Theorem 1 Let S C R"™ and define H to be the set of all points z € R™ such that for some positive

integer k, some points z1,...z € S, and some positive numbers ti,

k
=1

Then H s a convex hull of S.

Proof. It is enough to show the following three facts.

1. H contains S

2. H is convex

3. Every convex set containing S must contain H

oty with YF =1

Part (1) is clearly true. Simply take £ =1 and ¢; = 1 to see that all points from S are special cases of

formula for z.

Part (2) requires more work. Let z,y € H and let z = tx + (1 —t)y. Since x € H and y € H there are

points x1, . .

and

Let

and

Then

Also

.z, and ¥y, ...y all in S and positive numbers py, ...
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Thus z is a convex combination of points from S and so z € H.
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Now let us prove part (3). We shall do this by induction on £ in the defitnion of z.
e (base case) Case k =1 is clear as points from S by definition are in C.

e (inductive step) Assume all points z with upper index in summation k£ — 1 are in C' and consdier
z= Zle t;z; with Zle t; = 1. Define t =1 — t;, and let

We have 0 < t < 1 and

k—1 1 k—1
= ;Z:t,- =—(1-t) =1
=1 =1

Thus, by inductive assumption,
k—1
2= Z rizi € C.
i=1

Since z, € S, 2 is also in C and C' is a convex set thus it contains

tz' + (1 —t)z

but
k—1 k
2+ (1 =tz =t Y rizi+ ez = »_tizi = 2.
i=1 =1

Therefore 2z is in C.



