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Chapter 1

Molecular biology concepts

1.1 Basic concepts of molecular biology

In this section we will overview basic concepts from molecular biology. Two most
fundamental structures that we will study:

� proteins,

� nucleic acids.

Clearly our discussion is simpli�ed and we do not pretend to include all important
details. Our main objective is to introduce terminology andmotivate some of the
problems from the future chapters.
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Figure 1.2: Based on [SM97]

Proteins. A protein can be thought of as a chain of amino acidsA1; : : : ;Al.
There are 20 possible amino acids. Each amino acid has one central carbon (called
alpha carbon -C� ), amino groupNH2, carboxy groupCOOH, and a side chain.
Di� erent amino acids di� er by side chains. Amino acids are connected by peptide
bond, carbon from the carbon group of amino acidAi bonds to the nitrogen from
amino group ofAi+1. Proteins vary in length. Typically a protein contains about 300
residues but can contain as much as 5000. There is however much more to proteins
than just a sequence of amino acids. In fact, the sequence of amino acids forms
its primary structure but a protein can fold and form what is called the secondary
structure which often is related to the protein's function.

DNA. A chain of simple molecules. In fact it is a double chain consisting of
two strands. Single strand is a chain of four possible bases (Adenine, Guanine,
Thymine, and Cytosine) also called nucleotides. G and A contain two rings and
are calledpurines, C,T contain one ring and are called pyrimidines. A chain can
be very long hundreds of millions of nucleotides. Two strands form a double helix
structure where a nucleotide of one chains bonds to a complementary one of the
second one (A with T, C with G).
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We have either two hydrogen bonds in the case of A, T pairing orthree hydrogen
bonds in the case of C, G pairing. In general, in a hydrogen bond, H is shared by
two nitrogen atoms or nitrogen and oxygen atoms. A single strand has a backbone
consisting of sugar (ribose or deoxyribose) connected by phosphate group (com-
prising of one, two, or three phosphate residues). There are�ve carbons in a sugar
(ribose for RNA or deoxyribose in DNA) which are numbered 1' to 5' (with base
attached to 1' sugar). Riboses are connected through the phosphate residue and fol-
low the orientation from 50 to 30.

RNA. A single chain, instead of Thymine there is Uracil (U). The chain
From some level of abstraction both proteins and nucleic acids can be thought of as
strings over a �nite alphabet.

Organization of genetic information. In eukariotic organisms most of the
DNA is contained in the nucleus of a cell. For example, in a human genome, 3 200
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000 000 nucleotides are contained in the nucleus and about 16569 nucleotides in
mitchondria (see [Br02]). DNA is organized into long DNA molecules called chro-
mosomes and the number of the chromosomes di� er from an organism to an or-
ganism (in humans, there are 22 pairs of chromosomes plus thesex chromosomes).
The number of nucleotides contained in a chromosome varies.For example, in the
human genome the number of pairs of nucleotides ranges from approximately 50
000 000 to approximately 250 000 000 nucleotides. In eukariotic organisms only
a small fraction (like 5%) of the genome carries a coding information. The coding
regions of DNA string are calledgenes. The number of genes in humans is esti-
mated to be about 30,000. Genes, in turn, consist of coding regions calledexons,
and noncoding regions calledintrons. In a gene the ratio of the number of exons to
the number of introns is usually fair but the total length of introns is much larger
than the total length of exons.

8



Section 1.1 Lecture Notes, Mat 351

N

N
H

O

H CH3

O

Figure 1.6: Thymine

N

N
H

0

O

H

Figure 1.7: Uracil

Translation. DNA coding information is used to ”manufacture” proteins. The
DNA coding information is used in the following way to obtainproteins (the process
is often calledthe dogma of molecular biology):

1. DNA string is transcribed into RNA string. The exon/intron regions are de-
tected and a shorter string mRNA (messenger RNA) is obtained. mRNA
consists only of strings that correspond to exons.

2. mRNA leaves the nucleus and is used by ribosomes to manufacture proteins.

Triples of nucleotides are calledcodons. Codons are used to encode for amino
acids. There are 64 possible codons and 24 amino acids. In addition three codons
do not encode for an amino acid and are used as stop signals. The function from
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the the set of triples to the set of 20 amino acids and the STOP is called the genetic
code.

Figure 1.8: Genetic code
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Chapter 2

Counting and probability

2.1 Sets, functions, and sums

2.1.1 Sets

Sets are maybe the most fundamental building blocks in mathematics. To develop
set theory sets are introduced in an axiomatic way and so we donot de�ne what
a set is but rather we say what is and what is not allowed it set thoery. Axiomatic
approach is however quite complicated and we will settle foran intuitive notion of
what a set is.

