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Chapter 1

Molecular biology concepts

1.1 Basic concepts of molecular biology

In this section we will overview basic concepts from molecudiology. Two most
fundamental structures that we will study:

proteins,
nucleic acids.

Clearly our discussion is simpli ed and we do not pretendrtcude all important
details. Our main objective is to introduce terminology andtivate some of the
problems from the future chapters.
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Figure 1.2: Based on [SM97]

Proteins. A protein can be thought of as a chain of amino adlgs:: :;A.
There are 20 possible amino acids. Each amino acid has otralcsarbon (called
alpha carbon € ), amino groupNH,, carboxy groupCOOH, and a side chain.

Di erent amino acids der by side chains. Amino acids are connected by peptide
bond, carbon from the carbon group of amino a&idbonds to the nitrogen from
amino group ofA+;. Proteins vary in length. Typically a protein contains at®00
residues but can contain as much as 5000. There is howevérmue to proteins
than just a sequence of amino acids. In fact, the sequencmiobaacids forms

its primary structure but a protein can fold and form whatalex the secondary
structure which often is related to the protein's function.

DNA. A chain of simple molecules. In fact it is a double chain cetisg of
two strands. Single strand is a chain of four possible ba&dern(ine, Guanine,
Thymine, and Cytosine) also called nucleotides. G and Aasorttvo rings and
are calledpurines C,T contain one ring and are called pyrimidines. A chain can
be very long hundreds of millions of nucleotides. Two stsafarm a double helix
structure where a nucleotide of one chains bonds to a congplammy one of the
second one (A with T, C with G).
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We have either two hydrogen bonds in the case of A, T pairingree hydrogen
bonds in the case of C, G pairing. In general, in a hydrogem pidns shared by
two nitrogen atoms or nitrogen and oxygen atoms. A singlnstihas a backbone
consisting of sugar (ribose or deoxyribose) connected msphate group (com-
prising of one, two, or three phosphate residues). Therevarearbons in a sugar
(ribose for RNA or deoxyribose in DNA) which are numberedd® (with base
attached to 1' sugar). Riboses are connected through trepphate residue and fol-
low the orientation from %to 3°.

RNA. A single chain, instead of Thymine there is Uracil (U). Thaich
From some level of abstraction both proteins and nucledsacan be thought of as
strings over a nite alphabet.

Organization of genetic information. In eukariotic organisms most of the
DNA is contained in the nucleus of a cell. For example, in a Angenome, 3 200

7
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000 000 nucleotides are contained in the nucleus and abob®4d Gucleotides in
mitchondria (see [Br02]). DNA is organized into long DNA reolles called chro-
mosomes and the number of the chromosomesrdirom an organism to an or-
ganism (in humans, there are 22 pairs of chromosomes pls&ihehromosomes).
The number of nucleotides contained in a chromosome vdfmsexample, in the
human genome the number of pairs of nucleotides ranges fppmogmately 50
000 000 to approximately 250 000 000 nucleotides. In eukarayganisms only

a small fraction (like 5%) of the genome carries a codingrimi@tion. The coding
regions of DNA string are calledenes The number of genes in humans is esti-
mated to be about 30,000. Genes, in turn, consist of codgigne calledexons
and noncoding regions callégtrons In a gene the ratio of the number of exons to
the number of introns is usually fair but the total length mfaons is much larger
than the total length of exons.
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Translation. DNA coding information is used to "manufacture” proteinel
DNA coding information is used in the following way to obtgiroteins (the process
is often calledhe dogma of molecular biology

1. DNA string is transcribed into RNA string. The eXortron regions are de-
tected and a shorter string mMRNA (messenger RNA) is obtaima&NA
consists only of strings that correspond to exons.

2. mRNA leaves the nucleus and is used by ribosomes to manotggaroteins.

Triples of nucleotides are callembdons Codons are used to encode for amino
acids. There are 64 possible codons and 24 amino acids. inhcadidhree codons
do not encode for an amino acid and are used as stop signadstumttion from

9
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the the set of triples to the set of 20 amino acids and the SE@&lled the genetic
code.

Figure 1.8: Genetic code

10



Chapter 2
Counting and probability

2.1 Sets, functions, and sums

2.1.1 Sets

Sets are maybe the most fundamental building blocks in malies. To develop
set theory sets are introduced in an axiomatic way and so weotlde ne what
a set is but rather we say what is and what is not allowed ith&etry. Axiomatic
approach is however quite complicated and we will settleafomtuitive notion of
what a set is.

De nition 1 Objects in a set are called elements or members of the sett i& se
said to contain its elements.

De nition 2 Two sets are equal if they contain the same elements.

For examplde; ;2g=f ;2;eg
Comments:

We will use the following set builder notation. LEt= fxjP(x)gbe the set of
all X's that satisfy some proper®§(x). For exampld>(x) can be the statement
"x < 2 andxis an integer”.

We will consider a special set which contains no elementss 3ét is called
the empty set or a null set and is denoted by

11
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It is useful to keep in mind names of standard sets of numhk&rsthe set
of all integersN - the set of all nonnegative numbeR; the set of all real
numbers.

We will need two more pieces of notation.

De nition 3 A set A is a subset of B if and only if every element of A is also an
element of B. We will denote this fact by writing AB.

De nition 4 If ais an element of A then we write2aA. If a is not an element of A
then we write &< A.

For example ifA = fa; b;cgthena 2 Aorfag A. As you will see in the next
example it may happen that sets contain other sets as elearghto it is possible
that a set is a subset as well as an element of another set.ditoady jA] we
denote the number of distinct elements inAet

Example 1 Let A= fa; b;fa; bgg ThenjAj = 3 and we have:
a2A;b2A;fa;bg 2A

fag A;fbg A;ffa;bgg A;fa;bg A;fa;fa;bgg A;fb;fa;bgg A;A
A A

In particular note that itis possible for a set to be an eldrokanother set. However
one should be warned that the intuitive notion a set leadsther serious problems
for example the Reader may consider the following set, whietcallImpossible
the Impossible contains all the sets which are not elemdritemself, that iA is

in the Impossible ifA < A and so: Is the Impossible possible?

2.1.2 Functions

Functions can be formally de ned as special subsets. Thigelier requires more
terminology and again we will settle for an intuitive "detion”.

De nition 5 Let A and B be sets. A function f from A to B is an assignment of
exactly one element of B to each element of A. We w(ag= b if b is the unique
element of B assigned by f to the element a. If f is a functmn # to B, we write
f:A! B:

12
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Many familiar objects, like strings, sequences, or masricen be de ned for-
mally as functions.

Example 2 A string of length n over an alphab®A; C; G; Tgcan be de ned as a
function fromf1;2;:::;ngto fA; C;G; Tg

The following two functions appear often when rounding &fien to an integer.

1. Floor function:f(x) = bxcis equal to the largest integer less than or equal to
X.

2. Ceiling function: f(x) = dxeis equal to the smallest integer larger than or
equal tox.

Example 3 We havd®2c= 2, hl:6¢c= 1, Re= 2, dL:7e= 2.

o—— o——
1 o—- 10—
2 1 1 2 -2 -1 1 2
o—— o——
o—
@ @

Figure 2.1: (1)oxc, (2) dxe

Cartesian product oA andB is the setA B = f(a;b)ja2 Aandb 2 Bg

Example 4 An example of 8 2 matrix with real entries.

2 15
2 32

1 4

13
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Ann 1lorl niscalled amdimensional vector.
Operations on matrices:

1. Sum.Let A = [a;] andB = [b;;] be twom nmatrices. The sum ok andB
isthem nmatrix A+ B = [a; + b;].

2. Multiplication by a scalar.For 2 Rand anm nmatrix A = [A;;], matrix
A=l &l
3. Product. (Cauchy's product)let A be anm k matrix and letB be ak n
matrix. Then the produdiBis them n matrix [c;;], where
Gj = @1byj + @b+ + akhy;:
Notes:
Ann nmatrix is called a square matrix.

In generalAB, BA. Infact sometimes only one of them is de ned.

Example 5 Let
2 1
A= 2 1%
1

1

#
0O 1 1
10 1

Find the product AB or state that it does not exist. We have
1 2 1
AB=g1 2 1%
1 1 O

Example 6 For a matrix A let & = A A and in general for an integer k 1, let
A=A AL Find A, A%, and A if

B =

2 0 O
A=g0 1 0%:
0O 0 3
We have
(2 0 0
AX :E 0 (1 o ?:
0 0 (3

14
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2.1.3 Sums
. P .
Finally, we want to recall the notation for the sums.
De nition 7 Let a;a,;:::;be a sequence of numbers. Then
Xn

aj=amtamit it an

j=m

X
X=at+tap+::+ay
X2A

Example 7 Lety = j+ 1. Then

X5
b= (2+1)+(3+1)+@+1)+(5+1)= 18
j=2

P
Example 8 Find  {%°j. We can add these numbers as folldw<.000= 1001, 2+
999= 1001%;:::;500+ 501= 1001 Thus

3000
j =500 1001
j=1

P
Example 9 Let A=f0;1;2;3g Then ppa?=0°+12+22+3?= 14

2.2 Strings and how to count them

2.2.1 Strings
De nition 8 A string of length n over an alphabAt is a function s f1;:::;ng !
A.

will write a string swith s(1) = s;;:::;8(n) = s,as$S:::S,. The length of a
string s, denoted bysg, is the number of characters & In addition, we will allow
the empty string, denoted by which has length zero and no characters. When
discussing strings it is important to distinguish two rethtoncepts.

15
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1. A substringof a stringsis a string formed by consecutive characters.of

2. A subsequencef s= s;:::s,is a string of the forns, s, :::s, where 1
il < i2 < < ik n.

If sis a substring of thent is called asuperstringof s. If sis a subsequence of
thent is called asupersequencef s. Note that superstrings play an important role
in the sequencing problems that we will discuss in futureptdrs.

Example 10 Let s= AACGT. Find all of the substrings of length two that start
with A and all subsequences of length two which start withhattar A. Substrings:
AA, AC. Subsequences: AA, AC, AG, AT.

Lets= s;:::s,andt = t; : : :t, be two stringsThe concatenation of s withg the
stringst= s :::sty 00ty Ani-pre x (or pre x of length i) of string s= s,::: 5,
of lengthi is the strings;s,:::5 wherei n. Ani-su x of string s= s;:::5, 1S
the stringsn i+ 1:::s,wherei n.

2.2.2 Basic counting
We can now state the main theorem we will use when countiimggstr

Theorem1 1. The number of dierent strings of length n with characters from
an m-element alphabet is equal td.m

2. The number of dierent strings of length n with characters from an m-element
alphabet that have the property that no character is repg&equal to zero
ifn>mandisequaltofm 21)(m 2) (m n+1)whenn m.

3. The number of dierent subsets with n elements of an m-element set is equal

; ; (m 1)(m 2) (m n+1)
to zero if n> m and is equal té” DL :

De nition 9 (Factorial function) Let0Q! = 1 and for a positive integer n let'n=
nn 1)n 2) 2 1L

For example, we have 4 24. Clearly, for a positive integer, n! = n (n 1)

De nition 10 (Binomial coe cient) For nonnegative integers n and k such that

n _ n!
k n, k = (n Kk

16
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Note that the second look at the third part of Theorem 1 revbat the num-
ber of n-element subsets of an-element set is™ . There are many interesting
properties of binomial coecients of which we note three.

n — n
Theorem2 1. = " .
nmtm _ ntm 1 n 1+m
2. n n + ni
P
n n _ n.
3. |:O | - 2 .

n+m
n

In particular note that if we denote biyn; m) =
of the Theorem 2,

then by the second part

f(nom) = f(nom 1)+ f(n 1, m): (2.1)

Finally let us mention an important property gf which explains name "the bino-
mial coe cient”.

Theorem 3 For any numbers ¥ and a nonnegative integer n,

o o
CERVAERRM

i=0

Example 11 Find the number of strings of length 100 with charactey€AG; T .
By Theorem 1, this number48%. *

Find the number of strings of length 10 over the amino acigdabet. By
Theorem 1, this number {(20).

Consider a string s of length n. Find the total number of subgs of length
3. The number of such strings is n2 as a substring can end in one of the
positions3; 4;:::;n.

Consider a string s of length n. Find the total number of sgbsaces of
length3. The number of such subsequence§ ias a subsequencg;ss,; s,
of length3 is determined by,ji,; i3 and of courseji< i, < iz. Thisisin turn

Thisis alarge number’ = 1606938044258990275541962092341162602522202993782%301376

17
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Example 12 1. Find the number of strings of length 100 over the alphabet
fA; Cgwith exactly 20 As. Such a string will contain 20 As and 80 Gs. |
Is enough to select positions for As which can be donéo(j)nways.2

2. Find the number of strings of length 100 with charactey€A5; T with ex-
actly 10 As and 10 Cs but such that each A is always followed®y @on-
sider the symbol X= AC and nd the number of strings of length 90 with
characters XG; T such that there ar&0 Xs. There areig 280 such strings.

3. Find the number of strings of length 100 with character€As5; T such that

there are 10 As, 20 Cs and 50 Gs. There af8 30 [0 = 0%

4. Apalindrome is a string which reversal yields the samiagfithatis §s,:::s,
is a palindrome if $5,:::S, = $%, 1:::S. How many strings of length n
over the nucleotide alphabet are palindromes? First coasithe case of
even n. Then any string of lengtezwith its mirror image gives a dierent
palindrome. There ard™ such strings. In the case when n is odd, we can
take a string s of lengtlin  1)=2 put one of AC;G;T in the middle and
append the mirror image of s (for example s8). In this case there are
40 D2 4 = A1 gych strings.

Note that the third part of the above example generalizesnataral way. If we
want to nd the number of strings of length over an alphabet with characters
C1;Cy:::;¢ such that there ar® c;S,a, S, 5, & ¢S, withay+a,+  +a =n,
then the number of such strings is

n!
a,la)! a! .

Example 13 Find the number of strings over; 8; G; T of length25 with at most
two A's. This must be counted by considering three groupsrioigs: Se-strings
with zero A's, S-strings with one A, and Sstrings with exactly two A's. Now at
most two A's means zero, or one, or two and critically if arggrhas two A's then
it cannot have zero A's. Thus we want to [&hj + |jS1j + |S,).

|
25

23.
5 3

iSoi + jSij + Sz = 3%°+ 25 3+

2The number is not shabby eithéf® = 535983370403809682970

18
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2.2.3 Counting using recurrence relations

We will now turn our attention to problems that involve coniseve characters. To
solve these problems a completely new approach must be.taken

Problem. Find the number of strings of length 10 with charact#®€; G; T with-
out two consecutives.

You can and should try to nd this number using the approacmfthe previous
section but hopefully you will get stuck! To attack this pleat we introduce func-
tion r(n) which is equal to the number of strings of lengtlover above alphabet
without two consecutiv€'s. Thenr(1) = 4 andr(2) = 15 and in general consider
a string of lengtm without two consecutiv€'s. We observe that

if a string starts withA; G ,or T then it is followed by a substring of length
n 1 without two consecutiv€'s. Consequently there are(® 1) such
strings.

if a string starts withC then on the second position we must have eité&
or T and so there arer®  2) such strings.

Thus
r(n)=3(n 1)+r(n 2)): (2.2)

Using the above equation one can easily r{d0). Indeed,
r(3)=3 (15+4) = 57,
r(4)=3 (57+ 15)= 216,
r(5)= 3 (216+ 57)= 819,
r(6)= 3 (819+ 216)= 3105,
r(7)=3 (3105+ 819)= 11772,
r(8) =3 (11772+ 3105)= 44631,
r(9)= 3 (44631+ 11772)= 169209,
r(10)=3 (169209+ 44631)= 641520.

19
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Thus to nd r(10) we simply compute(n) for n 10 starting with the small-
est value and ending with(10). At the rst sight (2.2) looks very strange as the
functionr appears on both sides of the equation. The de nitiom(aj is called a
recursive de nition. In general a recursive de nition afn) speci es initial values
of a(n) for n = 1:::;K (whereK is some constant) and gives a formula &fn)
which on the right-hand side can contaifj)'s with j < n.

Example 14 Find the number of binary strings of length four with two cetistive
Os. Let &n) be the number of binary strings of length n with two conseeutis.
Then 41) = 0 and &2) = 1. In general we will have the following cases:

A string of length n starts with 1. This give@a 1) strings.

A string of length n starts with 0 which is followed by 1. Thare an 2)
such strings.

A string starts with two 0s. There aB8 2 strings of this form.

Therefore,
an=an 1+an 2)+2"72%

Consequently@) = a(3)+a(2)+4 =a(2)+a(l)+1+a(2)+4 = 7. Itis interesting
to list these strings keeping in mind the general classi@athat we used:

110Q 100Q
010Q

000Q 0001, 0010 0011

Example 15 We can have a recursive de nition of the elements in a matfox:
example let D= [d;;;] where

dij = maxd 1j+ Lidij 1+ 2;d 1 1+ 19

with d,o = 2i and o;; = 3]. Find such a matrix of dimensiors&s 3

20
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6

Figure 2.2: A disconnected graph

2.3 Graphs

2.3.1 Basic concepts

De nition 11 An undirected graph G consists of a nonempty set of verticasdv
a set of unordered pairs of vertices E.

