation in class, A = {_i :ﬂ , A1[B] = [3 :ﬂ , A3[B] = {_i ﬂ , and

_detAl[B] - —4 d _detAg[B] - —16
det A |14 | YT Taea |14

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; full credit was given if Cramer’s Rule
was used to find the value of one variable, and back substitution for the other.

6. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, 2, 3, T4, x5, and xg.

—4

oS o o
o O O

O O O Ut
OO = O
o= OO
O = W w
S 0 O Ut

Solution: The variables xo, x3, and xg are the free variables, so let x9 = r, x3 = s, and xg = t.
Then convert the rows of the matrix into equations, solve for the lead variables, and substitute r
and s to get:

r1 =54+ 4xy — dxrz — 326 =5+ 4r — bs — 3t

Ty =6—3x6=6—3t
1‘5:8—4$6:8—4t

then collect the equations to get the answer

r1 =5+ 4r —5s — 3t

Tog =T

T3 =S5

T4 =6—3t

T =8 — 4t

T =1

where 1, s,t can be any real numbers

Grading for common mistakes: —3 points for forgetting “where ... can be any real numbers”;
—3 points for missing the equations for the free variables; —2 points for the wrong number of free
variables.

12



242 Test 1 D

SOLUTIONS

1. [15 points] How many solutions does each of the following systems of linear equations have? Circle the

entries which led you to your conclusion.

1 0 0 0] 4
010 0f 3
(a)001o—4
000 1/-3
0000 0
Lo 0 0 ol 0
1 5 0 0 0] 57
0010 0/ 5
00010 4
M) lo o o0 o0 1] 1
0000 Of-2
0000 0 0
Lo 00 0 ol ol
1 -4 0 2 0|23
@ |0 0 1 2 o/
0 0 0 0 1| 1
Lo 0 0 0 ol o0

Solution: 1

Solution: 0

Solution: oo

Solution: Correct answers are shown above, with the relevant entries in boldface.
Grading: 43 points for the correct answer, +2 points for the work; for each part. Grading for
common mistakes: —2 points for “many” (instead of “infinitely many”.)

2. [15 points] Solve the system of linear equations

14521 — 3504
—42x1 4+ 104z5
—7z; + 192,
3r1 — dT2
145 —350 132 587 "
using the fact that 7113 1(1);1 732 7_12

3 =5 2 1
the loss of points.)

Solution:
T 145 —350 132 587 !
a1 o a2 |42 104 -39 —17
X=A""B= w3 | | =7 19 -7 -3
Ty 3 -5 2 1

+ 132x3
— 391‘3
- 71‘3
-+ 21’3

538
—157
—27
10

= 538
= —157
= 27
= 10
2
_Eg . (Other methods may result in
5
1 -4 4 2 538 2
13 1 -4 =157 | |0
2 4 11 -15 =271 ||1
4 19 -29 5 10 2

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; —5 points for bad matrix multiplication.

13



3. [20 points| Find

DN — = Ot
s o oo
|
ARG RIGCRITN

0

3 —
_5 —
-1 -2 —

Solution: Typical derivations include the following. Using Expansion by Minors:

0 5 4
rror V| 3 o 3| GO0 )+ (1)~ (80) - (0 (7)) =252,

= Ot Ww O
|
N = o Ot

s o oo
I
GG JUINTS

(Note that you can use Sarrus’s Method right after Expansion by Minors.)
Using Gaussian Elimination:

0 5 0 4 1 7 4 9 1 7 4 9
3 -4 0 -3 3-4 0-3] T5=30 |0 -25-12 30
51 0-5| @ _@ |5-1 0-5| @isp |0 34 20 40
—1 -2 —4 -5 -1-2-4-5 @@ 10 5 0 4
1 7 4 9 1 7 4 9
0 34 20 40| — 0-1 20 12
500 “Llg 295 12 —30] @-T@ ~llg g _12 10
0 5 0 4| O®+5® 0 5 0 4
1 7 4 9 1 7 4 9
L0120 12 L0120 12
TN Lr~ |0 0-12-10 Tl 0 —12 =10
+5 +8
©+50 0 0 100 64 ®+80 0 0 4-16
1 7 4 9 1 7 4 9
0-1 20 12 0-120 12
0 0 4-16 0 0 4-16
<~ +3
®c® 0 0—-12 —10 @ +30 0 0 0-58

Grading for common mistakes: +5 points for using Sarrus’s Method right away (on the 4 x 4
matrix); —5 points for not including the effects of the row operations on the determinant.

14



8 -2 1
4. [20 points] Find the inverse of the matrix 1 1 0
1 0 0
Solution: Use Gauss-Jordan Elimination:
8 =2 111 0 0 N 1 1 0]0 1 0
1 1 0|0 1 0] O+ ©® 8 -2 111 0 0
-1 0 0|0 © 1 -1 0 0|0 O 1
_—
1 1 0(0 1 0
@ -89 10 1|1 -8 0
@+® o 1 olo 1 1
! 1 00 1 0
@<® |0 1 olo 1 1
0 -10 1{1 -8 0
% _
@ + 10@ 1 0 0[O0 O 1
0 1 0|0 1 1
O-® 0 0 1|1 2 10
0 0-1
Thus, the inverseis| |0 1 1
1 2 10

Grading: +5 points for the setup, +12 points for the row operations, +3 points for extracting
the inverse.

15



5. [15 points] Use Cramer’s Rule to solve the following system of linear equations for (z,y).

—r — 2y = —1
Sr — 3y = 1

Solution: Using the notation in class, A = [_1 _2] , A1[B] = [_1 :g] , As|B] = [_é _”, and

o detAl[B] - 5 d o det AQ[B] o 4
YT T deta |13 M YT Tqeta T |13

Grading for common mistakes: +3 points (total) for another method and a wrong answer;
+5 points (total) for another method and a correct answer; full credit was given if Cramer’s Rule
was used to find the value of one variable, and back substitution for the other.

6. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, 2, T3, T4, and 5.

1 0 -2 0 0] 1
0 1 5 0 0| 6
0 0 0 1 0|5
o o0 0 0 1]-3
o o0 0 0 o0 o

Solution: The variable x3 is the only free variable, so let x3 = r. Then convert the rows of the
matrix into equations, solve for the lead variables, and substitute r and s to get:

1 =1+2x3=142r
To =6 —bxr3 =6—5r
.1342—5

.’E5:—3

then collect the equations to get the answer

r1=142r

T9g =6 —br

T3 =r

Ty = —H

T5 = —3

where r can be any real number

Grading for common mistakes: —3 points for forgetting “where ... can be any real numbers”;
—3 points for missing the equations for the free variables; —2 points for the wrong number of free
variables.

16