De�nition 1 Objects in a set are called elements or members of the set. A set is
said to contain its elements.

De�nition 2 Two sets are equal if they contain the same elements.

For examplefe; � ; 2g= f� ; 2; eg:
Comments:

� We will use the following set builder notation. LetF = fxjP(x)gbe the set of
all x's that satisfy some propertyP(x). For exampleP(x) can be the statement
” x < 2 andx is an integer”.

� We will consider a special set which contains no elements. This set is called
the empty set or a null set and is denoted by; .
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� It is useful to keep in mind names of standard sets of numbers:Z - the set
of all integers,N - the set of all nonnegative numbers,R - the set of all real
numbers.

We will need two more pieces of notation.

De�nition 3 A set A is a subset of B if and only if every element of A is also an
element of B. We will denote this fact by writing A� B.

De�nition 4 If a is an element of A then we write a2 A. If a is not an element of A
then we write a< A.

For example ifA = fa; b; cgthena 2 A or fag � A. As you will see in the next
example it may happen that sets contain other sets as elements and so it is possible
that a set is a subset as well as an element of another set. In addition by jAj we
denote the number of distinct elements in setA.

Example 1 Let A= fa; b; fa; bgg. ThenjAj = 3 and we have:

� a 2 A; b 2 A; fa; bg 2A

� f ag � A; fbg � A; ffa; bgg � A; fa; bg � A; fa; fa; bgg � A; fb; fa; bgg � A; A �
A; ; � A.

In particular note that it is possible for a set to be an element of another set. However
one should be warned that the intuitive notion a set leads to rather serious problems
for example the Reader may consider the following set, whichwe call Impossible,
the Impossible contains all the sets which are not elements of themself, that isA is
in the Impossible ifA < A and so: Is the Impossible possible?

2.1.2 Functions

Functions can be formally de�ned as special subsets. This however requires more
terminology and again we will settle for an intuitive ”de�nition”.

De�nition 5 Let A and B be sets. A function f from A to B is an assignment of
exactly one element of B to each element of A. We write f(a) = b if b is the unique
element of B assigned by f to the element a. If f is a function from A to B, we write
f : A ! B:

12
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Many familiar objects, like strings, sequences, or matrices can be de�ned for-
mally as functions.

Example 2 A string of length n over an alphabetfA;C;G; Tgcan be de�ned as a
function fromf1; 2; : : : ;ngto fA;C;G; Tg.

The following two functions appear often when rounding a fraction to an integer.

1. Floor function: f (x) = bxc is equal to the largest integer less than or equal to
x.

2. Ceiling function: f (x) = dxe is equal to the smallest integer larger than or
equal tox.

Example 3 We haveb2c = 2, b1:6c = 1, d2e= 2, d1:7e= 2.

1 2-1-2

1

(1)

-2 -1 21

(2)

1

Figure 2.1: (1)bxc, (2) dxe

Cartesian product ofA andB is the setA � B = f(a; b)ja 2 A andb 2 Bg.

De�nition 6 An m by n matrix with real entries is a function fromf1; : : : ;mg �
f1; : : : ;ngto R.

Example 4 An example of a3 � 2 matrix with real entries.
2
666666664

2 1:5
� 2 3:2
1 4

3
777777775

13
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An n � 1 or 1� n is called ann dimensional vector.
Operations on matrices:

1. Sum.Let A = [ai j ] andB = [bi j ] be twom� n matrices. The sum ofA andB
is them� n matrix A + B = [ai j + bi j ].

2. Multiplication by a scalar.For � 2 R and anm� n matrix A = [Ai j ], matrix
� A = [� ai j ].

3. Product. (Cauchy's product)Let A be anm � k matrix and letB be ak � n
matrix. Then the productAB is them� n matrix [ci j ], where

ci j = ai1b1j + ai2b2j + � � � + aikbk j:

Notes:

� An n � n matrix is called a square matrix.

� In generalAB , BA. In fact sometimes only one of them is de�ned.