Elements irE are called edges. & is a graph with vertex s&t and edge sef
then we writeG = (V; E).

De nition 12 A directed graph G consists of a nonempty set of vertices Vaand
set of ordered pairs of vertices E.

The number of vertices is denoted hyor jVj, the number of edges by or
JEj. If (u;v) is an edge, then; v are its endpoints. In addition, we say thieandv
are incident to the edgei;(v). If (u; V) is a directed edge thenis called the head
andu is called the tail of the edge. For two verticeandv if there is an edge
connecting them then andv are adjacent. In an undirected graple degree of
vertex v (dey)) is the number vertices connected with it. In a directed graph
have two types of degrees:

The outdegree of vertexis the number of edges withas a tall, i.e. of the
form (v; X).

21
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Figure 2.3: A connected graph

The indegree of vertexig the number of edges withas a head, i.e. of the
form (x; v).

A weighted graph is a grap® with a function! : E! R

Theorem 4 (The Hand-Shaking Theorem)Let G = (V; E) be an undirected graph.
Then X

2Ej = dedv):

2V

Some Special Graphs:

connected withv,;; fori < n andv; is connected witlv,,.
In the similar way, one can de ne directed paths and cycles.

22
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6

Figure 2.4: A weakly connected directed graph

De nition 13 A graph @ = (V%E9 is a subgraph of graph G= (V,E) if all
elements of Yare in V ,all elements of Eare also in E, and every edge fron? E
has both endpoints in%/

We say thatGis a spanning subgraphVf’ = V. A subgraphG®is called an
induced subgraph ° = (V¢ E? is a subgraph with property thatif; v, 2 VPand
(vi; Vo) is an edge irG then {/1; ) is in E®.

De nition 14 An undirected graph G is connected if for any two vertices th&e
is a path in G connecting them.

If graph is not connected then it can be divided into conriectemponents. In
directed graph we have two notions of connectivity.

A directed graplG is strongly connecteif for vertexv and vertexy, there is
a directed path & from v to u.

A directed grapliG is weakly connecteif after disregarding the orientations
on edges the undirected graph is connected.

A graph is calledhcyclicif it has no cycles. Areeis an undirected graph which
is connected and which does not have any cycles as subgraphs.

Fact 5 A tree with n vertices contains n1 edges.

23
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Figure 2.5: A strongly connected directed graph

A bipartite graphis a graph which vertex set can be partitioned into two norigmp
disjoint setsvy, V, so that every edge has one endpoin¥jranother invs.

Example 16 Consider the following graph. Vertices are strings of léngtof0's
and1's. Two strings are connected if the strings € on exactly one position. Is
this graph bipartite?

In fact it is. Although it is most likely not clear for de ndn. Observe however
that we can consider the following partition:;Vset of strings of length n where
the number of ones is even ang-\set of strings where the number of ones is odd.

An interval graphG = (V; E) is a graph in which every vertex corresponds to
an interval on the real line. Two vertices are connectedefrtimtervals have a
nonempty intersection.

For undirected grap® = (V; E) we can consider two types of matrices:

Adjacency matrbA is ajVj by jVj matrix witha; = 1 whenv; is connected
with vj anda;; = 0 otherwise.

Incidence matrixM is ajVj by JEj matrix withm; = 1 whene; hasv; as one
of its endpoints andh; = 0 otherwise.

Let us immediately remark that the incidence matrix can leelus see why Theo-
rem 4 is true. Indeed, each column of the incidence matrisesponds to an edge

24
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Figure 2.6: An Euler path:

4:43: 3:32:2:21:1;:14; 4;45:5:51: 1; 16, 6,65, 5,58, 8, 86,6:67: 7, 78,8

and so in each column there will be precisely two ones (emdpoif the edge). On
the other hand each row corresponds to a vertex and the nwhbaes in row
is equal to the number of edges that contgine. todeqv). Counting ones in the
incidence matrix by rows and by columns give

X
degVv) = 2jEj:
V2V
2.3.2 Euler tour and Hamilton cycle

The concepts of an Euler tour and a Hamilton cycle will beipaldrly important
for us.

De nition 15 An Euler path in a graph G is sequence

V1, €15 V2, €001 Vi, €my Vet

the sequence exactly once.

An Euler touris a sequence as above such that vy, and in which each edge
appears exactly once. Note however that vertices may appta sequence many
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Figure 2.7: A Hamiltonian cycle:;2; 3;4;5;8;7;6; 1

times. Similarly we can de ne Euler paths and tours in dieelagraphsA Hamilton
pathis a path which contains every vertex of the graphdamilton cyclds a cycle
which contains every vertex in the graph. We will now illag& how the concept
of the Euler tour arises naturally in the course of sequenbinhybridization. We
will discuss sequencing in more details in future chapters.

Example 17 Sequencing by hybridization We want to approach and formalize
the following sequencing problem. We have an unknown sngstftDNA, S, which
we want to determine. In this approach, for xed k, one camstis an array of all
possibled® strings of length k over AC; G; T (each cell holds a known copy of one
of the4 strings). Then the string S is put in contact with array andis hybridize

to the complement of a particular k-string s (a row in the afyd and only if sis a
substring of S. This leads to the following mathematicahalization.

SBH problem: Determine S based on the list L of all k-substrings of S. Note
that we know not only the k-substrings of S but we know all einththat is if a
string is not in L then it is not a substring of S. It turns ouhtlve can reduce the
problem to the Euler path problem in an appropriately de rdicected graph. Let
V be the set of al#* * strings of length k 1. Put a directed edge from;s ::;s 1

in L. Consider the graph induced by vertices of degree latfpan zero. Then
an Euler path in this graph speci es a string which contairlsad the substrings
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Figure 2.8: 5- cube.

Theorem 6 A string S contains all k-substrings from L and only theselistrings
if and only if it is speci ed by an Euler path in the auxiliaryaph.

Example 18 Let L = fAAA AAC CAC ACAg Then the graph is depicted in the
next gure and the Euler path yields string AAACAC.

Although both, the Euler tour problem, and the Hamilton eyatoblem can look
at rst very similar, they are in fact very derent. Finding a Hamilton cycle is
di cult, yet nding an Euler tour is rather easy. We mention henaracterization
of undirected graphs that have Euler tours, and onecgnt condition for a graph
to have a Hamiltonian cycle.

Theorem 7 An undirected graph G has an Euler tour if and only if it is cented
and degrees of all vertices are even.

Theorem 8 Let G be an undirected graph on n vertices. If degree of eventgx is
larger than or equal to 2 then G contains a Hamilton cycle.
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Figure 2.9: 3-cube graph is bipartite

Figure 2.10: Auxiliray graph

Now assume that we have a complete gr&plvith nonnegative weights on
edges (for example the weights can correspond to distaret@geén vertices).
Clearly such a graph has a Hamilton cylce as it is completarbatany appli-
cations we want to nd a cycle of weight (the sum of weights dfes) which is
minimum. This is calledhe travelling salesman probleand we will see it again
when discussing mapping problems.
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2.4 Elements of Probability Theory

2.4.1 Basics

Let us x some basic terminology rst. Arexperimenis a procedure that yields
one of a given set of possible outcomes. Thiem sample spacis the set of all
possible outcomes arah evenis a subset of the samples space.

Example 19 Flip a coin ve times. Then the sample space is the set of akjie

strings of length ve that have H or T in each position. Comsidn event that we
get at most two heads. Then the event is the subset that too&rings with at
most two heads.

De nition 16 Let S be a nite sample space and suppose that all outcomes are
equally likely to occur. Then the probability of an event E is

JEj
E) = —=:
PE) = 5
If the outcomes are not equally likely to occur then we de ne
X
p(E) = p(9): (2.3)
S2E
Example 20 Two dice are rolled what is the probability that the sum of the

numbers on dice is Six?
The total number of possibilities 8 and sum six is obtained by

(1,5),(5;1); (2, 4); (4, 2);(3; 3):
Thus the probability isz.

Seven dice are rolled what is the probability that the sumhefriumbers is
even. The total number of possibilitiesasand3 6° have sum even. Thus
the probability is3.

What is the probability that a hand of ve cards in poker cantgtwo pairs?

The total number of possibilities i§52 . How many will give us two pairs.
We must select two derent kinds, but the order of kinds does not matter.
There are 123 choices. Now we must select two cards of each of two kinds in
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5 5. The fth card must be selected from ott&2 8 = 44 cards. Thus the
probability is

13 4 4 44
2 2 2 1 .

52
2

Flip a coin 25 times. What is the probability of getting atde20 heads?.

Suppose we have a random strings of lenf@@ with each character equal
to a c; g;t. What is the probability, of getting exactly 50 t's?

2.4.2 Properties of probability and the random string model
Fact 9 For an event E, the probability of the complementary edeit

p(E)=1 p(E):

Fact 10 Let E; F be two events in a probability space. Then the probability
P(E[ F)=p(E)+ p(F) p(E\ F):

but if the events are disjoii\ F = ; thenp(E[ F) = p(E) + p(F):

Random string model of primary structures of proteins.
The primary structure of a protein can be thought of as agtirer the alphabet
with 20 amino acids. However, as easily imagined, some amgs appear more
often then others in a typical protein. Lef denote the probability of amino aca
in a given position. We can consider the following probapitlistribution over all
amino acid strings of length. Probability of sequence x; : : : X, is given by

Pxi Px, = & Py - (2.4)

The model is calledhe random sequence modeThe parameters are typically
estimated from large set of examples. For example the piidigap, for amino
acid Alanine can be estimated by observing the ocurrencaslatabase of known
protein sequences. The random model can be used as the psixamation for
generating proteins or DNA (RNA) subsequence. Howevermbisclear how well
will this model t into data and it fact there is strong evidenthat it must be re-
ned to serve any modeling purposes. For example in a DNAgtquite often
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when the pair CG (CpG) appears in the string, methyl gr@ligs] is attached to
one of the carbons of cytosine (5-Methylcytosine) whiclenfiurther mutates to.
Consequently characters in the string are not indepengans(CpG for example
are relatively rare) and a derent model must be considered to capture this phe-
nomenon. This will be addressed in future chapters.

Two important examples:

1. Consider a random string of lengthwith two characters;y such that the
probability of x in a particular position i and the probability ofy in a
particular position is 1 p. Find the probability that a string has exackly
XS. |

n n k.
" o -

2. Consider a random string of lengthwith character%l; . 11;% such that the
probability of x; in a particular position i% where' |_,q = 1. Find the
probability that string containg x's where |_, & = n.

! ! !
n n a n a a a 1 a1 a
a @& a W%

—_ n' a1~ a .

Caa e
Example 21 Consider the random string model for proteins of length 10th w
probabilities estimated in the table.

Find the probability that a random string will have no amin@@A (Alanine).
Let pa = 0:074 be the probability of A from the table. The probabilityf

A's is then !
100
0 PR pa)'®=(1 pa)t™

Find the probability that a random string will have exactiyd A's.
In the same way as above, the probability is
|
100
, PA(L pa)*:
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Figure 2.11: Frequencies of amino acids in proteins (Note
that the numbers may slightly der from source to source),
http//www.tiem.utk.ediigrosgbioedwebmodule&minoacid.htm.

Find the probability it will have at most two A's.
This is done in the same way, remembering that at most two sreactly 0
or exactly 1 or exactly 2 yiellds

1

100
) pa(l  pa)®:

00
(1 pa)®+ 1 pa(l  pa)*+

Find the probability the string has exactly two A's, thresnd seven V's.
Let pn = 0:074, py = 0:068 pp = 0:05. Then we get

100! , 7 3 8s.
mpAprP(l Pa Pv  Pp)™"

2.4.3 Conditional probability

De nition 17 Let E and F be events with(ip) > 0. The conditional probability of
E given F is de ned as
P(E\ F).

PEF) = 2o
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Figure 2.12: Frequencies of amino acids in proteins

Example 22 What is the probability of getting all heads in four ips of aio given
that the rsttwo ips are heads.
E -event that we have all heads, F- event that we got headsinrghtwo ips.
Then E\ Fisequalto E.
. _p(E)  1=2¢ 1
PEIR) = S/ = 1= 7
Example 23 What is the probability that a family with two children hasotloys,
given they have at least one boy?
E - event that we have two boys, F-is the event that we haveasitdme boy, i.e.
BB, BG,GB. ThuskE F = E and
1= 1
P(EjF) = 3 3
Another useful property of the conditional probability ietfollowing.
Lemma 11 For events AB; C such that RC) > 0and RB\ C) > 0,
P(A\ BjC) = P(AiB\ C)P(BJC):

Proof.

P(A\ B\ C) _P(A\ B\ C)P(B\ C)
P(C) - P(B\C) P@C)

P(A\ B[C)=
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We will also write p(E; F) to denotep(E \ F). Note that by de nition of the
conditional probability

P(E\ F) = p(EJF)p(F):

Entire probability formula.
Suppose we are given evefitswhich are pairwise disjointi.é=\ F; =; ifi, j.
Then X X
P(E)=  p(E\ F)=  p(EjFi)p(Fi) (2.5)
i i
andp(E) is called the marginal probability.
Independence.
Sometimes the knowledge Bfdoes not in uence the probability & at all, namely

P(E) = p(EJF).

De nition 18 Events E and F are called independent(Ep F) = p(E)p(F).

Example 24 Flip a coin 10 times. Let E be the event that we get T in the ipt
and let F be the event that we get H in the second ip. Are E anddependent?
PE)P(F) = 2555 =

P(E\ F) =%

Events are independent.

Note that this is the independence of invidual positionshim gtring which is the
main characteristics of the random string model.

Bayes' theorem

Suppose that we have two coins: a fair one and an unfair wherprobability of
heads is only #4. We pick a coin at random and ip it ve times. As a result ofgh
experiment we get THTT. Our intuition may lead is to the conclusion that there
is something funny about the coin. The probability that thends unfair given
observed datal(THTT) is called the posteriori probability and can be computed
using the Bayes's formula.

Theorem 12 (Bayes' theorem)For events E and F, such tha{p) > Oand gF) >

0,
P(EIF)P(F)

PFIE) = == 5
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Example 25 We have two coins: a fair one and an unfair with probabilithefhds
equal tol=4. We select a coin at random and ip it ve times with result TTH.

Let E be the event that we obtain TTHTT in ve ips of a coin. Eetbe the event
that the selected coin is fair, jRhe event that the selected coin is unfair. Then our
goal is to nd p(FjE) which by Theorem 12 is equal to

p(E)

Clearly p(F,) = 3 and pEjF,) = 2 ! . However to nd ¢E) we must use the

4
entire probability formula:

- . 3111
P(E) = PEIF)P(F) + PEFOPF) = 35 5+ 5% 5

Consequently () 0:72

Example 26 Three types of coins are used: 50% of coins are fair, 30 % afoi
are mildly unfair with probability of headé&=10and 20% of coins are deeply unfair
with probability of head®=10. We select a coin at random from the above set and
ip it twenty times to get exactly ve tails. What is more like(A) the coin is mildly
unfair or (B) the coin is deeply unfair?

Let E be the event that we obtain exactly ve tails in twenps.iLet /; F,; Fq4 be

the events that the selected coin is fair, mildly unfair, deéply unfair. Then

1 _ 3. _1
p(F 1) = 51 P(Fm) = 751 P(F) = &
In addition, the number of tails has the binomial distritourti Therefore,
| |
.20 1%
P(EjF¢) = 5 5
| | |
. 20 4° 6 ©
| | |
. 20 1° 9P
EjFq) = = =
Consequently,
| | | | | | | |
20 1% 1 20 4° 6 3 20 1°9%1
PE)="C 5 3% : 16 16 6% & 16 19 =
5 2 2 5 10 10 10 5 10 10 5
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Finally

P(FHiE) = —55

and

10 10
15 5 15
6 3 + 1 9 1

0176

FoiE) =
P(F4jE) O

2 2 10 10 10 10 10 5

In addition, one can check tha(psJE) 0:204and all three probabilities add to
one.

Example 27 In a DNA substring two types of regions have been identi de& Tst
type approximately observes the random string model witharpaters p = 0:1,
pc = 04, pc = 0:3, and p = 0:2. The second type approximately observes the
random string model with parameters p= 0:25 pc = 0:25 ps = 0:25, and
pr = 0:25. In additions although there can be a few substrings of spg tyne
which are not consecutive the regions of a particular typeally form a string of
large length (certainle above 100 residues). The total teraf the rst type region
is 10000 residues and the total length of the second typemagi80000. A random
substring of length ve has been selected from the DNA staind sequenced to
yield CCCGA. What is more likely that the string comes from tist type or
the second type region? Ignore the boundary of a region pmband you may
approximate by assuming the string of length is entirelytaimed in a particular
type of a region.

2.5 More topics in probability

2.5.1 Mean and variance

De nition 19 A random variable is a function from the sample space to R.