Example 5 Let

A =

2
666666664

2 1
� 2 � 1
1 1

3
777777775
;

B =
"

0 1 1
� 1 0 � 1

#
:

Find the product AB or state that it does not exist. We have

A � B =

2
666666664

� 1 2 1
1 � 2 � 1

� 1 1 0

3
777777775
:

Example 6 For a matrix A let A2 = A � A and in general for an integer k> 1, let
Ak = A � Ak� 1. Find A2, A3, and Ak if

A =

2
666666664

2 0 0
0 � 1 0
0 0 3

3
777777775
:

We have

Ak =

2
666666664

(2)k 0 0
0 (� 1)k 0
0 0 (3)k

3
777777775
:
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2.1.3 Sums

Finally, we want to recall the
P

notation for the sums.

De�nition 7 Let a1; a2; : : : ;be a sequence of numbers. Then

nX

j=m

a j = am + am+1 + : : :+ an:

Let A= fa1; : : : ;angbe a set of numbers. Then
X

x2A

x = a1 + a2 + : : : + an:

Example 7 Let bj = j + 1. Then

5X

j=2

b j = (2 + 1) + (3 + 1) + (4 + 1) + (5 + 1) = 18:

Example 8 Find
P 1000

j=1 j. We can add these numbers as follows1+1000= 1001; 2+
999= 1001; : : : ;500+ 501= 1001. Thus

1000X

j=1

j = 500� 1001:

Example 9 Let A= f0; 1; 2; 3g. Then
P

a2A a2 = 02 + 12 + 22 + 32 = 14.

2.2 Strings and how to count them

2.2.1 Strings

De�nition 8 A string of length n over an alphabetA is a function s: f1; : : : ;ng !
A .

The value of the functions at i is simply theith character of the strings. We
will write a string s with s(1) = s1; : : : ;s(n) = sn as s1s2 : : : sn. The length of a
strings, denoted byjsj, is the number of characters ins. In addition, we will allow
the empty string, denoted by� , which has length zero and no characters. When
discussing strings it is important to distinguish two related concepts.

15
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1. A substringof a strings is a string formed by consecutive characters ofs.

2. A subsequenceof s = s1 : : : sn is a string of the formsi1 si2 : : : sik where 1�
i1 < i2 < � � � < ik � n.

If s is a substring oft thent is called asuperstringof s. If s is a subsequence oft
thent is called asupersequenceof s. Note that superstrings play an important role
in the sequencing problems that we will discuss in future chapters.

Example 10 Let s = AACGT. Find all of the substrings of length two that start
with A and all subsequences of length two which start with character A. Substrings:
AA, AC. Subsequences: AA, AC, AG, AT.

Let s = s1 : : : sn andt = t1 : : :tm be two strings.The concatenation of s with tis the
string st = s1 : : : snt1 : : :tm. An i-pre�x (or pre�x of length i) of string s= s1 : : : sn

of lengthi is the strings1s2 : : : si wherei � n. An i-su� x of string s= s1 : : : sn is
the stringsn� i + 1: : : sn wherei � n.

2.2.2 Basic counting

We can now state the main theorem we will use when counting strings.

Theorem 1 1. The number of di� erent strings of length n with characters from
an m-element alphabet is equal to mn.

2. The number of di� erent strings of length n with characters from an m-element
alphabet that have the property that no character is repeated is equal to zero
if n > m and is equal to m(m� 1)(m� 2) � � � (m� n + 1) when n� m.

3. The number of di� erent subsets with n elements of an m-element set is equal
to zero if n> m and is equal tom(m� 1)(m� 2)���(m� n+1)

n(n� 1)���1 .

De�nition 9 (Factorial function) Let 0! = 1 and for a positive integer n let n! =
n(n � 1)(n � 2) � � � 2 � 1:

For example, we have 4!= 24. Clearly, for a positive integern, n! = n � (n � 1)!.

De�nition 10 (Binomial coe� cient) For nonnegative integers n and k such that
k � n,

�
n
k

�
= n!

(n� k)!k! .

16
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Note that the second look at the third part of Theorem 1 reveals that the num-
ber of n-element subsets of anm-element set is

�
m
n

�
. There are many interesting

properties of binomial coe� cients of which we note three.

Theorem 2 1.
�
n
k

�
=

�
n

n� k

�
.

2.
�
n+m

n

�
=

�
n+m� 1

n

�
+

�
n� 1+m

n� 1

�
.

3.
P n

i=0

�
n
i

�
= 2n:

In particular note that if we denote byf (n; m) =
�
n+m

n

�
then by the second part

of the Theorem 2,
f (n; m) = f (n; m� 1) + f (n � 1; m): (2.1)

Finally let us mention an important property of
�
n
k

�
which explains name ”the bino-

mial coe� cient”.

Theorem 3 For any numbers x; y and a nonnegative integer n,

(x + y)n =
nX

i=0

 
n
i

!
xiyn� i:

Example 11 � Find the number of strings of length 100 with characters A;C;G; T.
By Theorem 1, this number is4100. 1

� Find the number of strings of length 10 over the amino acids alphabet. By
Theorem 1, this number is(20)10.

� Consider a string s of length n. Find the total number of substrings of length
3 . The number of such strings is n� 2 as a substring can end in one of the
positions3; 4; : : : ;n.

� Consider a string s of length n. Find the total number of subsequences of
length3 . The number of such subsequences is

�
n
3

�
as a subsequence si1; si2; si3

of length3 is determined by i1; i2; i3 and of course i1 < i2 < i3. This is in turn
a selection of three elementsfi1; i2; i3gfromf1; : : : ;ng.

1This is a large number 4100 = 1606938044258990275541962092341162602522202993782792835301376:

17



Section 2.2 Lecture Notes, Mat 351

Example 12 1. Find the number of strings of length 100 over the alphabet
fA;Cgwith exactly 20 As. Such a string will contain 20 As and 80 Cs. It
is enough to select positions for As which can be done in

�
100
20

�
ways.2

2. Find the number of strings of length 100 with characters A;C;G; T with ex-
actly 10 As and 10 Cs but such that each A is always followed by aC. Con-
sider the symbol X= AC and �nd the number of strings of length 90 with
characters X;G; T such that there are10 Xs. There are

�
90
10

�
280 such strings.

3. Find the number of strings of length 100 with characters A;C;G; T such that
there are 10 As, 20 Cs and 50 Gs. There are

�
100
10

�
�
�
90
20

�
�
�
70
50

�
= 100!

10!20!50!20!.

4. A palindrome is a string which reversal yields the same string, that is s1s2 : : : sn

is a palindrome if s1s2 : : : sn = snsn� 1 : : : s1. How many strings of length n
over the nucleotide alphabet are palindromes? First consider the case of
even n. Then any string of length n=2 with its mirror image gives a di� erent
palindrome. There are4n=2 such strings. In the case when n is odd, we can
take a string s of length(n � 1)=2 put one of A;C;G; T in the middle and
append the mirror image of s,̄s (for example sĀs). In this case there are
4(n� 1)=2 � 4 = 4(n+1)=2 such strings.

Note that the third part of the above example generalizes in anatural way. If we
want to �nd the number of strings of lengthn over an alphabet withl characters
c1; c2 : : : ;cl such that there area1 c1s,a2 c2s, : : :, al cls, witha1 + a2 + � � � + al = n,
then the number of such strings is

n!
a1!a2! � � � al!

:

Example 13 Find the number of strings over A;C;G; T of length25 with at most
two A's. This must be counted by considering three groups of strings: S0-strings
with zero A's, S1-strings with one A, and S2-strings with exactly two A's. Now at
most two A's means zero, or one, or two and critically if a string has two A's then
it cannot have zero A's. Thus we want to �ndjS0j + jS1j + jS2j.

jS0j + jS1j + jS2j = 325 + 25� 324 +
 
25
2

!
� 323:

2The number is not shabby either
�
100
20

�
= 535983370403809682970:

18
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2.2.3 Counting using recurrence relations

We will now turn our attention to problems that involve consecutive characters. To
solve these problems a completely new approach must be taken.
Problem. Find the number of strings of length 10 with charactersA;C;G; T with-
out two consecutiveCs.
You can and should try to �nd this number using the approach from the previous
section but hopefully you will get stuck! To attack this problem we introduce func-
tion r(n) which is equal to the number of strings of lengthn over above alphabet
without two consecutiveC's. Thenr(1) = 4 andr(2) = 15 and in general consider
a string of lengthn without two consecutiveC's. We observe that

� if a string starts withA;G ,or T then it is followed by a substring of length
n � 1 without two consecutiveC's. Consequently there are 3r(n � 1) such
strings.

� if a string starts withC then on the second position we must have eitherA;G
or T and so there are 3r(n � 2) such strings.

Thus
r(n) = 3(r(n � 1) + r(n � 2)): (2.2)

Using the above equation one can easily �ndr(10). Indeed,

� r(3) = 3 � (15+ 4) = 57,

� r(4) = 3 � (57+ 15) = 216,

� r(5) = 3 � (216+ 57) = 819,

� r(6) = 3 � (819+ 216)= 3105,

� r(7) = 3 � (3105+ 819)= 11772,

� r(8) = 3 � (11772+ 3105)= 44631,

� r(9) = 3 � (44631+ 11772)= 169209,

� r(10) = 3 � (169209+ 44631)= 641520.