Example 28 We toss two dice and let X be the sum of numbers. Then X is &funct
from the sample space to R. In particular possible valueXfare2; 3;:::;12.
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De nition 20 Let X be a random variable from sample space S The expectael val
(or mean) of random variable X denoted b ( ) is
X
E(X) = X(w)p(w):
w2S

Example 29 Find the expected number of tails if we ip a fair coin two tisne

E(X)=0 2+1 2+2 2=1

De nition 21 Let X be a random variable from sample space S. The variance of
Xis X
var(X) = (X(w)  E(X))*p(w):
w2S

The standard deviation = IOvar(X):

Example 30 Find the variance of number of tails if we Ip a fair coin twanes.
var(X) = (0 17 i+(1 1) 2+(@2 1y i=1

The following two facts show why the pair,  is so powerful.

Theorem 13 ( Chebyshev's inequality)For any random variable X,

piX ECO k)
However, if a random variablX satis es additional properties then an even
stronger inequality is true. Although the next statemertb igague to be called a
mathematical fact it can be formalized and has many appiesiE mpirical rule in
statistics:If the probability distribution is bell-shaped (hormalnbmial) then 66%
of outcomes are within 1 standard deviation of the mean, 95t%%m2, and 99.7%
within 3.
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2.5.2 Probability distributions

Quite often we can assume something about the probabibtfiésdividual out-
comes. Namely the probability functign: S ! [0;1] has a special form. This
is clearly extremely useful. We list here a few typical prioitity distributions that
appear quite often.

Binomial distribution We have already seen the distribution when discussing
the string model. A binomial trial is an experiment whichuks either in
success or in failure. Lep be the probability of a success (1p is the
probability of the failure). We have independent Bernoulli trails. Then the
probability of exactlyk successes is

|

n n k.
@ P
wherek=0;1;::::n.

Multinomial distribution We have already seen it when discussing the ran-
dom string model. A multinomial trial is an experiment thasults isr
possible outcomes. The probability of tit@ type of outcome ig; with

pL+ p2+:::pr = 1. We haven independent trials. Then the probabilky
outcomes of the rst typek, of the second,: :, andk; of therth type is

n! K K.
AT

wherek; + ko +  +k =n.

Geometric distributionA trial can result in a failure or success. The proba-
bility of the success ip. Then the probability that the rst success appears
in thekth trial is

pL p*Yh
wherek = 1;::.

Poisson distributionLet > 0 be xed. A random variableX has Poisson
distribution if

ke

ki’

p(X =Kk) =
wherek=0;1;:::
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Normal distribution Note that in all of the examples above the probability
of getting valuek is usually strictly larger than zero. This is not the case
when we discuss the continuous distributions. Continudgtsiloutions often
are used to approximate discrete phenomena. The most mmpodntinuous
distribution is the normal distribution. Léi(x) = e **2. ThenX has the
normal distribution if, for any 2 R

Z |

p(xX )= f(x)dx
1

It is often useful to know the expected value and the standiewthtion of the above
distributions.

Binomial distribution Let X be the number of successes.

=np = "Apg
Geometric distributionLet X be the time of the rst success.
o J—
1 _ 1 p
p’ p

Poisson distributionLet X be a random variable with Poisson distribution.

Note that there is a more general version of the normal digion.

The multinomial distribution is missing form this group as wannot de ne a ran-
dom variable (as a function ®) which corresponds to the multinomial experiment.

39



Section 2.5 Lecture Notes, Mat 351

NOTES:
1. DNA codes For two stringx, y of the same
length the Hamming distance pfindy, denoted
by H(X;y), is the number of positions ir such
thatx andy di er. For example the hypercube is
the graph obtained by considering binary strings
lengthn and connecting with y whenH(x;y) =
1. Itis ofteninteresting to know what is the max-
imum number of string of lengtih over ang-
element alphabet such that every two strings are
at distance at least This is denoted byq(n; d).
However, in the case of DNA strings some other
requirements can be imposed. For example, we
may need to know that fox = x; :::x, andy =
V1::¥n, the Watson-Crick complement of and
the reverse of, y,:::y; are at distance at least
d. What can you say about such codes? See
[MCCO01] or [KO3] for some answers.
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Chapter 3

Algorithms

3.1 Asymptotic notation

In this section, we will introduce asymptotic notation wiimommonly used when
analyzing the complexity of algorithms.

3.1.1 O-notation

De nition 22 Let f and g be two functions from the set of nonnegative inseige
the set of nonnegative real numbers. We say t@tig O(f (n)) (which we write as
g(n) = O(f(n))) if there are two constants C and k such that

g(n) Cf(n);

whenever > k.

Example 31 Find a simple "big Oh” estimate for the following functions:
g(n) = n?+ 3n+ 4.
Note when n goes to in nity then the term is the most dominant term in

g(n). We claim that ¢n) = O(n?). Indeed, forn 1, g(n) = n>+ 3n+ 4
n? + 3n? + 4n? = 8n?. We can also argue this as follows.

gn)=n’+3n+4 n?+n®+n’=3n°
asn 3.
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g(n) = nlogn  5n+ 2.

In this case, the term?dogn is the dominant term in(g). Consequently,
we claim that gn) = O(n?logn). Indeed, if n  2then rflogn 5n+ n?
n?logn+ n?logn = 2r?logn:

P, .
gin) =" %
This function is harder to analyze. We hae)g= 0>+ 12+  n? so it may
at rst appear that the growth of the function is determinedthe term A.
This would be the case if the sum contained only a constanbeuai terms.
However @n) is the sum of n terms (n is the argument, so the number of terms
grows with n) and (n) is not O(n?) (see the big-omega estimate). We claim
that g(n) = O(n%). This is easy to argue:

gn)=12+22+ +n®> r+n’+ +n’=n%

3.1.2 -notation and -notation

De nition 23 Let f and g be two functions from the set of nonnegative insege
nonnegative real numbers. We say thét)gs (f(n)) (which we write as n) =
(f(n))) if there are two positive constants ¢ and k such that

g(n) cf(n);

whenever re k.

Example 32 Find a simple "big Omega” estimate for the following funats

g(n) = N? + 3n+ 4. We claim that ¢n) = (n?). To see this, observe that
gn) n2

g(n) = n’logn 5n+ n?. We claim that ¢n) = (n?logn). Indeed, forn 5,
n> 5n Oandsoforn 5,

g(n) n?logn:

P, . : . .
g(n) = ., j% We claim that ¢n) = (n®). To argue this formally, we will
consider two cases. However the second case only capturealatschnical
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detail and the main trick is the same.
Case 1: Assume that nis even. Then

xn .2 X’] .2
] j=(n n=2)
j=0 j=n=2

Case 2: Assume that nis odd. Then
I

X xXo *2 2
. . n 1 n+1)(n 1
12 12 (n (n 1)=2) 2 = ( )é )
j=0 j=(n 1)=22

and we havén+ 1)(n 1 n(n=2)? = n®=4 whenever r»> 2.

De nition 24 Let f and g be two functions from the set of nonnegative inseige
nonnegative real numbers. We say that)gs (f(n)) (written gn) = (f(n))) if

g(n) = O(f(n) and gn) = (f(n)).

3.2 Algorithms

An algorithm is a de nite procedure for solving a problem inréte number of
steps.

3.2.1 Pseudo-code

Algorithms can be described using English or the so-calfgetido-code”. The
pseudo-code description is usually preferred as it is s@and precise at the same
time. Some of the keywords which are used in a pseudo-codeipiesn are listed
below.

Pseudo-code keywords

Assignment statemenk := x +y. Setx to be equal tox + y.

Comparison conditionx = y (or X, Yy). The value is true or false. Itis true
if x=y(itistrueifx, vy).

Block: begin:::end
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Condition statementif conditionthen :::else: ::

"for” loop: for i := mto n:::. Iterate with index from mto nincreasing
by one in each iteration.

"for” loop: for i := ndownto m::. Iterate with indexi from n to m
decreasing by one in each iteration.

"while” loop: while conditiondo :::. Execute the loop as long as tbendi-
tion is satis ed.

"repeat” loop:repeat :: until condition Execute the loop until you get the
conditionto be satis ed.

return statementeturn a. Procedure returns valweand ends its execution.

When analyzing an algorithm, at least two fundamental goestmust be ad-
dressed.

1. Is the algorithm correct?.In other words does it reallysa given problem.

2. Is an algorithm e cient? How long will we wait for a solution to be pro-
duced?

Concerning the second question, we will focus on the prolémstimating the
running time of an algorithm. This is called the time comthexf an algorithm.
There are a few approaches to analysis of the time compldkiye are interested
in the worst-case scenario then we maximize the running owee all inputs to the
algorithm and nd theworst-casecomplexity. If we analyze the average number
of steps then we nd theverage-caseomplexity. We can also analyze the best
possible case to minimize the number of steps, and ndthe-caseomplexity.
Traditionally, an algorithms is considered eient if it solves a problem of size
nin time which is polynomial im (i.e. O(n') for some xed integet). Otherwise it
iIs not e cient. Of course from practical point of view there are sorttepcriteria
taken.

3.2.2 Examples

In the rest of this section, we present a few algorithms (g1gkeudo-code) and
estimate their worst-case complexity.
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Example 33 Describe an algorithm, which counts the number of As in amive
string S.
Algorithm CountChars(String S= S;S;,:::S))

1. count:=0

2. fori:=1toldo

3. if S; = A then count= count+ 1
4. return count

To estimate the running time, we count the number of commasifthese are the
most expensive operations). In each iteration of the fop lve make one compar-
ison and so the number of steps id)O

Example 34 Describe an algorithm, which given a string S and string T sntiT
IS a substring of S. This is known as the pattern-matchinglpra and there are a
few quite sophisticated algorithms for the problem. We sdttle for the most naive
approach.

Algorithm NaiveMatch(String S= S;S,:::S;, String T= T, T,:::Ty)

1. fori:=1tol k+1do

2. begin
3. count:=0
4. forj:=0tok 1do

5. if Si+j = Tj+1 then count= count+ 1

6. if count= k then return "found at position i”
7. end

8. return "not found”

The number of comparisons in the worst-case (@ OKk)k) as in each iteration of
the for loop from step one, we have a nested for loop in stefhi&hws iterated k
times. In each iteration of the nested for loop we make ongecoison.
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Example 35 Design an algorithm and estimate its time complexity whieceg a
list of n integers returns with these integers in nondedrggasrder. This is a clas-
sical sorting problem and again there are many solutionsmdor the problem.
We will present one of the simplest.

Idea: First, we brie y comment on the main idea of the procedurehin rst itera-
tion "drop” the largest element to the end of the list. In therend, second largest,
and so on.

1. fori:=1ton 1

2. forj:=ton i

3. if a; > aj+1 then
4. Z:= g

5. Q= aj1

6. A+1 1= Q

Note that in the last three steps we simply interchanged aheeg of a and &;1.
We have two nested for loops. In the ith iteration of the faplérom step 1 there
will be n i iterations of for loop in step. In each iteration of lattelewnake one
comparison. Therefore the number of comparisons is

(n D+ 2)+ +1=0(n?:

3.3 Recursive algorithms

An important class of algorithms is thecursive algorithmsA recursive algorithm
solves a given problem by reducing it to the same problemesthaller size. For
example, suppose that we want to nd the valuef@f) = n!. Using the fact that
n'=n (n 1)!we can propose a recursive algorithm:

Algorithm Factorial (nonnegative integer)

1. ifn=0thenreturn 1
2. elsem:=n Factoriald 1)

3. returnm
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To run the above algorithm we call the Factomvith a concrete value at.
For example to nd 5! we call Factorial(5). Then the algonthwill try to compute
m = ms to do this Factorial(4) is called recursively. Factoriq€dlls Factorial(3) to
nd m = my which in turn calls Factorial(2). Factorial(2) calls Fatad(1) which
nally calls Factorial(0). Whem = 0 the algorithm returns 1. Then Factorial(1)
returnsmy = 1 1 = 1, Factorial(2) returngy, = 2 my = 2, Factorial(3) returns
mg = 3 m, = 6, Factorial(4) returnsy = 4 mg = 24, and nally Factorial(5)
returns the answan=5 my = 60. There is of course a magic going on when the
procedure is executed as each step in the recursion "remshtbe current set of
values (liken) when making the recursive call. This is possible becausestate
of computations is appropriately kept on the stack and igaMa when returning
from previous call.

Example 36 Design an algorithm which ndsgifag=1;a; =2and g :=a, 1 +
2a, 2. We will compute it recursively.
Algorithm Recursivénonnegative integer n)

1. ifn=0thenreturn 1

2. else if n= 1then return 2

3. else z= Recursivén 1)+ 2 Recursivén 2)

4. return z.

Example 37 We will present one more algorithm for the sorting problertezhthe
MergeSort. This a recursive algorithm which uses an auxiligrocedure Merge.

Algorithm Merge-Sort (A,i; jwherel i | n)
1. ifi < jthen begin

2. m:=H3c

3. Merge-Sort(Ai; m)

4. Merge-Sort(Am+ 1; j)

o1

. Merge(Ai;m; j)
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ProcedureMergemerges two sorted parts of the list A to one by rewriting eleise
in the appropriate location. Although the idealdfergeis very simple, there are
some technical boundary conditions that must be taken carderge(Ai; m; j)
runsin (j i) steps. To sort the list A we call Merge-Sort(1,n).

Suppose and algorithm solves a problem of sizay splitting it into a sub-
problems, each of sizg (Note thata can be di erent tharb). Also suppose that
g(n) extra steps are required when the split is made.fl(gt denote the number of
operations required to solve the problem. Then

f(n) = af E + g(n): (3.1)

For example in the Mrge-Sort a = 2 andb = 2 (we ignore the oor to simplify)
andg(n) = (n). Note that the de nition from (3.1) is a recursive de niti®f the
running timef(n). It turns out that the recurrence can be solved asympthytica
the casegy(n) has a special form.

Theorem 14 Let f be an increasing function that satis es the recurrergation
n
f(n) = af gt crf

whenever rF bX, where k is a positive integer, a1, b is an integer greater thah,
and c and d are positive real numbers. Then

f(n) = O(nY) if a < b,

f(n) = O(nlogn) if a = bY,

f(n) = O(N'°%?) if a > b,

3.4 Dynamic programming

One of the algorithmic techniques that we will constantlg issthedynamic pro-
gramming Consider the following problem. Let, = 2a, 1 + 3a,, with ag = 1,
a; = 1. Give an algorithm that will computa,. Sincea, is given by a recursive
formula a natural approach is to design a recursive algorgimilar to the one in
Example 36 from the previous section. However there is arditly problem with
such an approach. The algorithm is very ir@ent (so is the algorithm in Example
36). The reason for it is that in the course of recursive caatpns values oéy
for k < nwill be computed repeated number of times. This has a big anpathe
time complexity. For example, to nd the value af we must
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1. nd az anda, recursively,

2. to nd a3 we nd a, anda; recursively,

3. to nd a, from step 2 we rst nda; anday,

4. and then we must compudg from step 1 one more time.

In the case o8, there are not to many repetitions, howevenagows the number
of repetition grows. In fact the number of recursive callexponential. Yet, the

them. The dynamic programming algorithm instead of conmu.&j}, from top down
to bottom and back to the top nds valuagone by one starting with the smallest
and then arriving at the top.

Algorithm Dynamicl(nonnegative intege)

l.ap =1

2.a0:=1

3. fori:=2ton

4. @&=23.+3a
5. returna,

In fact to computey; using the above method we only need two of the previous
valuesa ; anda ,. Although space considerations are secondary for us, We sti
want to optimize it if we can.

Algorithm Dynamic2 (nonnegative integen)

1. x:= 1smaller value of a
2. y:= 1llarger value of a
3. fori:=2ton

4. begin

5. z:=2y+ 3X

6. X:=y

7. y:=2z
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8. end
9. returny

Note that to describe a dynamic programming algorithm rsha should describe
a recurrence relation for a function of interest, then adsotup technique can be
invoked to compute the function. Finally in more involveghgations, the function
only describes the value of a desired solution (for exantgertinimum number of
money spent to for week's grocery) but does not provide imatety the solution
(the grocery list). To obtain the latter the so-called themk procedure is usually
invoked.

Example 38 Alignment.
We will de ne the alignment formally in the next chapter.uitively, we are given

that the resulting strings have the same lengths. The abgeof this operation is
to measure the similarity of the strings. In this exampletamg we have a char-
acter aligned to a space or to a ddrent character we add one to the value of the
alignment and our goal is to nd an alignment of the minimurtuegoptimal align-
ment). In what follows we will indicate a dynamic programgimethod to nd the
optimal value. The same method plus the trace-back will bd egtensively in the
next chapter.

First trick is to introduce a function which gives the optimalue of the align-
ment when evaluated at some argument and which can be deswedsively. This
is maybe the most tricky part. Le(if]) be value of an optimal alignment of strings

f(0;0) = O, this is an empty alignment of value zero.
f(i;0) = i, thisis an alignment of a: : : ;& with spaces.
f(0; J) = J, this is an alignment of spaces with;b: : ;b;.

f(i; )=minff(i 1;j 1)+ ;;;f( 1;,j)+1,f(i;j 1)+1gwhere j; = Oif
g = a; and is equal to one otherwise. Clearly optimal alignmentof a ;&

space aligned to o

Note that the goal is to nd the value of an optimal alignmehig :::;a, with
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conditions. The remaining entries can be computed row byusing the recurrence
relation.

1. fori:=0ton
f[i;0] :==1i
. forj:=1tom

fl0; j]:=]

2

3

4

5. fori:=1ton

6. begin

7 forj:=1tom
8 fli;j]=minff[i 1) 1]+ [ L]+ L f[i;) 1]+ 1g
9. end

10. return f{n; m|

Note that to nd the minimum in the 8th step of the algorithmotwomparisons
must be made. Therefore to Il out the entries of the ma®{(xm) comparisons are
used.
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Chapter 4

Alignment algorithms

In this chapter, we will discuss the alignment algorithmmdihg an alignment of
two strings allows us to see how similar the strings are.

The rst fact of biological sequence analysis. In a biomolecular sequence
(DNA, RNA, or amino acid sequences), high sequence sintylasually implies
signi cant functional or structural similarity.

Note however that the statement is not reversible. Namel\btblogical similar-
ity does not necessarily imply that the sequences are sinMareover from the
practical point of view there are many cases where just lugpkit sequences does
not provide a conclusive answer if sequences are similaoband it is critical to
introduce precise methods of measuring the similarity. @e¢hod of measuring
similarity was introduced in Example 38 where we considevbdt is called the
edit distance between two strings. This is usually not garearough. In this chap-
ter, we will measure similarity by de ning scores of alignnig with the goal of
nding an alignment of a maximum score.

4.1 Alignments and gaps

A global alignment of two stringS; , S, is obtained by rstinserting chosen spaces
and then placing two resulting strings one above the oth#ratevery character or
space irS; is opposite a unique character or space in the other string.
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4.1.1 Alignment of two strings

Let A be an alphabet with the property that symb@ not a part ofA . Given two
stringsS; andS; overA , an alignment consists of two strin§$, S over the same
alphabet plus symbal i.e. A[f _gsuch that foii = 1;2, S; is a subsequence &
and the length 08! is equal to the length 9.

To de ne the score of an alignment we will need a scoring fiorct LetA =
A[f gandlets:A A ! Rbe afunction. In other wordshas two arguments
ands(x;y) is the score of placing versusy. Later we will address the question of
what type of properties shoukhave to be a good scoring function.

De nition 25 Lets: A A ! R beascoring function. For an alignment A, let
Sfl) and $ denote the strings obtained from 8nd S, as above. Then the score of

the alignment A is
X

S(S2(0); S3(i)):
i=1
Our objective will be to nd an alignment of the maximum scohe principle it

seems feasible to list all of the possible alignments (rfude Wwe never align space
with space) and so the number of alignments is nite. Therckhiee score of each
of them and select the one with the largest score. If the totaiber of alignments
is reasonably small then this would serve as a good method.
Question: What is the total number of alignments of sequences of leny#nd
m?
This is actually not that easy. Since, we are interestedowsty that the number
of alignmentis "large” we will count what are called non-e¢iive alignments. For
example,

a _

_ b

is really the same alignment as
_a
b _

asais aligned to a space and space is alignell tbhese alignments are repetitive
and in what follows we want to count only one of these. £@t, m) be the number
of alignments of sequences of lengthandm: a;ay; :: :a, andb;b,:::b,. Let us
look at the last positions in the alignment. We can have:

an
Bm
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This givesf(n 1;m 1) alignments.

This givesf(n;m 1) alignments.

This givesf(n 1;m) alignments.

However some alignments where counted twice:

. : bm —
There aref(n 1;m 1) which were counted twice.

Therefore
flnom)=f(n 1,m)+ f(n;m 1)

with f(0;0) = f(m;0) = f(n;0) = 1. This recurrence can be solved to obtain
!
n+m
f(n;m) = m

In particular, the total number of alignments of two seq@snaf lengtim each is
|

2n 2
n P
where approximation is obtained using the Stirling's fotau

n! IOﬂn"e n.

Therefore, there is an exponential number of non-repetalignments and listing
all of them does not provide an €ient method of nding an optimal one.
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4.1.2 Gaps

Gaps are simply runs of consecutive spaces and scoring tregany is important
from the biological point of view.

De nition 26 A gap is any maximal, consecutive run of spaces in a singlegstif
a given alignment.

How to assign scores to spaces (and gaps)? The simplestaappsoto put
S(;;X) = S(x; ) = 0 and for each gap of lengthadd term

(@ = gd

to the scoring function (whermtis some weight). This really corresponds to scoring
each space in the alignment by and is called théinear score Note that this is
easy and very convenient way of scoring gaps. The fact tledht space in a gap
costs the same valukcan be exploited to great extent when designing an algorithm

Example 39 Consider the scoring scheme where a scored of a matghsisore of
a mismatch is 1, and the gaps are scored using the linear gap penalgy = 2g.
Find the score of the following alignment.

aa_ _ CCcCc Cc _
a _ ccc a._ a

There are two matches, one mismatch, one gap of length twictha®@e more gaps
of length one each. ThescorecGs 1 4 6= 5.

Although attractive because of its simplicity, the lineapgpenalty function may
not be the best choice when comparing biomolecular seqaeerideere are many
reasons for this. One of them is that insertion of more thaa space can be the
result of only a single mutation, and so sequences thardly one gap of length
three should be scored as more similar than sequences tlathyi three gaps of
length one each. Another reason is explained in the next pbeam

Example 40 lllustration of gap function issues: cDNA problem.
A gene in eukaryoutes consists of

exons - encoding substring that contribute to the code optbtein

introns - non-encoding substrings
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The ratio of the number of exons to the number of introns isllylsmodest but the
total length of introns is much larger than the total lengthesons. On average a
human gene contains nine exons.

Mechanism described by the Dogma of Molecular Biology empléup to some
degree) the mechanism of DNA to protein encoding.

pre-mRNA is transcribed from DNA. Base A is replaced by bageatil), T
by A, C by G, G by C.The pre-mRNA contains both introns andsexon

Intron-exon regions are determined, and mMRNA which cooredp to con-
catenation of exons is created (splicing). This procesindver more com-
plicated than what we just said. Derent versions of mMRNA can be obtained
from the same pre-mRNA by inclusion of@lent combinations of exons. This
is known as alternative splicing.

MRNA leaves the cell of the nucleus and is used to obtain aiprot

One can capture mRNA and create the complementary cDNA weickists of

concatenation of exons. The problem is of the following: $6rten a cDNA string

and a string DNA string (from which cDNA was possibly extealyf measure the
similarity of these two strings? Inparticular nd if indeeds likely that the shorter

string is a conacatenation of exons of the longer one. If @uda shorter string is
a substring of a longer one then the alginment which will ifgthat shoul contain

substrings of large similarity and then long gaps. The peoblis to use a gap
function that will score this type of alignment higher thaher alignments.

An alternative gap scoring function which is commonly usethea ne scorg
in which
(@= d ge

In this functiond is usually larger thae and so opening a new gap costs much more
than continuing an old gap.
We will consider alignment algorithms for three types of gapctions:

linear gap function,
a ne gap function,

"general” gap function.
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4.2 Dynamic programming algorithm for the global
alignment problem

In this section, we will present an eient dynamic-programming algorithm for the
alignment problem under the assumption that gaps are sasred the linear gap
penalty. LetF(i; j) be the score of the highest-score alignment of segments x;
andy; :::y;. Our rsttask is to nd a recursive formula fof(i; j).
F(0;0)=0
F@;))=maxF(i 1) L+s(x;y);F( 1)) dF@;j 1) dgasthere
are three possibilities:
1. x is aligned withy;. ThenF(i; )= F(i 1;] 1)+ s(x;Y))
2. xjisalignedtoagap. TheR(i;j)=F(@0 1;j) d
3. yj is aligned to a gap. Thef(i; j) = F(@;j 1) d

“ge e

T Te

Figure 4.1: Global alignment algorithm

We also need valuds(i; 0) andF(0; j). One can think abouU%(i; 0) as align-
ing X; : : % with the empty string. Thereforle(i;0) = diandF(0; j) = d;.

Note that we used the fact the insertion of a space is peddbyzd no matter which
space in a gap itis. Our second task is to describe the digurit

The algorithm is similar to the one from Example 38. Orgadizalues ofF in a

matrix and compute them row by row. In addition, when commyk(i; ) keep a
pointer to the entry which gives the maximum in the formulaFd@; j). Then use
the traceback method (follow arrows) to write the alignment
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1. Start with (; m)-entry.

2. Ifthe pointer is a diagonal arrow then align a current abtar of the column-
string with the current character of the row-string.

3. Ifthe pointeris a horizontal arrow then align a currerarelcter of the column-
string with the space.

4. If the pointer is a vertical arrow then align a space with ¢hrrent character
of the row-string.

Since traceback requir€n + m) time, we have the following fact.

Fact 15 The running time of the global alignment algorithm isn@.

Example 41 Find an optimal global alignment of ACCGT and AT CG with ssore
4 for match, -3 for mismatch, and the linear gap penalfg) = 2g. We use the

A C C G, T

o| 1| 2| 3| 4| s
0 Ao‘_-z‘_-4< 6 -8 [-10
| - - . -
AL 2 ?4 2T 0 2T 4
R,
4 -
G 4| 8|24 |3 |97

Figure 4.2: Global alignment

traceback to nd the alignment:
ACCGT
AT C G _

The score of the alignment is

34 3 2=T:
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Example 42 Use the global alignment algorithm to nd an optimal alignnief
strings PHWHAWE with HHWAAEE. Use the linear gap penalty = 6g and
scores given in the table:

P H W A E
P 5 2 4 1 1
H 2 10 3 2 O
w 4 3 15 3 3
A 1 2 3 5 1
E 1 0 3 1 6

Then the computations will give the matrix in Figure 4.2. Va&ie of the optimal
is 29 and the optimal alignment contains no gaps.

0 2| 3| 4| 5| 6| 7
0 g - - - ~ -
0, -6‘\-12 -18T-24 T-30-36 T42
H 1 -6T 2 | a2 | 813 -20] -26
A
H 2 -1; -8A 8 T2 |8 T 2470
A
I I - |
W 3|-18 | -14| 2 | 237 177 11| 17T 11

A 5|/-30 | -25 -1(} 11 | 15| 267 20| 15

5 11| 2 2 26

-16
I\
; ; I I
E 7|-4 -37|-2 -1 |5 12 | 17 | 29

Figure 4.3: Global alignment

60



Section 4.3 Lecture Notes, Mat 351

4.3 Local Alignment

Local Alignment Problem: Given two stringsS; andS, nd substring ; and »

of S; andS; so that the score of; and , is maximum (over all pairs of substring
of S; andS,).

Remark: Global alignment is very useful when comparing proteingftbe same
family of proteins (for example globin family). However wineomparing proteins
from di erent families the local alignment is believed to be the neosttive tool
(see [G97], page 231). Proteins from drent families can be made up of the same
or similar units (motifs) and the local alignment is usefulnding these motifs.

Example 43 Find local alignmentof 3= ACCGTTAand $= CTCTCCAGTCTA
with score<2 for match and 3 for mismatch and 2 for space value. We get

withscore2 6 2 2=8.

Finding an optimal local alignment is very similar to the had for the global
alignment (in fact the computations are much easier to ddjerd are two dif-
ferences between the algorithm for the local alignment &edone for the global
alignment problem:

We can start (or stop) a substring at any moment. In parti@haempty
alignment is always an option. Consequently, we add O as silpes/alue
for anF(n; m). In addition,F(i; 0) = F(j;0) = 0.

For the same reason, in the trace-back we do not necesdariiyvith (m; n)
entry but with an entryk; |) with highest value of(k;I). We end the trace-
back when we encounter the value 0.

Therefore, in the case of local alignment functie(i; j) satis es the recurrence
relation.

F(@;j) = maxO;F(i 1] 1)+s(x;y);F( 1)) d;F@;j 1) dg

Example 44 Use the local alignment algorithm to nd an optimal alignnieof
strings PHWHAWE with HHWAAEE. Use the linear gap penalty = 6g and
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scores given in the table:

P H W A E
P 5 2 4 1 1
H 2 10 3 2 O
w 4 3 15 3 3
A 1 2 3 5 1
E 1 0 3 1 6

Then the computations will give the matrix in Figure 4.3. &ltitat the maximum
entry in the matrix is 31 and we start traceback to obtain thgrament:

HWH AW E
HW A A E E

of value 31.

W 3| 0 0 | 4 2 1 13 | 237 17

A 5 0 |0 |0 | 18| 17| 28| 22| 17

Figure 4.4: Local alignment

In the local alignment problem, one must be even more caveffiein designing a
scoring matrix. Certainly, the scores must have two progert
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There must be a positive score.

The expected value of the score for random matches must lagiveegOth-
erwise, in two long sequences, the long unrelated matche®be unrelated
sequences will have high score solely because of theirliengt

Indeed, if the are no positive scores then an empty alignméhbe an optimal
one. The second condition is more subtle. If the expectedevaf the score for
random matches is positive then two random (and completellated) sequences
will when aligned one with another (with no spaces) will adnite a positive score.
Therefore, the length of sequences, not the similarity, valthe factor that drives
the score of an optimal alignment. Condition can be expreasdollows. Consider
alignment of lengtm with no gaps. Then the expected score ofitheposition in

the alignment is always equal to
X
0a0bS(a; b):

ab

Consequently this quantity must be less than zero.

Example 45 Assume g = gc = s = gr = 1=4. Is the following a good scoring
model5 for match and 1 for mismatch. Then the expected value of the score of
match is

54 11 1#4)=1=2>0

and so the scoring model does not have the required property.

4.4 Semi-global alignment

We will consider one more version of the alignment probldm,gemi-global align-
ment.

Motivation: Suppose we are given a long stringnd a signi cantly shorter string
sand we would like to see how” ts” into t. Because of the dierence in lengths,
we do not want to penalize the opening gap and ending gapimng str

Example 46 Let t = AAACAGGTATGTCACT and=s ACAGT. If we use the
global alignment algorithm then an optimal alignment of tstongs looks like:

AAACAGGTATGTC CACT
A_ _C_ _ _ _A_G_ _ _ _T
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This is however meaningless, although the value is the sangessible. A much
more desired information is given by the alignment:

AAAACAGGTATGTT CACT
- - ACAG_T - - _ - _ - _ _

However in the global alignment problem the rst alignmestdaptimal but the
second is not.

In the semi-global alignment we will not penalize opening anding gaps in one
of the strings. A space which is contained in a gap that stattgee rst position or
ends in the last position of one of the strings is calle@ad spaceThe algorithm
Is again based on the global alignment method with two changiest we address
the problem of ignoring the end gap. Suppose we try to t angts of lengthn
into a stringt of lengthm. Then we obtain an be m matrix in which the last row
contains values of alignments which end with some (pos&ityipty) sequence of
spaces. Therefore to ignore the ending gap it is enougheotdble maximum entry
in the last row and start traceback from this entry.

The second change comes from ignoring the starting gap. Iflevaot want to
penalize for the opening gap then it is enough not to penétizspaces in the
initial condition and so we sé¥(0; j) = 0for j = 0;1;:::;m.

Example 47 Find an optimal semi-global alignment of

t = AAACAGGTATGTCACT and=s ACAGT with score® for match 2 for
mismatch and 3 for the space. Then the matrix is in Figure 4.4 and the alignime
of value 7 can be easily recovered.

4.5 A ne scoring model

In this section, we will go back to the global alignment pexhlbut we will consider
di erent gap penalty functions. The linear gap score is thesasne to deal with
when designing a dynamic programming algorithm. The re&saiis that a space
always costs the same valuel. Note however that the dynamic programming
method can be modi ed in a straightforward way to handle gVeFasonable” gap
penalty function. By reasonable, we mean that addingtthgpace in the gap costs
at most as much as adding the 1th space. For exampldg) = 6 3g has this
property but (g) = g? does not.
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A A A C A G G T AT G T C A  C
0 1 2 3 4 5 6 7 8 9 10 113 12 13 14 15

Figure 4.5: Semi-global alignment

We have the following recurrence relation f6fi; j)
F@;j)=maxfF(i 1] 1)+s(x;y)Fk )+ ( K;FGH+ (G Dg

fork=0:::;1 landl=0;:::;) 1.

This can be used to design an algorithm that computes annadignfor any rea-
sonable (g). However, the algorithm has complexitynm(n + m)). Indeed, to
compute thei( j)th entry, we need to chedkt j + 1 other entries. Although poly-
nomial, this time complexity is higher thad(nm) that we had in the case of linear
gap model.