19
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Thus to �nd r(10) we simply computer(n) for n � 10 starting with the small-
est value and ending withr(10). At the �rst sight (2.2) looks very strange as the
functionr appears on both sides of the equation. The de�nition ofr(n) is called a
recursive de�nition. In general a recursive de�nition ofa(n) speci�es initial values
of a(n) for n = 1: : : ;K (whereK is some constant) and gives a formula fora(n)
which on the right-hand side can containa( j)'s with j < n.

Example 14 Find the number of binary strings of length four with two consecutive
0s. Let a(n) be the number of binary strings of length n with two consecutive 1s.
Then a(1) = 0 and a(2) = 1. In general we will have the following cases:

� A string of length n starts with 1. This gives a(n � 1) strings.

� A string of length n starts with 0 which is followed by 1. Thereare a(n � 2)
such strings.

� A string starts with two 0s. There are2n� 2 strings of this form.

Therefore,
a(n) = a(n � 1) + a(n � 2) + 2n� 2:

Consequently a(4) = a(3)+ a(2)+ 4 = a(2)+ a(1)+ 1+ a(2)+ 4 = 7. It is interesting
to list these strings keeping in mind the general classi�cation that we used:

� 1100, 1000,

� 0100,

� 0000, 0001, 0010, 0011.

Example 15 We can have a recursive de�nition of the elements in a matrix.For
example let D= [di; j] where

di; j = maxfdi� 1; j + 1; di; j� 1 + 2; di� 1; j� 1 + 1g

with di;0 = 2i and d0; j = 3j. Find such a matrix of dimensions3 � 3

D =

2
666666664

0 3 6
2 4 7
4 6 8

3
777777775
:
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Figure 2.2: A disconnected graph

2.3 Graphs

2.3.1 Basic concepts

De�nition 11 An undirected graph G consists of a nonempty set of vertices Vand
a set of unordered pairs of vertices E.

Elements inE are called edges. IfG is a graph with vertex setV and edge setE
then we writeG = (V; E).

De�nition 12 A directed graph G consists of a nonempty set of vertices V anda
set of ordered pairs of vertices E.

The number of vertices is denoted byn or jVj, the number of edges bym or
jEj. If (u; v) is an edge, thenu; v are its endpoints. In addition, we say thatu andv
are incident to the edge (u; v). If (u; v) is a directed edge thenv is called the head
andu is called the tail of the edge. For two verticesu andv if there is an edge
connecting them thenu andv are adjacent. In an undirected graphthe degree of
vertex v (deg(v)) is the number vertices connected with it. In a directed graphwe
have two types of degrees:

� The outdegree of vertex vis the number of edges withv as a tail, i.e. of the
form (v; x).

21



Section 2.3 Lecture Notes, Mat 351

1

2

3

4

7

6

5

8

Figure 2.3: A connected graph

� The indegree of vertex vis the number of edges withv as a head, i.e. of the
form (x; v).

A weighted graph is a graphG with a function! : E ! R.

Theorem 4 (The Hand-Shaking Theorem)Let G= (V; E) be an undirected graph.
Then

2jEj =
X

v2V

deg(v):

Some Special Graphs:

� A complete graphon n vertices is the graphKn on n verticesv1; : : : ;vn such
that for anyi < j vi is connected withvj.

� A path on n vertices is the graphPn on n verticesv1; : : : ;vn such thatvi is
connected withvi+1 for i < n and all vertices are distinct.

� A cycleon n vertices is the graphCn on n verticesv1; : : : ;vn such thatvi is
connected withvi+1 for i < n andv1 is connected withvn.

In the similar way, one can de�ne directed paths and cycles.
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Figure 2.4: A weakly connected directed graph

De�nition 13 A graph G0 = (V0; E0) is a subgraph of graph G= (V; E) if all
elements of V0 are in V ,all elements of E0 are also in E, and every edge from E0

has both endpoints in V0.

We say thatG0 is a spanning subgraph ifV0 = V. A subgraphG0 is called an
induced subgraph ifG0 = (V0; E0) is a subgraph with property that ifv1; v2 2 V0 and
(v1; v2) is an edge inG then (v1; v2) is in E0.

De�nition 14 An undirected graph G is connected if for any two vertices in Gthere
is a path in G connecting them.

If graph is not connected then it can be divided into connected components. In
directed graph we have two notions of connectivity.

� A directed graphG is strongly connectedif for vertexv and vertexu, there is
a directed path inG from v to u.

� A directed graphG is weakly connectedif after disregarding the orientations
on edges the undirected graph is connected.

A graph is calledacyclicif it has no cycles. Atreeis an undirected graph which
is connected and which does not have any cycles as subgraphs.

Fact 5 A tree with n vertices contains n� 1 edges.
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Figure 2.5: A strongly connected directed graph

A bipartite graphis a graph which vertex set can be partitioned into two nonempty,
disjoint setsV1, V2 so that every edge has one endpoint inV1 another inV2.

Example 16 Consider the following graph. Vertices are strings of length n of0's
and1's. Two strings are connected if the strings di� er on exactly one position. Is
this graph bipartite?
In fact it is. Although it is most likely not clear for de�nition. Observe however
that we can consider the following partition: V1- set of strings of length n where
the number of ones is even and V2 - set of strings where the number of ones is odd.

An interval graphG = (V; E) is a graph in which every vertex corresponds to
an interval on the real line. Two vertices are connected if their intervals have a
nonempty intersection.

For undirected graphG = (V; E) we can consider two types of matrices:

� Adjacency matrixA is a jVj by jVj matrix with ai j = 1 whenvi is connected
with vj andai j = 0 otherwise.

� Incidence matrixM is ajVj by jEj matrix with mi j = 1 whenej hasvi as one
of its endpoints andmi j = 0 otherwise.

Let us immediately remark that the incidence matrix can be used to see why Theo-
rem 4 is true. Indeed, each column of the incidence matrix corresponds to an edge
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Figure 2.6: An Euler path:

4; 43; 3; 32; 2; 21; 1; 14; 4; 45; 5;51;1; 16; 6;65;5;58; 8; 86;6;67; 7; 78; 8

and so in each column there will be precisely two ones (endpoints of the edge). On
the other hand each row corresponds to a vertex and the numberof ones in rowv
is equal to the number of edges that containv, i.e. todeg(v). Counting ones in the
incidence matrix by rows and by columns give

X

v2V

deg(v) = 2jEj:

2.3.2 Euler tour and Hamilton cycle

The concepts of an Euler tour and a Hamilton cycle will be particularly important
for us.

De�nition 15 An Euler path in a graph G is sequence

v1; e1; v2; e2 : : : ;vm; em; vm+1

such that for i= 1; : : : ;m� 1, ei = fvi; vi+1gand every edge of the graph appears in
the sequence exactly once.

An Euler touris a sequence as above such thatv1 = vm+1 and in which each edge
appears exactly once. Note however that vertices may appearin the sequence many
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Figure 2.7: A Hamiltonian cycle: 1; 2; 3; 4; 5; 8; 7; 6; 1

times. Similarly we can de�ne Euler paths and tours in directed graphs.A Hamilton
pathis a path which contains every vertex of the graph.A Hamilton cycleis a cycle
which contains every vertex in the graph. We will now illustrate how the concept
of the Euler tour arises naturally in the course of sequencing by hybridization. We
will discuss sequencing in more details in future chapters.

Example 17 Sequencing by hybridization. We want to approach and formalize
the following sequencing problem. We have an unknown substring of DNA, S , which
we want to determine. In this approach, for �xed k, one constructs an array of all
possible4k strings of length k over A;C;G; T (each cell holds a known copy of one
of the4k strings). Then the string S is put in contact with array and S will hybridize
to the complement of a particular k-string s (a row in the array) if and only if s is a
substring of S . This leads to the following mathematical formalization.
SBH problem: Determine S based on the list L of all k-substrings of S . Note
that we know not only the k-substrings of S but we know all of them, that is if a
string is not in L then it is not a substring of S . It turns out that we can reduce the
problem to the Euler path problem in an appropriately de�neddirected graph. Let
V be the set of all4k� 1 strings of length k� 1. Put a directed edge from s1; : : : ;sk� 1

to s0
1; : : : ;s0

k� 1 if and only if [s2; : : : ;sk� 1] = [s0
1; : : : ;s0

k� 2] and s1; : : : ;sk� 1; s0
k� 1 is

in L. Consider the graph induced by vertices of degree largerthan zero. Then
an Euler path in this graph speci�es a string which contains all of the substrings
from L. If (s1; : : : ;sk� 1); (s0

1; : : : ;s0
k� 1); (s00

1 ; : : : ;s00
k� 1); : : : is the path then the string is
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Figure 2.8: 5- cube.

s1; : : : ;sk� 1; s0
k� 1; s00

k� 1; : : :.