In the case of ane gap scores we can still obtai®énm) time algorithm. This
however requires some tricks and the algorithm is more cuaipeld. Recall that
the a ne score gap is(g) = d geand so the problem is that in the course
of computations we must recognize are we aligning with asaaly open gap (for
which we paye) or are we staring a new gap (for which we gy €). To do this
we will keep three numbers in each entry in a matrix instegdsifone as was the
case in the linear penalty. We will have

M(i; j) to be the score assuming thais aligned toy;:

A A C x
A - Cy
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I«(i; J) to be the score assuming thais aligned to a space:

A A C x
ij__

ly(i; J) to be the score assuming thatis aligned to a space:

A X _
A A C

We have

M(i; ) = maxdM(@ 1) 1)+s(6y)i Ik L] D+s(xqy)i (i 1) 1)+s(x;y))g
Ik(i;))=maxfM(@i 1)) d el(;j 1) d ehi 1)) eg
G )=maxM@;j 1) d el Lj) d el(;j 1) eg

Let thenF(n; m) be the maximum value of the above three and one can use trace-
back, starting with=(n; m), to nd the alignment. In addition, we must initialize the
matrix appropriately as some alignments may simply nottexisch will result in

the score ofl .

M(0;0)=0,M(;0)= 1 ,M(©;j)=1 .
I(1;0)= d eifori=21:::;m1L0O;))=1 ,j] O
y(0;))= d ejforj=1;:::;n,andly(i;0)= 1 ,i O.

Note that in the case of reasonablerge functions the score of a mismatch will
always be larger than the one in which a character alignedgpaee is immediately
followed by a space aligned to a character. This fact can bd tessimplify the
recurrence relation:

M(@i; ) = maxdM(@i L] 1)+s(x;y) Ik L] D+s(xy) Iy(i 1) 1)+s(x;y)9
Ix(i; ) =maxM(@i 1;j) d el 1)) eg
ly(i; ) = maxM(i; ] 1) d ely(i;j 1) eg
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Example 48 Use the global alignment algorithm to nd an alignment of ABT
with AAT where the scores aBfor match, 2 for mismatch, and the gap penalty
is (9= 3 g.
We shall use a simpli ed algorithm and will usefor 1 . In addition, each entry
in the matrix containgM; I; 1) and we will draw only relevant pointers.

An optimal alignment is

AACGT
AA _ _ T
ofvalue3 3 (3+2)=4
A A G
0 1 2 3 4 5

0 '!') ('!'1'4) (-!'1-5) (-!'!-6) (-!'1-7) ('!' '8)

A 1] (-4 -) (-1--1) (72 | (8-3) (-9--4)

A 2| (--5,) (-1,-1,7) -5,-5) (-3,-11 (-4,-12,@\ (-5,-13,0)

T 3| (-,-6,-) (-7,-2, ) (-3,2,-11) (4,-7,-7) (0,-8,0) @,-1)

Figure 4.6: A ne gap penalty alignment

4.6 Log odds ratios and PAM matrices

A matrix that contains scores of transforming one residugntmther is sometimes
called asubstitution matrix PAM matrices are substitution matrices used when
comparing proteins (Another commonly used type of suldstitumatrix is the
BLOSUM matrix).

De nition 27 Two strings are one PAM unit diverged if a series of acceptadtp
mutations (no insertion nor deletions) has converted onagto another with the
average number of mutations of one per one hundred aminsacid
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Accepted mutation means that it the mutation was not lethtie organism. Note
that if two strings are 100 PAMs apart that it does not meanttiey di er on each
position. PAM matrix is an amino acid substitution matriatitaptures the evo-
lutionary change. Consider two strings of amino acids: :x andy; :::y;. Two
nd how these two strings are related (in an evolutionarygess), we consider two
random models for comparing residuesxof: :x andy; : ::y;.
Independent: The probability of getting string, : : :x andy; : ::y; in the indepen-
dent model is

(BaGy) (Gely,) (O Oy):

Evolutionary model: In this model we have the probabilipy., of transformingx;
toy; in one PAM. In this model the probability of transformimg: : : x intoy; :::y,
IS

Pxiyr  Puy:
To compare these two probabilities we consider the ratios
_ Pry
ar qyi

Because the sum is easier to work with that the product wettakéogarithms of

r

X .
log Prw
i=1 ar qyi

thei ] entry in the substitution matrix as

Paia;
OaGa;

An ideal PAM matrix contains these ratios.

log

Example 49 Suppose for example that align characters X with Y and Z with W
Probabilities are ¢ = 0:1;9y = 02,9z = 0:2;,qw = 0:5 but p.y = 0:02 and
pzw = 0:07 so the chances of Z mutating to W are much larger than that of X
to Y. However W can appear in the string very often so gettivgtd W does
not really mean that evolutionary process took place. WeshX;Y) = 0 and

S(Z; W) = log 0:7 < 0 and so we consider X aligned with Y to carry more evidence
that the evolutionary process took place.
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In practice we get an approximation of the ideal situation.

Dayho model: PAM1 matrix is obtained by considering proteins which arewn
to be closely related and their primary structure is highigilar. These strings
are believed to be one PAM apart. Therefore by studying thestins one can
compute he frequency with which one amino acid mutates to anothet. We
denote the matrix of such frequencies.

Example 50 The four by four submatrix of frequencies inlMcaling is done by
multiplying by 10000):
A C W \Y
A 9867 3 0 18
C 1 9973 O 2
W 0 0 9976 O
vV 13 3 0 9901

Independent probabilities can be easily computed and ftreréog odds ra-
tios can be computed. Dayhanatrix contains these probabilities (multiplied by
10,000). Wn matrices are obtained by multiplyingl matrix n times and repre-
sent the frequencies of changenPAMs. Larger value oh should be used when
comparing proteins that are believed to be distant.

Example 51 The four by four submatrix of Ab0 (again scaled):

A C W V

A 13 5 2 9

C 2 52 1 2

W 0 0 55 O

v 7 4 2 17
Finally in PAMn matrix we want to keep log-odds ratios. Tliere

. e
PAMN(; j) = log WD) log WD) J):
0id; g

We will not discuss BLOSUM matrices that it is useful to keepmind how the
values in the BLOSUM system correspond to PAM:

BLOSUM PAM

90 30

80 120
62 180
45 240
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4.7 BLAST

Figure 4.7: Searching page of blastp

In this section, we will discuss the BLAST (Basic Local Aligent Tool) align-
ment tool. BLAST is a powerful and quite universal tool thahde used to com-
pare a given string with a database (or databases) of seepiéddA strings or
proteins. BLAST is a heuristic algorithm which works quitestin practice. There
are a few versions of BLAST available. For example:

1. blastp
Given is an amino acids string; searched database conkststeins.

2. blastn
Given is a DNA string; searched database consists of DNAes&mps.

3. blastx
Given is a DNA string; searched database consists of potéith 6 reading
frames are considered and a DNA string is translated intma@cids string
and compared with a database.

4. tblastn
Given is an amino acids string; searched database con§iBisA strings.
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A DNA string from a database is translated using all 6 readliames to an
amino acids string and is compared with given string.

5. tblastx
Given is a DNA string; searched database consists of DNAgdri A given
DNA string is translated to an amino-acids string using 6spae reading
frames and a string from a database is translated to an arnids string
using 6 possible reading frames. All 36 possibilities anmpared.

There are some other BLAST tools. For exampsGABLAST is the tool de-
signed to search if there is a sequence which is identicalgwen string. PSI-
BLASTcan be used to search for distantly related proteins aftHiRBLASTone
can specify the pattern to be searched for.

Figure 4.8: Options part of blastp

BLAST works in two phases: Phase 1- preprocessing, Phasatabake search.
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First make the list of all xed length (3- aminoacids, 11 -featides) strings
that would align with given sequence with score higher tr@anesthreshold.

Second it searches through database with theses shogsstcalled words)
for hits. Each hit gives a seed of a string. Method of searrloiatabase
depends on the type of sequence (protein or DNA).

Extend the seeds in both directions stopping at the maxirtahsion.

Note:
BLAST 1 uses alignments with no gaps.

BLAST measures scores in bits which is a scaled score whidtesneom-
parison between derent substitution matrices possible.

Terminology:
segment a substring of a string.

Given two strings segment paiis a pair of segments of the same length one
from each sequence.

A maximum segment pa{MSP) between two strings is a segment pair of
maximum score.

Question: Given two random stringsandt what is the distribution oMPS.?

1. Basic approach (no scores only matches and mismatches):
Consider a random string string of lengthof H; T with probability of H
equal top. Then the expected value of the longest rurt is log,_, n.
Model matches and mismatchesiig andT's. Put anH if we have a match
andT if we have a mismatch. Thep(H) = ;11 and we can use the previous
result to compute the expectation.

2. Scores: The distribution of scores is called the extreslale distribution (or
the Gumbel distribution). For two random strings of lengttandn and a
substitution matrix leX be the score of the MPS. Then

pX S)=exp(e ©Y)
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where andu are parameters characteristic of the distribution. In, fact

_InKmn,
Consequently,
p(X>S)=1 exp( Kmne 5): (4.1)
From this, the expected value of the number of segment péinswoore larger
thanS is
E = Kmne °

whereK is a constant and depends on the substitution matrix and is such
that X
pipje ¥ =1

15]
In fact the number of the segment pairs with score larger $:bas Poisson
distribution with mean equal t&mne S. This is consistent with (4.1) as in
the Poisson distribution, )

e

pX=K) = —

and so
p(X>0)=1 e :
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Chapter 5
Hidden Markov Models

In this chapter, we shall talk about Markov Chain approacanalysis of a single
sequence. The chapter is based on [DEKM99]. Our discussibbevmotivated
by the following example.

Example 52 Motivating Example - CpG islands The amount of pairs CpG in
a DNA string is di erent than it would follow from the assumption that bases are
independent. The reason comes from biochemical propesfiessidues and in
a typical DNA string the base C often mutates to T which resaltmuch less
pairs CG then in an independent model. On the other handether regions of
a string, where the mutation does not take place and the nuofb@pG pairs is
larger. In fact, in these regions there are many more C's argl Ghese are called
CpG islands and play an important role in studying genomer @yjective in this
section, will be two-fold. First, we want to develop proldadbic model that will
incorporate CpG phenomenon. Then we would like to develagdgorithm which
will detect CpG islands in a given string.

5.1 Markov Chains

Recall that we used so far the following "independent” randnodel for random
DNA strings: we said that the probability of symbols g, independently for all
positions in the strings (often to simplify, = 1=4 for anyx.) Note however that
as seen in the CpG islands example the probability of symhiokheith position
may depend on other symbols in the string. In particularwtikeotides seem to be
important and we would like to model this feature correctly.
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Approach: Markov Chains.
A random process is a sequence of random variables.

De nition 28 A random process oXX; :::is called a Markov chain if for every
n o0,

P(Xnt1 = SjXn = S; Xh 1= S, .11 X0 = Sp) = P(Xner = SjXn = S): (5.1)

A Markov chain is called homogenous if the right hand sidéadf) does not depend
onnbut only ons ands;. For such chains let

pi;j = P(Xn+1 = sijn = S)

We will often consider two special states (called silentesta the begin statand
the end state The begin state is not accessible from any other state and the
end state it is not possible to get to any other state.

We will mainly focus on the Markov Chain approach to modeingfs. Let
X1XoX3 - be a random string we want to model. For symlodsds, de ne the
transition probability to be

ast= P(X =tjx 1 = 9):

The probabilities are often organized into a matrix whicltadled the transition
matrix. Then the probability of obtaining a strig= x; :::X_ IS

= = POXUXL 15 iox)POe X0 2500 0%)  P(x):

The above is a general property. A chain is called a Markovr©iwaen it has the
following property (called Markov's property):

Therefore in the Markov Chain we have
P(X) = PO jxe )P 1% 2)  P(X2jX)P(Xq):

Note that to de ne the Markov chain we also must specify tlatstg distribution
for P(xy).

76



Section 5.1 Lecture Notes, Mat 351

Example 53 Consider the Markov chain approach to generating binaryngfs
with initial probability of P(0) = 0:5and R1) = 0:5and the transition probabilities
given by

2=3 13

14 34

Find the probability of getting a string which starts witig1101
By the Markov property, we have

L 113121 _ 3
P(001101)= P(Lj0)P(OIPLLPLOP(O0)P(0) = 737755 = 5°

On the other hand in the independent mod@a@1101)= 1=2°

Example 54 Find the probability that in the rst ve steps (including ¢hinitial
step) of the Markov Chain we will get exactly 3 ones.

Often a Markov Chain is represented using directed graphthd case of random
strings, we will have four state) C; G; T and arrows that will go from state to state
and are labeled by transition probabilities. Also note thatprobabilities in any
row sum to one, i.e. the matrix is stochastic. The probadslin a column do not
need to add to one.

Example 55 Assume there is an end state. The transition probabilityoifg) to
the end state from state x dirent than begin state is p. Show that the probability
that a randomly generated string will have length L @ p p)* .

Indeed from begin state we can only go to a non-end state. Brgnstate s dierent
than begin or end state we can go the non-end state with prbityab p. Therefore,
we get(1 p)* Y to get a string of length at least L and we must multiply it bp p t
go to the end state.

Using Markov Chains for discrimination

Let X = XoX; : @ :X_ be a string over alphabetc; g;t. Goal is to assign scores to pair
so that we can test i is form a CpG island or not. One can estimate the transition
probabilities:

a;; probability thatsis followed byt in a CpG island

a,; probability thatsis followed byt in string which is not a CpG island.
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We have
Cet
a;t = l = + :
tO CSIO

wherec, is the number of times is followed byt®. To discriminate between two
models we compute the log-odds ratio:

P(xmodet) % 0g ay

P(§model ) ~ _ T a,

S(x) = log

5.2 Hidden Markov Model

Using previous scoring we could approach the question of teogetermine CpG
islands. We could consider a window of length 100 and cominétscoring of such
windows expecting that CpG island will give as a relativelytter value. However,
CpG islands can have varied lengths and can have sharp bsda

Idea: Have a random chain which will incorporate both probahdistodels: thet
model and the model. In our new chain the states will Bg; C.;G.; T+;A ;C ;G ;T
but states\,; A emit the same symba\.

Let = 1;:::be asequence of states callepeh Denote by

ag=P(i=lji1=K)

the transition probability of moving from staketo statel. We will also have the
begin state labeled by 0 and the end state also labeled bys0.1&tl

&(b) = P(x =bj i = k)

be the probability that we emit symbblwhen we are in statk. For example
inourA;;C,;Gs;To;A;C ;G ;T we will have P(AJA ) = 1 andP(CjJA ) = 0.
Numbersg( ) are called emission probabilities.

Example 56 Occasionally dishonest casino. Suppose we have two typiseof
fair die and a loaded where probability of 6 is 0.5 and of remiag numbers 0.1.
Casino switches from fair die to a loaded one with probapit05 and from loaded
die to fair die with probability 0.1. Describe the HMM and ession probabilities.
Two states: Fair, Loaded. Transition probabilities:

p(LoadedFair) = 0:05; p(FairjFair) = 0:95; p(LoadedLoaded = 0:9; p(FairjLoaded = 0:1

Emission probabilities & (i) = 2, €Loaded6) = 3, €Loadedli) = 15 for i < 6.
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Let P(x; ) be the joint probability of stringe generated in states given by path
=01 5::: 0. Then

YL
P(X; ) = 1 e i(xi)a i i+1:

i=1

5.3 Viterbi's algorithm

In this section our goal is to nd the most probable path tigtoan HMM that gen-
erated a given string.

Goal: Give an observed string nd the most probable path of states that gen-
eratedx. For example in the previous modélGCG could be generated by paths
(Cs+;Gs;Cy;Gy);(C ;G ;C ;G );(Ch; G ;C ;Gy). However the probabilities for
theses paths can be drent. Let

= argmaxP(x; )

be the path which maximizé¥(x; ).

Method: Dynamic programming algorithm.

Let v(i) be the probability of the most probable path ending in statéth obser-
vationx;. Then we can compute the recurrence relationfor+ 1) as follows:

vi(i + 1) = a(Xi+1) mka)(vk(i)akl)

with initial condition
Vo(O) =1

as all paths must start in the begin state. Again we can keepeps to states and
then backtrack to nd the path. In what follows we shall assuimat there aren
non-silent states and the length of striag L

Algorithm Viterbi

1. w0) =1

2. fork:=1tom
3. w(0) =0

4. fori:=1toL
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5 forl ;= 1tom

6 vi(i) = a(x) max(w(i  1)aa)

7. pointer(l) ;= argmax(w(i 1)a)
8. P(x; ) := max(w(L)ako)

9. | = argmax(w(L)aw)

10. Traceback starting with .

Example 57 We have two types of coin: Type 1 - the fair coin, Type 2, unfair
coin where the probability of heads @6. We switch from Type 1 to Type 2 with
probability 0:3 and from Type 2 to Type 1 with probabilidy. We initially pick one

of two types with probabilit@:5 and end the playing (regardless of the type) with
probability 0:1.

Describe the HMM model for a string of H's and T's generate by game
above. We introduce two states 1 and 2 and have two silergssttand
E. Transition probabilities are given in Figure 57. In addih the emission

0.6

1

probabilities are g(H) = 05, e (T) = 0:5, e(H) = 0:6, and ¢(T) = 0:4.
Note that there is an alternative answer in which we intraelficur states
HY: H?; T1; T2 for obtaining H or T from type one or two. However the tran-
sition probabilities then must be re-computed from whaivegin the prob-
lem.

Use Viterbi's algorithm to nd the most probable path for HHWhere the
table is obtained from the following values which computeldimn by col-
umn.
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B H H T E
B 1 0 0 0 0
Na
1 0 \ 0.25 —=+=—F— 0.075 ==—7— 0.0225 =<+—— 0.00225
2 0 0.30 <—F— 0.090 =-—— 0.0180 =-—— 0.00180

— 0:5maxl 0:5;0g= 0:25 0:6 max1l 0:5;0g= 0:3.

— 0:5max0:25 0:6;0:3 0:4;0g= 0:075 0:6 max0:25 0:3;0:3 0:5;09=
0:09.

— 0:5max0:075 0:6;0:09 0:4;0g= 0:0225 0:4 max0:075 0:3;0:09
0:5; 0g= 0:018

— Finally the last row re ects the probabilities after movirtig the end
state.

After the maximum is selected the path is obtained using#oelback pro-
cedure: BL11E.

5.4 Forward and Backward algorithms

In this section, we discuss two algorithms that are basedh@same approach as
Viterbi's algorithm.

Computing probabilities of a string x
Goal: Compute the probability of obtainingby HMM.
We have X
PO = P(x )

However the number of paths increases rapidly. One can ctantipis probability
using theforward algorithm. Let

fi) = PO 5% i = K):
Then X

fil+1)=a(x1) il lag
k
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and nally X

PO = fulbaw
k

Forward Algorithm
1. (0) =1
2. fork:=1tom

3. f(0) =0

4. fori:=1toL

5. forl :=1tom

6. i) =a(k) Wi Da)

7. P(X) := Pk(fk(l-)akO)

Example 58 Find the probability of generating HHT in the model from the\p-
ous example. Again, numbers are computed column by columpthe recurrence

B H H T E
B 1 0 0 0 0
1 0 0.25 0.135 0.0675 0.00675
2 0 0.30 0.135 0.0432 0.00432

relation.
1 05 05=0251 05 06=03
0:5(0:25 0:6+0:3 0:4)=0:1350:6(0:25 0:3+0:3 0:5)=0:135
0:5(0:135 0:6+ 0:135 0:4) = 0:0675 0:4(0:135 0:5+ 0:135 0:3) = 0:0432
Finally P(HHT) = 0:0675 0:1+ 0:0432 0:1 = 0:01107

One may be tempted to claim that the sum of probabilities alestrings of length
3 of H's and T's should be equal to one. This however is not asia the last step
we compute the probability of going to the end state.
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Computing the probability the posteriori probability of P( ; = kjx)

Goal: Compute the probability that a path was at statd timei given observed
string x.

Note that we have

P(X; i =K) =P(X1:::%; i = PG oxX X iiix; i =K)
=P(x:0%; i = KPOXG+1:ix i = K)
as the string generated after th&ep depends only the state we were in stépet
be(i) = P(Xi+1:::% ] i = K):

Then we have
P(x; i = K) = fu(i)bk(i)
and L AGbd)
P( i =kx) = W:

Numberdb(i) can be computed using the Backward algorithms:
Backward Algorithm

1. by(L) == &
2. fori:=L 1downtol

3. bi) = ade(bi+ 1)

5.5 Parameter estimation

Estimation when paths are known

know the paths which generateis. Let A, be the number of times staltéollows
the statek in our training set and ldE,(b) is the number of times symbblhas been
emitted when in state. Then we can set

_ oA _ o E()
% = P 0 = PE

Estimation when paths are unknown
Baum-Welch algorithnealculatesAy and Ex(b) as the expected number of times
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each transition or emission is used, given a training secpiehet denote the
current set of parameters used. Recall thé) = P(x;:::%; i = K) andby(i) =
P(Xi+1:::XJ i = K). Then we have

fi()awa (%+1)bi(i + 1):

P(i=k wmi=1ljx )= PO

Summing over all string and all position we get the expectldes of the number
of timesay is used
X 11X - | )
Ay = . ; . f|<J(|)ak|a(X|J+l)b|J (I + 1);
J i

wheref's andb's are forward and backward probabilities for strixig Similarly,
X1 X
Ex(b) = B f ()b, (i):
] ijx/=b

Simpli ed description of the Baum-Welch algorithm is giveelow.
BaumWelch Algorithm

1. Pick arbitrary model parameters

2. repeat

Set all theA's andE's to zero.
for j:=1tondo
Calculatef,(i) for x/.
Calculateby(i) for xJ.
Add the contribution ok; to A's andE's

Calculate new model parameters using the estimators aserot&nown
paths.

P .
Calculate the log likelihood of the model:?z1 log (P(X!] )):

3. until the change of the log likelihood is less than someghold or the max-
imum number of iterations is exceeded.
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To analyze the Baum-Welch algorithm we wiII need a concepelaltive entropy of

therelative entrop)of PtoQis

Xo
L (x)

One easy but important fact about the relative entropy tleatill constantly use is
the following.

Lemma 16 For distributions P and Q,

H(PQ) O
with equality if and only if Bx) = Q(x) for every i.

Proof. We have logx x 1 with equality only wherx = 1. Therefore,
|

X X :
Qx) SICO NN

H(PjQ) =  P(x)log 57— P(x)
i=1 ( ) i=1 ( )

Another fact that we will need is Lemma 11 which says thatApB; C
P(A; BJC) = P(AB; C)P(BJC):

In our analysis of the Baum-Welch algorithm we shall assumaéthe training set
consists of only one string. A more realistic assumption that the set consists of
xt; o1 x" adds one more sum in the below argument (which already blossoth
sums) In the Baum-Welch algorithm, we comp&#e; = k; +1 = ljx; ) from

the formulafy(i)aqb (i + 1)g(X+1)=P(X) in which the individual terms are computed
using the forward and backward algorithms. For a palst A ( ) be the number

of transitions fromk to | in  and letEy(b; ) be the number of times symbblis
emitted in staté in path . We need the following technical observation.

Lemma 17
)& X

P(i=k w1=1ix )= Aq()P(]x )

i=0
where the sum is taken over all paths of length L.
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Proof. Fix i. We have

X
P(i=k w1=1x )= P(i=k w1=1 jx )

and by Lemma 11,

X X
Pli=k =0 jx )= P(i=k w=1j; % )P(jX )

However the conditional probability( ; = k; i+1 =1j; X; ) is equal either to one
(if has atransition froma to | in theith step) or zero (if it does not). Therefore,
X
PCi=k =1 )=Ai)PCix )
i

and consequently

X X
P(i=k wm=lix )= A« )IP(jx )

i=0
We need a similar fact foEg(b; ). To estimate the emission probabilities, Baum-

Welch algorithm computeB( jx) = fi(i)bk(i)=P(X) which again can be found by
invoking the forward and backward algorithms.

Lemma 18 X X
P(i=kx )= Ex(b; )P( jx):
i:xi=b
Proof.

X X
P(i=kix; )= P(i=k jx )= P(i=k;x )P(jx )

andP( ; = kj; x; )isequal to one ikis theith state in and zero otherwise. Thus

X X
P(i=kx )= Ex(b; )P( jx):

i:xi=b

Recall that X
Ay = P(i=k i1=1jx )
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and X
Ex®) = P(i=kx )
i:x=b
Therefore from last two lemmas we get
X
Aa= AC)PC X ) (5.2)
X
Ex(b) = Ex(b; )P( jx; ): (5.3)

Theorem 19 Let ™ denote the set of parameters in the mth iteration of Baum-
Welch algorithm. Then

logP( ™) logP(xj ™)
with equality in the case when tiheg P(x] ) attains a (local) maximum over all.

Proof. We haveP(x; j )= P( jx; )P(x ) which givesP(x ) = P(x; j )=P( jx )
and so
logP(xj ) =logP(x; j) logP( jx ):
Multiplying by P( jx; ™) and summing over all gives
X X
logP(q ) PCix; ™) = (P(jx; MlogP(x; j) P(jx ™logP( jx )):

and so
X X

logP(q )= (P(jx; M) IogP(x j)) (P( ix; M logP( jx; )):

We useQ( j ™) for the rst sum on the right hand side, i.e.
X
QUj™= (PCjx MlogP( jx; )):

Then

X e m
logP(§) 1ogP( M=Q(i™ QUM+ Pl ix m)log%:
pi '

But the last sum the relative entropy and so it is nonnegatilias
logP(xj ) logP(4 ™) Q(j™ Q™ ™):
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In addition, we can expres¥x; | ) interms ofAy( ) andEg(b; ). Indeed,

Y Y Yy
P j)= CIOR (a) ™)
k1l b kol1
and so
X §< X X X %
Qli™= P(ix ) Ex(b; )logex(b) + Au( ) logayi:
k b k |
We switch the order of summation and take the sum ovest to get
X X X X
Q(j™M= Ex(b) log ex(b) + A logay:
k b k |
Let Eq(b)
0 b - k .
&(0) wo Ex(b9)’
Ay
0 — :
A P—|oAk|o
Then
QU™ ™M Q(J'”“)=X E(b)logeg() Aklogio'=
k b ‘ ab g
X X X 0
S C e emiogE oAy A g 0
k o8 (b) k |0 |

by the property of the relative entropy.
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Chapter 6
Mapping

Discussion in this chapter follows [G97]. There are two ¢ genome maps:
genetic mapandphysical maps

Genetic map - gives a relative order of features of inter@sts genes) on
a chromosome or establishes that two features are likelyi oarent chro-
mosomes. Measured in unit called centimorgan which is nwmnotin the
physical distance but no simple relation exists.

Physical map - gives a true location of features of genetickera or other
features in the genome. The metric is the number of nuclesti@étween two
points.

We focus on the physical mapping problems.

6.1 STS-content mapping

STS (Sequence-tagged-site) - string of length 200-30C=0tides whose right and
left ends (of length 20-30 nucleotides each) occur only ant¢ke entire genome.
EST (Expressed sequence tag) - STSs that come from genes pattts of inter-
gene DNA.

Goal: Find physical locations of STSs

We are given a clone-library which is a set of short DNA fragitsehat can overlap
and should cover the DNA string of interest. One can check B&S is contained
in a particular clone obtaining the tri@se answer. The original location of clones
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or they relative order is however unknown. STS-content nrapmds ordering of
the STSs and builds a physical map for the clone-library.

Example 59 Consider the set of ve clonek:::;5 with STSs g&;c;d;e; f. Then

o~ W N B

the binary matrix M will look like

s wWN R

OCOR KRR
OOoORrRrROT
PR RPOOO
PR RPRORQ
OO0OO0ORrR OO
OFr OO0 O —
R OR ORQ

A reasonable approach is to nd a re-arrangement of colunnisch corre-
spond to STSs) such that the ones in each row are consedsiseming there are
no errors in our data the problem is known as¢basecutive ones probler@iven
a binary matrix, rearrange the columns so that in each roeng§ are consecutive.
There are a few ecient algorithms known for this problem.

C1ls Problem
Let M be a given matrix. We assume that all rows are distinct. Farirolet
Si = fkjM;x = 1g Note that for two rows and j we distinguish three possibilities.

1. S,\ Sj =,
2. S Sj orSj S

3. Si\ S;, ; but(2)does not hold.
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Figure 6.1: Some markers on the chromosome 7 in Homo SapieBi(web site)

In case of (1) we can rearrange columnsifordependently of.. Condition (2) is
more di cult to visualize but if we had only two rowsandi andS;  S; then we
can rst rearrange the columns f&; and then rearrange the columns with ones so
that the ones im are also consecutive. The main situation that must be taden c
of is that coming from (3).

The approach can be formulated best using the graph-thetzeguage. De ne an
auxiliary graphG(M) with vertices corresponding to rows and two rows connected
I j connected irG(M) if condition (3) is satis ed.
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Example 60 Consider matrix M

1 23 456
ctc 1 00101
c;c 110000
cs 001001
¢, 010010
cs 0O00O0O01

Then the graph is shown in Figure 6.2.
c3 cl c2

c5 ‘ c4

Figure 6.2: C1P grapB(M)

Algorithm proceeds in two phases. First we iterate over@ifnected compo-
nents ofG(M) and rearrange columns in a component. Second we join coamp®n
together.

Phasel
Suppose a component contains clodegs : :;dx and assume that, is connected
with dq, ds is connected withl,.

Label each column with ones with the $it:::;ig

Rearrange columns fak, so that the ones fat; stay consecutive. Note that
there will be some common columnsafandd, and there will be some new
columns with ones that must be arranges. This arrangemenmgsponds to
"pushing” common columns either to the lef,(Qoes with respect tal;)
or to the right ¢, goes! with respect tal;) and stacking new columns with
ones on the left or right side so that they form a consecutiegsof ones in
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d,. This restricts the degrees of freedom of moving columnk wites which
is re ected by updating their labels.

It will be convenient to rst describe the general step in tase ofd; (Note
that we assume thdj is connected witld, andd, is connected witl;). Let
m= minfjSy,\ Sq,J;]Se,\ Sa,jg Note that the intersections count the number
of common ones in the rows.

— If jSg,\ Sq,) < mthend; goes in the same direction dswent.

— Elseds goes in the opposite direction th. Update labels accordingly.

In the general case when placing clahend i; j suchd;; d; where previously
placed and so thalk is connected witld; andd; is connected witld, in G(M).
Then proceed as follows: Let = minfjSy\ Sq j; jSa;\ S¢jg If jSg\ Sqj < m
then placed, in the same direction as . Otherwise place in the opposite
direction.

Example 61 We will now execute the algorithm for the graph in Figure G\ate
that we must rst nd an appropriate ordering and althoughetie are many pos-
sibilities we must be a bit careful to make sure the assumgtmm phase 1 is
satis ed. We can take,¢cy; Cz; Ca.

Place 6.

Rearrange the columns foy dorm the previous example. We have i1,
] = 2as ¢ is connected with,cand ¢ is connected with£ Just group ones
together and label each column fiy; 2g

(653 1 1

f1; Zg‘ f1;2g

Place gG.
Sq, \ Sc, = flgas a result there will be one common column and two new
ones withf4; 6g We will place new ones to the left gf c

f4;6q| f4; 69| f1g| f2g
G| 1 1 110
(053 0 0 1 1
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Place G.

This is the rst time we have to use the inequality conditimmT the algo-
rithm. Note that gis connected with,cand g is connected withand so ¢
will be the reference row (that is;d= c;;d, = ¢;, d3 = c3 in the description
above). We have

m=minfjS¢, \ S,};jS¢, \ Sc,jg= minfl; 1g

1Se,\ Se,j=0

and so §, must go in the same direction ag(that is to the left of £. Since
IS¢, \' Sc;j = 1there will be one common column tpand G.

f3g| f6g| f4g| f1g| f2g
c,| O 1 1 1 0
| 0|00 1]1
|11/ 00]|0

Place ¢. This time g is connected withLand 6 is connected with,¢ Thus
c, will be the reference row. We have

m= minfjS¢, \ S,};]Sc,\ Sc,jg= minfl;1g=1

1Se,\ S¢,j=0
and so ¢ goes in the same direction agwent with respect to,¢i.e. to the
right of c;.
f3g| f6g| f4g| f1g| f2g| f5g
cc|/0|1|1|]1,0/|0
/0|00 1 110
¢zl 110|000
c| 0|0 0011

There is a very simple reason for considering the condittwmf used in making
the decision of how to plac8y,. Suppose thatl;, d, andd; are as in Rasel.
Consider the rearrangement for columns that yields theemnisye ones property.
When restricting the attention th andd,, we will have ones i, placed either to
the left or right of the block of ones id:

dh
dy

Oj1j{1j1|1/0
1/1/1/1/0/|0
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Now the rowds; comes andl; is connected withl, which is connected with,.
The can but does not need to be the edge betweandd; in the graph. There are
two possibilities for placement of ones fraam There are a few possibilities fak.
For example we can have

d|0/0j/0|1|1|1|1]|0
d,/0/0]1|1/1(1]/0]|0
d;(1/1/1|/1/0(0|0]|O0

In this case there will be an edge betwasinand d; and clearlyjSy, \ Sq.j <
1ISa, \' Sg,j. AlS0 Sy, \ Sg,) < JSe,\ S, as there is an edge betwegnandd; and
S0Sy, is not contained irBy,. There are of course some other options, for example

d(0j0j0|1/1(21]|1|0
d,/0/0]1|1/1(1]/0]|0
d;|0]0|0|1|21/1|1|1

Then there is no edge betweenandd; andjSy, \ Sy, = jSq,j- On the other hand
m ] Sy, \ Sy, < |Sq.) as there is the edge betwednandd;. There are a few
other similar possibilities to check. De ningn = minfjSg, \ Sq,j;jSq, \ Sq,jgand
checkingSq, \ Sq,j < mtakes care of all of the above situations.

In the second phase of the algorithm, we create anothenayxgraphD(M),
where vertices are connected component&@). We put a directed edge from
vertexA to B if for every all setsS; with i 2 B are contained in some s&{ with
] 2 A. Note thatD(M) is a directed graph that does not contain cycles (is a @idect
acyclic graphDAG). One of the properties of such a graph is that its vertices ca
be ordered so that there is no directed arc ftoto | if | precedes in the ordering
(this known as topological sorting). This type of orderirf@dAG onn vertices
and withm edges can be found @(n + m) time.

Phase2
Assume we have components in a topological order.

1. Initially we start with vertices that have no incoming edgnD(M) and we
X their columns.

2. In general, suppose that we add componeahd assume that;( ) is an
edge.

Choose row in  with the leftmost one and 168 be the column that
contains this one.
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Find allrows in that contair5; and letC be the leftmost column such
that all rows from above contain one@.

Rearrange the columns inso thatC =C .

Example 62 Solve the instance of the C1 problem given by matrix M below.

1234567829
¢ 110110101
c;c 011111111
¢ 010110101
¢cc 001 00O0O01O0
¢ 000100100
¢c 01 010O0O0O0O0

The graph GM) looks as in Figure 62. The directed grapi{d) is in Figure 62

cl c2
® o o
A
D
O O 6
B C
c3 c4

Figure 6.3: Grapl&(M) with connected componen#s B; C; D

o O

Figure 6.4: GrapD(M).
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One possible topological ordering is B; C; D. The execution of the second phase
of the algorithm is illustrated in the next gure. Therefayae possible ordering is
6;3;8,2,4,7;5,9; 1.

6 382 475091
¢ 000111111
c; 111111110
¢ 000111110
¢, 01 100O0O0O0O
¢ 000011000
cc 0001 100O0O00O0

The above approach assumes that the clones do not contagrrany which not
practical. There are three types of systematic errors #rabccur:

false positivesrror - report that a clone contains STS when in fact it do&s no

false negativerror - report that a clone does not contain an STS but infact i
does;
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chimeric clone®rror - more complex errors which come from clone libraries.

6.2 Radiation-hybrid mapping

In this method the following strategy is taken to study theatoon of STSes in a
DNA string.

1. Single chromosome of human DNA is isolated and irradiafBlais breaks
the chromosome at random locations into a small number ghfemnts.

2. Fragments are merged into a hamster cell which replicaeeeuman DNA
with hamster DNA.

3. As a result any single hamster cell contains roughly ¢oat&-10 discon-

nected fragments with the total length of the fragment 1% 20 the length
of the whole chromosome.
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4. Cells can be examined for STSs.

Example 63 Consider the set of ve clones:::;5with STSs gb;c; d; e f in the
radiation-hybrid mapping. Then the binary matrix M will lbdke

e b a g d C f
\ \ \
\ \ \ \ \ \ \

o~ W N P

Or®WN R

OrRORPFEPD
PR RPRORT
P ORREO
POORRQ
OORrOO®
OrRrFr OO —
R R OR OoQ

The only but important dierence between this approach and the previous one is
that this time we can test if STS is contained in one of therfragts in the cell but

we do not know in which one.

Approach: Given a binary matrix nd the rearrangement of columns sd the
number of blocks of consecutive ones. This in turn is redubedraveling sales-
man problemn graph theory as follows.

Create the auxiliary graph by adding a vertex for each ST&h(ealumn of
the matrix) and add an extra vertex

Add an edge between any two vertices in the graph.

Put weights on edges of the grapt(s; v) is the number of ones in column v,
w(u; V) is the number of positions in vectaisuch thau andv di er.
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Traveling salesman problenGiven a weighted grap® nd a Hamiltonian cycle
in G which minimizes the total weight.

For our problem: a cycle visits each vertex once and stars iithis gives an
ordering of vertices which corresponds to a rearrangenfesdlomns.

Notes:

This approach solves correctly the problem of minimum nundfeblocks
but this solution does not need to correspond to an actual ofdSTSs.

The traveling salesman problem is NP-complete.

Weight on edgel; v) counts the number of blocks of 1's that end in column
u plus the number of blocks of 1's that start in columThe weight on §; V)
counts the number of blocks of ones that start in colwmn

Example 64 Consider the following matrix M.

d

O WN R
OrRrFrRrOOD
PR ORRLRDT
PR RPRRERO
PO OOR
PR PR O®

Draw the auxiliary graph and nd an optimal solution. The aliecy graph is
depicted in Figure 64 and an optimal solution in Figure 64.

This solution gives two possible orderings513; 2; 4 and 42; 3; 5; 1. Rearranging
the columns oM shows thaiM in fact has the consecutive ones property. This of
course is an accident that is special to this small example.

Theorem 20 A traveling salesman tour with total edge weight of w spexaeger-
mutation of columns with exactly=®blocks of ones. Hence, the traveling salesman
tour of minimum weight gives a permutation with the minimwmber of blocks.

Questiort How to nd an optimal solution to the traveling salesmanigem?
Answer: The corresponding decision problem is NP-hard and so tisereally
nothing much better than going through all possible cychste that solving the
minimum spanning tree problem can give you some lower boondhe optimal
value. In practice either the instances are small so thatribielem is still feasible
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Figure 6.5: Auxiliary graph.

or we apply some of the heuristic algorithms.
Heuristic: The nearest neighbor algorithm.

Usually comes to within 20% of the optimal solutibn
NN Algorithm

1. A=;,B:=V
. A:= A[f sgwheresis an arbitrary vertex in graph.
. while (B, ;)

. begin

. A:=A[f wgandB:= Bnw

2
3
4
5. FAnd vertexw 2 B which is closest to the last vertex v added toA
6
7. Add edgesw to the path.

8

. end

LIf you keep feeding it with bad examples then you will come heve close
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Figure 6.6: Optimal solution of weight 10.

9. Addwsto the path.

Example 65 Use the nearest neighbor algorithm to nd a cycle in the grdmm
the previous example.

1. A=fsg B=fa;b;c;d;eg

2. A=fsjag B=fb;c;d;eg sa.

3. A=fs;a;eg B=fb;c;dg sae.

4. A=fs;a;e cg B = fb;dg saec.

5. A=fs;a;€e c;bg B = fdg saech.
6. A=fsa;ec;b;dg B=;, saechd.
7. return saechds.
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6.3 Computing the tightest layout

Physical mapping: ngerprinting In the case of STSs we know that a particu-
lar marker appears only once in the string. However theresigwations in which
probes (markers) can appear more than once in the stringhidrcase, again,
the data is represented by a binary matrix with rows cornegipg to clones and
columns corresponding to probes. However this time probepgaear in the string
more than once. The set of probes that test positive for adkoalled thenger-
print of the clone.

c a d b a b c
|
[

A W DN P

Figure 6.7: An example of clones with probes. We h&e = fa;cgP, =
fa; b; dg Ps = fa; b; dg P4 = fa; b; cg

De nition 29 Let P be a set of probes (or names) and let C be a set of n clones.
For each clone @ C, let P, be the set of probes known to occur in c.

De nition 30 Given the set Pfor each c2 C, a feasible layout is a mapping of
clones as intervals and of probes occurrences as point ometfidine so that for
each clone @ C the interval:

contains at least one copy of each probe frogn P
does not contain probes which are not ip P

Note that it is easy to nd a feasible layout. Simply put cleras pair-wise disjoint
intervals and place one copy of each prob®4m interval forc. However there are
many layouts with the same set of ngerprints. Our goal wédlto nd a "tightest”
feasible layout - the one that occupies the least span orimeaind requires the
fewest probes available.
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Example 66 Consider cloneq;:::5and let B = fa;b;d;eg P, = fa;c;dg Ps; =
fa;c;eg P, = fb;dg Ps = fb; €, fg Find a feasible layout of clones.
There are many possibilities.

a b d e a c d ac e b d b e f
I N N S O O |
T I

1
2
3
4 —
5
Figure 6.8: Feasible layout.
e b d a c e d b e f
\ \ \ \ \ \ \ \ \ |
! ! ! ! ! ! ! ! ! !
1
2
3
4
5
Figure 6.9: Another feasible layout.
Algorithm:

We will make two assumptions:
All clones have the same length.
Order of clones is given but we do not know speci c locations.

Algorithm is based on the following observation: liek j < k be three clones,
if probe p occurs inj but does not occur inand does not occur ik theni andk
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cannot overlap. Indeed otherwise they would cover the wblolee. For the same
reasonifi® i< j<k Kktheni®andk®cannot overlap.

De nition 31 A pair of clones$ k®is called an excluded pairifi i< j<k Kk
for some j j;k and there is a probe p contained i But not contained in A P.
A pair is called permitted if it is not excluded.

Lemma 21 If i%k is an excluded pair and ¥ i° < k, then jk is also an
excluded pair.

If i;Kk is a permitted pair and k i° < k then {i°and P k are also permitted
pairs.

Example 67 Consider four clones, ordereld 2; 3; 4 with P, = fa; b; cg P, = fc; dg
Ps; = fa; b; cg P, = fc; dg

1. Check if the pai3; 4 is excluded. There is nothing to check! It is certainly
not excluded as there is no way to nd an index i betwd@m4 in the given
ordering.

2. Check if the paifl; 3is excluded. It is excluded, as2P, and d is neither in
P1 nor in Ps.

3. Check if the paid; 4 is excluded. One can start with the following analysis:
check if there is a probe inRwhich is neither in R nor in P, - there is none,
check if there is a probe inFwhich is neither in P nor in P, - there is none.
Does it mean the pair is permitted? No! In fact is is excluded & 3 < 4
andl; 3is excluded.

Greedy Clone Layout

. Place clone 1 at some left starting point.

. fork:=2tondo

1
2
3. begin
4. nd the smallestindex < k such that; k is a permitted pair.
5

. place clond so that it overlaps clonebut does not overlap clorie 1, and
its left end is to the right of the left end of cloke 1.

6. end
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For step 4 note th&k 1;kis always a permitted pair as there are no triples to
consider.

Theorem 22 In the Greedy Clone Layout, two clones overlap if and onlydéyt
form a permitted pair.

Second task is to map probes so that the number of probesssidléest possible.
We assume that there is an arti cial clone+r 1 with no probes in it. We place a
probep using the following algorithm.

Greedy probe placement for probe

1. Leti be the smallestindex such thats in P, .
2. repeat

3. Setj to be the smallestindex greater thasuch that eitherr ; j is an excluded
pairorpisnotinP; (i ;:::;j 1iscalledarun).

4. Place a copy op inside the interval for clone as far right as possible such
that the interval for clong does not span the copy pf

5. If p2 Py forsomek |then set tothe smallest such indekx

6. until thereis noinek jwith p 2 Py.

Example 68 Find the tightest layout and the placement of probes if trgeenprints
are P, = fa;b;cg P, = fc;dg Ps; = fa; b; cg P, = fc; dg and the ordering of clones
is 1; 2; 3; 4. We start with the layout of clones.

Clone 1 is placed somewhere to the left.
Clone 2 is placed so that it overlaps with 1 as cledt] is a permitted pair.

Clone 3. We try to nd the smallest i. First option issi 1. Howeverl; 3 is
an excluded pair since & P, and d in neither in P nor P;. Therefore i= 2
and the pair2; 3 must be permitted. We place 3 so that it overlasit does
not overlap 3.

Clone 4. We try to nd the smallesti. Note that when checkom@fwitness k,
with 1 < k < 4, to prove thatl; 4 is excluded, we nd that no such witness ex-
ists. Consequently one can think that the da# is permitted. This however
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Figure 6.10: Tightest layout of clones from Example 68

is not the case, as examining De nition 31 we see thatis excluded be-
cause, for exampl®; 4 is excluded (witnessed byZ2aP;) and1 <2< 3< 4.
Thus i> 1, in fact as mentioned a moment agp4 is excluded and so= 3.
We place 4 so that it overlaps 3 but does not overlap 2.

Now we can place the copies of probes. We assume clone 5 isifitg elone.

Placing a. We have i= 1as a2 P; and j= 2 because a is not in 2 One
copy of a must be placed Ihso that it is not spanned [ We are not done
withaas a2 P;andsoi = 3and j=4as ais notin B. The second copy
of a must be placed carefully so that a is neither spanned bgr2rbut is
spanned by 3.

Placing b. We have i= 1as b2 P; and j = 2 since B does not contain
b. One copy of b is placed at more or less the same locationeagghcopy
of a. Thenwe nd 2 P; and soi = 3and j= 4. The second copy of b is
placed at the same location as the second copy of a.

Placing c. We nd thati = 1and j= 3. The reason for this is thdlt; 3 is
an excluded pair. Therefore we need one copy of ¢ to be placet aight
endpoint ofl. Then we continue and £ 3and j= 5. We place the second
copy of ¢ at the right endpoint &t

Placing d. Now i = 2 and j= 3 we place one copy of d so that it is spanned
by 2 but not spanned by 1 or 3. Then= 4; ) = 5 and the second copy of d
is needed in clone 4.

Theorem 23 The greedy probe placement makes the greedy clone layaibblea
Moreover, this placement uses as few copies of probes agasipfe layout.
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b
a cd 2 C d
1 l S C
2 T C
| 31— S
4 —

Figure 6.11: Tightest layout and placement of probes fromngxe 68
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Figure 6.12: Chromosome 19 map, http:bbrp.linl.govbbnogeehtmigene
ideogram.html
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Chapter 7

Sequencing and Superstrings

In this chapter, we will talk about sequencing method. Oumnudjective is to
introduce the shotgun sequencing and study problems nbexdiney this approach.
Again the vast part of the chapter is based on [G97].

7.1 Types of Sequencing

Direct sequencing. Goal is to determine the nucleotide sequence of a long string
of DNA. Technology allows:

Accurately sequence a small number of nucleotides (300-500

To replicate substrings of a DNA string starting at almosg aoint pro-
vided a small number of nucleotides is known to the left of thoint (say
9). This replication is done using PCR (polymerase chaicti@®. One
can synthesize a string which is complementary to the switigthese 9 nu-
cleotides. The synthesized string can then be used to @éptener” which
goes through the long DNA string and hybridizes with the Istgng at the
searched position. In fact, two primers are used.

This suggests the following method for sequencing catlecher walking If the

rst 9 nucleotides are known then sequence the rst 300 mualies then take 9
last nucleotides of the string just sequenced and createreipr nd appropriate
location and sequence next 300 nucleotides and continuppdSe the string of

9 nucleotides exists somewhere else in the string, sincenee khe left part of

the string, we can check if this is the case and then seleaglatlgldi erent sub-
string with a slightly di erent location. Another approach also directed sequencing
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method is calledhested deletionin this method an appropriate enzyme is used to
delete bases on the left of the string. After the rst 300 eotides are sequences,
exonuclease is used to remove the rst 300 nucleotides.

The method is clearly sequential and therefore it is verywslo

Before discussing alternative sequencing method, we itbesartypical procedure
which is executed to sequence a long DNA string.

Top-down, bottom-up sequencing

Cut the full DNA and clone into overlapping YAC clones (Yedsti cial
Chromosome).

Cut DNAin each YAC clone and clone into overlapping cosmahels (smaller
clones 40,000 base pairs).

Select a subset of cosmid clones of total length that covR€ INA.

Duplicate the cosmid and then cut the copies randomly. Satetsequence
short fragments. Then re-assemble them into a deduced da$rimg.

There is one minor computational problem arising from timecpdure.

Goal: Select a subset of cosmids that cover the whole YAC clone and the
minimal total length. This subset is calléte minimum tiling path

Method: Reduce it to the shortest path problem in a directed grapth Easmid is
represented as a vertex, there is a directed edgeiftormif and only ifi, | overlap
andi starts to the left of the start gfandi ends to the left of the end gf The
weight on the edge is the length of overlap. In addition, doye that starts to the
extreme left is called the source and any clone to the extregheis called a sink.
We will always assume that the intervals that represented@ne open so that there
is no arc from §&; b) to (b; ¢).

Theorem 24 The nodes on any shortest path in the graph from a source tola si
node de ne a minimum tiling path.

Example 69 Draw an auxiliary graph for the set of clones in Figure 69. The
graph will look like the one in Figure 69.

Obtained graph has the property that it does not have ddessteles. There
are very e cient methods for nding shortest paths in DAG. We will indte one
method, which is more general and works in any graph as lorigeaweights on

112



Section 7.1 Lecture Notes, Mat 351
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Figure 7.2: Auxiliary graph

arcs are nonnegative.

Dijkstra's Algorithm

Algorithms nds shortest paths from a given verteio any other reachable vertex
in the graph. Here is the basic idea: In the beginning all efviéartices bus have
labels set td. , label ofsis zero,L = V n fsg

1. whileL, ; do

2. begin

w

. selectwv in L with minimum weight and leL := L nfvg

4. for every vertexw 2 L set the label ofv to be the minimum of the current
label andlabel(v) + weigh{v;w). If the value of label is changed then keep
the pointer tov.

5. end
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6. values of labels indicate the length of shortest path® fsppointers can be
used to do the traceback.

Example 70 Use Dijkstra's algorithm to nd the minimum tiling path in ¢hset

of clones in Example 69. We will organize computations inrttegrix. A row

corresponds to the iteration, columns are indexed by vestio the graph. Each
entry contains the value of label in the current iterationofgover we will put a
square to denote the vertex v from step 3 and uder in nity. Note that a is a

source and h is a sink and so our objective is to nd the shompeash from a to h.
Therefore, the minimum tiling path is@ f; h.

a b c d e f g h

Figure 7.3: Dijkstra's algorithm

7.2 Shotgun sequencing

After the minimum tiling path is found, the procedure turaséquencing. Usually
this is done using the so called shotgun or random sequencing

1. Make copies of the DNA of interest.

2. Cut these copies (using physical, chemical, or enzynmagians) in random
locations. Note that the order of fragments is lost. In addjtwe do not
know from which strand fragments are obtained.
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3. Randomly choose fragments and then sequence the rst@€$stof each.

First question that we would like to answer is how many fragteelo we need
to hope for covering the whole string. This is measured byecage. Recall that
coverage i if the sum of lengths of fragments v whereM is the length of the
original string.

Example 71 Coverage in the case of random fragments.

Suppose we select N fragments of length L each randomly adegémdently from
a sequence of length G. Note that it is not completely triwilaat does it mean to
select a fragment of length L at random. Here we assume, iggdne boundary
conditions, that we select randomly an end point of the fagimSince L G we
indeed can ignore the boundary conditions and proceed witllyais. For the ith
base in the long sequence lethé a random variable which is equal to one if the
ith base is not covered and is equal to zero otherwise. Theprbbability that i is
covered by fragment m is equal tek. By independence, the probability that i is
not covered by any of the fragmentq1s é)“. Note ti‘igt asL G we can use
the following approximatiol )N e "N Let X=" 2, X be the number of
bases not covered. Then

e e L
EXX)=  EMX)= p(X=1)=G(1 E)N Ge N€:

i=1 i=1

From which we see that if the coveragetis, i.e. LN = 4:6G, then e-N"¢  0:01
and so 99% of the string is expected to be covered.

Usually ve to ten coverage is used. After fragments are segad the problem is
to assemble the full cosmid string. This is a purely companal problem which
Is approached by a three-steps procedure.

1. Overlap detectionFor each ordered pair of strings, nd how much a suof
the rst matches the pre x of the second string. In other wardivenS;; S,
ndasu xofS; and a pre x ofS, whose similarity is maximum. Similarity
IS measured in the same way as in the alignment problem.

2. Substring layout.Usually uses the following (greed approach). First merge
the pair with highest score of a pre x-si match. Then next highest-score
pair is selected and merged, and so on. Note however thainadigt may
involve spaces and mismatches. These con icts must be somedsolved.
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3. Deciding the consensuB.all characters assigned to a particular position are
the same then clearly this character is selected. If theseedsagreement
then one can use the frequency for each character to dedmee &re more
sophisticated approaches as well.

Note the above approach is heuristic and there is no guaramae it will not get
stuck by "wrong” decisions when gluing fragments togethiewo main problems
with shotgun sequencing: (1) Final string often needs autdit corrections, (2)
repeats of long substrings (which occur in higher organjstagse problems.

7.3 The shortest superstring problem

Purely mathematical problem motivated by shotgun assembly

P is a single string that contains every string from P as a suhg.

Example 72 If P = faacg acgtcaacattigthen acgtcaacattt contains all three sub-
strings.

De nition 33 Foraset P, let S= S (P) denote the shortest superstring of P.

The problem of ndingS is NP-hard and we will develop an approximation al-
gorithm which reduces the problem to the so-called seticpr@blem. LetP =

acters ofS; then de ne j to be the string obtained by overlappikgositions of
S; andS;. Let M be the set of all strings;j. For string , letse( ) = fS 2 PjS
is a substring of g let cost ofse{ ) be equal to the length of. We execute the
following basic procedure.

GreedyApprox

1. C:=;

2. whileC, Pdo

3. begin

4. ndastring 2 M[ Pthat minimizesos(se( ))gse( ) Cj

ol

.C=CJ se()
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6. end
7. Concatenate strings that correspond to picked sets inraiey.
8. Output the resulting string.

Observations that reduce the problem to TSP
Let P be a set oh strings such that no string is a substring of another strired.
JiPjj denote the total length of strings frofh For stringsS;; S;, let oS;; S;) be
the length of the longest overlap of a sy of S; and pre x of S, let p(S;; S;) =
ISij ouS:; S;) and letpre f(S;; S;) be the pre x ofS; of lengthp(S;; S)).

fSi,; 111, S; gof P and consider the string

S(L) = pref(Si;;Si,) : ::pref(Si ,; Si)Si:
We have the following two lemmas.
Lemma 25 The length of L) is

X1
p(si| ; Si|+l) + JS'kJ

I=1

Lemma 26 String SL) is a superstring ofS;,; :::;S;, 0

Therefore for a se® of n strings a permutation of 1 tode nes a superstring d?P.
Let S be the shortest superstring. Sinees substring-free a strin§; can begin
to the left of stringS; in S if and only if it also ends to the left d;. In addition
no two strings begin and end at the same poir@ inThus we get a permutation of

overlap by the most possible or else we could obtain a shetrieg. Therefore, the
problemis to nd an orderingd. of strings such that

X1
fP(L) = p(Sh : Si|+1) + JS|kJ

=1
is minimum. We have

)Q<_ _ X1
fe(L) =  [Sij+  ovS;;Si.,)
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which corresponds to maximizing

X1
O\/(Sil ; Si|+1):

=1

Now de ne a complete di-graph o with vertices which are string, and a weight
on an arc front5; to S; equal to theo(S;; S;). Goal is to nd a permutation that
maximizes the sum above.
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Chapter 8

Evolutionary methods

In this chapter, we will discuss methods for constructirgggb-called evolutionary
trees. This clearly can help us to determine how close in¥b&iBonary process
bio-molecular strings are and so it can help us to measuiresiha@larity. Our main
objective will be given a set of data to nd a their evolutiopdistory. This will
be organized into a tree structure with leaves correspgridielements in the data
set. Two types of methods will be discussed: the distansesbaethod and the
character-based approach. The discussion in this chagtawv$ [G9O7].

8.1 Trees

In this short section, we introduce some more terminologyfgraph theory which
is relevant to trees. Recall that a tree is a connected ghapledntains no cycles. In
addition, when representing an evolutionary history oftadat, we will distinguish
one vertex in a tree - the common ancestor of all elements Véiex is called a
root and a tree is called a rooted tree. Note that once we heseta in a treeT
we can organize the tree into levelsis on the 1st level, all neighbors ofare on
the second level, neighbors of neighbors are on the thil,lend so on. IL is the
number of levels of tre@ thenthe heightof T, h(T) = L 1. Also for a vertex
the height ofv, denoted byh(v), is the level ofv minus one which is equal to the
length of the unique path connectimgvith the root. If vertexv is on theith level
then neighbors o¥ on thei + 1st level are callea¢hildrenof v. If v is on theith
level then the unique neighbor @fon thei 1 level is called a parent of If w
is the parent o and x is the parent ofv thenx is the grandparent of. Clearly
one can continue developing this terminology in a ratheresto/e way. Note that
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Figure 8.1: Arooted tree.

for a vertexvin a treeT there is a unique path ifi connectingv with the rootr (if
v = r then the path is empty). Every vertex on this path (includiagdr) is called
an ancestor of. Foru; v acommon ancestaf u andv is any vertexv which is an
ancestor oti andv.

The least common ancestofru andv is a common ancestev of u andv with
theh(w) as large as possible. In additionufandv are two vertices in a tree then
Vertices inT with no children are called thieavesof T. All other (than leaves)
vertices inT are called thenternal vertices

Example 73 Let V = 1, 2; 3;4;5;6g E = fg Draw tree T= (V; E) with root in 1.
Find the height of T and the least common ancest@; 6fand 3; 6. The height of

Figure 8.2.T

T is 3. The least common ancesto3and5 is 2, of 3 and6 is 1.

Example 74 A full binary tree of height h is a rooted tree of height h whevery
internal vertex has exactly two children.
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Find the number of vertices on level i of such a tree.

Find the total number of vertices in such a tree.

Figure 8.3: Full binary tree of height 3.

Let |, be the number of vertices on level i. Since each vertex omileveh has
exact_ly two children on level+ 1, we havel, = 2l with I, = 1. Therefore,
l; = 2' 1. Consequently the total number of vertices is

lLi+l,+ 4l =1+2+ +2h=2M1 1

where the last equality follows from the formula for the surelements in a geo-
metric progression.

8.2 Ultrametric trees

We assume that there is some distance given between thergteiméhe data set.
This distance will be given to us by a symmetric maixand our objective will be
to realize the matrix as an evolutionary tree.

De nition 35 Let D be a symmetric n by n matrix. An ultrametric tree for D is a
rooted tree T with labels on internal vertices which satsthe following condi-
tions:

1. Leaves of T correspond in unique way to rows of D.

2. Every internal vertex has at most two children.
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4. For two leaves;ij in T, D(i; j) is equal to the label of the least common
ancestor of i and j.

Example 75 Find an ultrametric tree for D.

wN Do X
hhODBK
WO ANN
oOwhws

X
y
z
w

Figure 8.4: Ultrametric tree.

A symmetric matrixD does not need to have the ultrametric property. In other
words an ultrametric tree does not need to exist at all. Fangse short exper-
imentation may convince us that the following matrix canhetrealized by an
ultrametric tree.

Our rst objective will be to determine if a given matri@ can be realized by
an ultrametric tree. Surprisingly, there is a very easy @¢@rdwhich determines if
a matrix has an ultrametric realization.

Theorem 27 A symmetric matrix D has an ultrametric tree if for every #hiedices
I; j;k at least two of [; j); D(i; k); D(j; k) are equal to the maximum (\ j; k) =
maxfD(i; j); D(i; K); D(j; K)g
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In other words, the maximuril is never unique. Note that when checking we can
only consider triples; j; k where alli; j; k are distinct.

Example 76 Verify that the matrix given below does not have an ultramodtee.

Xy z
x 01 2
y 1 0 3
z 2 30
Indeed, Mx;y;2) = 3and D(x;y) = 1;D(x;2) = 2;D(y; 2 = 3 so the maximum is

attained by single value of D.

Example 77 Check if the matrix given below has an ultrametric tree.

XYy zZ W V
x 051 3 6
y 5005 5 6
z 150 36
w 3530 6
v 6 6 6 6 0

5 . . . . .
There are ; triples to check. We can simplify our task by the followinglgsis.

First notice that if v is in a triple;ij; v then the maximum is equal 6aand is
certainly not unique [;v) = D(j;v) = 6.

Now suppose that we have a triple with y but with no v, sdyi then the
maximum is equal té and (i;y) = D(j;y) = 5.

Now we may assume that the triple has not v and no y then howes/aiple
iIs x;zw and Ox;2) = 1;D(x;w) = 3;D(zw) = 3 so the maximum is not
unique.

Consequently the matrix has an ultrametric tree.

The proof of Theorem 27 gives also an algorithm for consingcan ultrametric
tree provided one exists. The algorithm is recursive anag®ds in two main
steps. First take an arbitrary rovand suppose there amedistinct valuesl; > d, >

> dn, in theith row which are larger than zero. Then add to a tree a path from
the root toi which containgn+ 1 vertices (including). Vertex on the path at level

kis in groupG; if and only if D(i; k) = d;. Recursively nd trees for each of the
groups and attach tree fro@y to the vertex with labedi;.
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d(1)

Figure 8.5: Algorithm for constructing an ultrametric tree

Example 78 Find an ultrametric tree for the following matrix.

Xy z WV
x 051 3 6
y 505 5 6
z 150 36
w 35 3 0 6
v 6 6 6 60

We can start with an arbitrary row. Although there is nothiwgong with starting
with x. A more interesting starting point is row w.

There are three values &= 6;d, = 5;d3 = 3and G, = fvg G, = fyg G; =
fx; zg

G; and G, contain one row each. Simply attach a vertex for each group.
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G(1) O
w
G(2)

G(3)

Figure 8.6: Algorithm step 1.
6

G@3)

Figure 8.7: Algorithm step 2.

Finally Gz de nes the following matrix

X
z

= O X

z
1
0
Pick vertex x. There will be one group with & 1 which has one vertex z.
The solution to this subproblem is in the next gure.

We attach the solution to the subproblem to obtain the neétr

How to obtain the distance matrix D?
Obviously this is not trivial. Assuming that data are molecstrings, say proteins,
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Figure 8.8: Solution to the subproblem.

6

Figure 8.9: Algorithm step 4.

one can approach the problem as follows. For two sequenaedy the number of
accepted mutations is determined. If this number is equialiien we assume that
x andy diverged from a string by approximatetls?2 PAMs and sd(x;y) = t=2.

8.3 Parsimony

In this section, we will take a dierent approach in which we assume that the ele-
ments of a data set have characters which can be used to did@ueeolutionary
history of them. The data set will be represented by a binatimoM with n rows
that correspond to elements in the set and witicolumns which correspond to
characters. We hawd(i; j) = 1 if i has characteyandM(i; j) = O otherwise.

De nition 36 Given an n by m matrix M a phylogenetic tree for M is a rootee tre
such that

1. there are n leaves in the tree, each corresponds to a row,of M

2. each column of M labels exactly one edge,
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3. for any leave i, labels on the path from the root to i deterrthe characters

of i, i.e. i contains the characters which are labels and deetscontain any
other characters.

Example 79 Find a phylogenetic tree for the following matrix M.

A B CDEF
1100 010
2011000
30010 01
4 0 01 1 01
5 00O0O010O0

In general, we may have more than one solution or no soluti@ilaHere is one
possible solution:

Figure 8.10: Phylogenetic tree fih

However some matrices for some binary matrices in can bessiple to nd a
phylogenetic tree. For example this matrix does not haveybogknetic tree.

A B C
1110
21 0 1
3001
Indeed, since 1 has both charactérand B there must be a path from the root
containingA and B and no other character. In addition, 3 has o@lgo the path
from the root to 3 cannot contai nor B. However 2 ha®\ andC so there must

be a path from the root with both andC which is not possible. Our rst task is

to see when a matri¥ has a phylogenetic tree. This is given by the following
characterization (see [G97] for a proof).
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Theorem 28 For column k let Q be the set of elements contained in k. Then M

has a phylogenetic tree if and only if for any two columns i atfte sets Qand O
are either disjoint or one is contained in another.

Our second goal is to describe an algorithm which eitherdsud phylogenetic
tree for a matrix or states that no tree exists. It turns oat there is a relatively

simple sorting approach which builds a tree. To describesineed a concept of a
lexicographic order.

This is simply a dictionary order where for exampkh is beforecobin the dictio-
nary,c = canda< o.

Perfect PhylogenyAlgorithm (n by m matrix M)

1. Construct matrisM: Consider columns oM, c1;:::cq. Sort the columns in
a decreasing lexicographic order.

2. For each row irM build a word that contains characters in the row in a given
order.

3. Build a tree, the so-called key-word tree, where a brasmcoerespond to
words from the previous step.

4. Testif the tree is a phylogentic tree figt.

Example 80 Find a phylogenetic tree for M using théerfectPhylogenyAlgo-
rithm.

A B CDEF
1100010
2 011000
3 001001
4 0 01 1 01
5 00 O0O01O0

1. Firstwe sort the columns. This can be done using well kredgaorithms and
we only describe the order. There are two columns with onésanrst row,
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A has zeros in the remaining rows and E Hais row 5. Therefore, we will
have E | A. We continue in this way to gkt

E ACBTFD
111 0000
2 001100
3001010
4 0 01 0 1 1
51 0 00 O0O0
2. We construct words word EA, word = CB, word, = CF, wordy = CFD,

words = E.
3. Now we construct the key-words tree (Figure 8.3).

4. Finally we can test each branch to see if this is indeed dggenetic tree for
M.

Maximum Parsimony

In the previous problem, we tried to come up with the phylagieriree for a given
matrix M. Finally, we will mention a somewhat derent evolutionary problem. It
turns out however that the problem is in fact a generalimatibthe perfect phy-
logeny problem from the previous section. In the maximunsipaony problem,
we are given a binary matrikl and we want to nd an evolutionary tree with the
smallest number of mutations that contains all the rowslias its vertices. The
problem can be formalized as the Steiner tree problem in aroype. For a graph
G=(V.E)andX V a Steiner tree foK is a treeT such that

T is a subgraph o6

T contains all vertices fronx.

A Steiner tree problem is to nd a tree fof with the minimum number of edges in
it. Now, recall that a hypercube of dimensiniconsists of binary vectors of length
n where two vectors are connected if they eli on exactly one position. If ones
correspond to characters then an edge in a hypercube congsspo a mutation
of a given character. Consequently, the maximum parsimoolyl@m asks is the
Steiner tree problem in a hypercube. For example, for madrix

A B C

WN =
O Rk
(@M e
=)
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Figure 8.11: Phylogenetic tree ft

the solution to the Steiner tree will be a tree with three sdge
111

110, 101

001

Clearly each edge corresponds to a change in one character
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