Theorem 6 A string S contains all k-substrings from L and only these k-substrings
if and only if it is speci�ed by an Euler path in the auxiliary graph.

Example 18 Let L = fAAA; AAC;CAC; ACAg. Then the graph is depicted in the
next �gure and the Euler path yields string AAACAC.

Although both, the Euler tour problem, and the Hamilton cycle problem can look
at �rst very similar, they are in fact very di� erent. Finding a Hamilton cycle is
di� cult, yet �nding an Euler tour is rather easy. We mention herecharacterization
of undirected graphs that have Euler tours, and one su� cient condition for a graph
to have a Hamiltonian cycle.

Theorem 7 An undirected graph G has an Euler tour if and only if it is connected
and degrees of all vertices are even.

Theorem 8 Let G be an undirected graph on n vertices. If degree of every vertex is
larger than or equal to n=2 then G contains a Hamilton cycle.
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Figure 2.9: 3-cube graph is bipartite

AA CA

AC

Figure 2.10: Auxiliray graph

Now assume that we have a complete graphG with nonnegative weights on
edges (for example the weights can correspond to distances between vertices).
Clearly such a graph has a Hamilton cylce as it is complete butin many appli-
cations we want to �nd a cycle of weight (the sum of weights of edges) which is
minimum. This is calledthe travelling salesman problemand we will see it again
when discussing mapping problems.
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2.4 Elements of Probability Theory

2.4.1 Basics

Let us �x some basic terminology �rst. Anexperimentis a procedure that yields
one of a given set of possible outcomes. Thenthe sample spaceis the set of all
possible outcomes andan eventis a subset of the samples space.

Example 19 Flip a coin �ve times. Then the sample space is the set of all possible
strings of length �ve that have H or T in each position. Consider an event that we
get at most two heads. Then the event is the subset that consists of strings with at
most two heads.

De�nition 16 Let S be a �nite sample space and suppose that all outcomes are
equally likely to occur. Then the probability of an event E is

p(E) =
jEj
jSj

:

If the outcomes are not equally likely to occur then we de�ne

p(E) =
X

s2E

p(s): (2.3)

Example 20 � Two dice are rolled what is the probability that the sum of the
numbers on dice is six?
The total number of possibilities is36 and sum six is obtained by

(1; 5); (5; 1); (2; 4); (4; 2); (3; 3):

Thus the probability is5
36.

� Seven dice are rolled what is the probability that the sum of the numbers is
even. The total number of possibilities is67 and3 � 66 have sum even. Thus
the probability is1

2.

� What is the probability that a hand of �ve cards in poker contains two pairs?
The total number of possibilities is

�
52
5

�
. How many will give us two pairs.

We must select two di� erent kinds, but the order of kinds does not matter.
There are

�
13
2

�
choices. Now we must select two cards of each of two kinds in
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�
4
2

��
4
2

�
. The �fth card must be selected from other52� 8 = 44cards. Thus the

probability is �
13
2

��
4
2

��
4
2

��
44
1

�

�
52
2

� :

� Flip a coin 25 times. What is the probability of getting at least 20 heads?.

� Suppose we have a random strings of length100with each character equal
to a; c; g; t. What is the probability, of getting exactly 50 t's?

2.4.2 Properties of probability and the random string model

Fact 9 For an event E, the probability of the complementary eventĒ is

p(Ē) = 1 � p(E):

Fact 10 Let E; F be two events in a probability space. Then the probability

p(E [ F) = p(E) + p(F) � p(E \ F):

but if the events are disjointE \ F = ; thenp(E [ F) = p(E) + p(F):

Random string model of primary structures of proteins.
The primary structure of a protein can be thought of as a string over the alphabet
with 20 amino acids. However, as easily imagined, some aminoacids appear more
often then others in a typical protein. Letpa denote the probability of amino acida
in a given position. We can consider the following probability distribution over all
amino acid strings of lengthn. Probability of sequencex1x2 : : : xn is given by

px1 px2 : : : pxn: (2.4)

The model is calledthe random sequence model. The parameters are typically
estimated from large set of examples. For example the probability pA for amino
acid Alanine can be estimated by observing the ocurrences ina database of known
protein sequences. The random model can be used as the �rst approximation for
generating proteins or DNA (RNA) subsequence. However it isnot clear how well
will this model �t into data and it fact there is strong evidence that it must be re-
�ned to serve any modeling purposes. For example in a DNA string quite often
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when the pair CG (CpG) appears in the string, methyl group (CH3) is attached to
one of the carbons of cytosine (5-Methylcytosine) which often further mutates toT.
Consequently characters in the string are not independent (pairs CpG for example
are relatively rare) and a di� erent model must be considered to capture this phe-
nomenon. This will be addressed in future chapters.
Two important examples:

1. Consider a random string of lengthn with two charactersx; y such that the
probability of x in a particular position isp and the probability ofy in a
particular position is 1� p. Find the probability that a string has exactlyk,
x's.  

n
k

!
pk(1 � p)n� k:

2. Consider a random string of lengthn with charactersx1; : : : ;xl such that the
probability of xi in a particular position isqi where

P l
i=1 qi = 1. Find the

probability that string containsai xi 's where
P l

i=1 ai = n.

 
n
a1

! 
n � a1

a2

!
� � �

 
n � a1 � a2 � � � � � al� 1

al

!
qa1

1 qa2
2 � � � qal

l

=
n!

a1!a2! � � � al!
qa1

1 qa2
2 � � � qal

l :

Example 21 Consider the random string model for proteins of length 100 with
probabilities estimated in the table.

� Find the probability that a random string will have no amino acid A (Alanine).
Let pA = 0:074 be the probability of A from the table. The probability of0
A's is then  

100
0

!
p0

A(1 � pA)100 = (1 � pA)100:

� Find the probability that a random string will have exactly two A's.
In the same way as above, the probability is

 
100
2

!
p2

A(1 � pA)98:
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Figure 2.11: Frequencies of amino acids in proteins (Note
that the numbers may slightly di� er from source to source),
http://www.tiem.utk.edu/ gross/bioed/webmodules/aminoacid.htm.

� Find the probability it will have at most two A's.
This is done in the same way, remembering that at most two means exactly 0
or exactly 1 or exactly 2 yields

(1 � pA)100 +
 
100
1

!
pA(1 � pA)99 +

 
100
2

!
p2

A(1 � pA)98:

� Find the probability the string has exactly two A's, three P's and seven V's.
Let pA = 0:074, pV = 0:068, pP = 0:05. Then we get

100!
2!7!3!88!

p2
Ap7

V p3
P(1 � pA � pV � pP)88:

2.4.3 Conditional probability

De�nition 17 Let E and F be events with p(F) > 0. The conditional probability of
E given F is de�ned as

p(EjF) =
p(E \ F)

p(F)
:

32



Section 2.4 Lecture Notes, Mat 351

Figure 2.12: Frequencies of amino acids in proteins

Example 22 What is the probability of getting all heads in four �ips of a coin given
that the �rst two �ips are heads.
E -event that we have all heads, F- event that we got heads in the �rst two �ips.
Then E\ F is equal to E.

p(EjF) =
p(E)
p(F)

=
1=24

1=22
=

1
4

:

Example 23 What is the probability that a family with two children has two boys,
given they have at least one boy?
E - event that we have two boys, F-is the event that we have at least one boy, i.e.
BB, BG, GB. Thus E\ F = E and

p(EjF) =
1=4
3=4

=
1
3

:

Another useful property of the conditional probability is the following.

Lemma 11 For events A; B;C such that P(C) > 0 and P(B \ C) > 0,

P(A \ BjC) = P(AjB \ C)P(BjC):

Proof.

P(A \ BjC) =
P(A \ B \ C)

P(C)
=

P(A \ B \ C)
P(B \ C)

P(B \ C)
P(C)

:
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We will also write p(E; F) to denotep(E \ F). Note that by de�nition of the
conditional probability

p(E \ F) = p(EjF)p(F):

Entire probability formula.
Suppose we are given eventsFi which are pairwise disjoint i.e.Fi \ F j = ; if i , j.
Then

p(E) =
X

i

p(E \ Fi) =
X

i

p(EjFi)p(Fi) (2.5)

andp(E) is called the marginal probability.
Independence.
Sometimes the knowledge ofF does not in�uence the probability ofE at all, namely
p(E) = p(EjF).

De�nition 18 Events E and F are called independent if p(E \ F) = p(E)p(F).

Example 24 Flip a coin 10 times. Let E be the event that we get T in the �rst �ip
and let F be the event that we get H in the second �ip. Are E and F independent?
p(E)p(F) = 1

29
1
29 = 1

28 :
p(E \ F) = 1

28

Events are independent.

Note that this is the independence of invidual positions in the string which is the
main characteristics of the random string model.
Bayes' theorem
Suppose that we have two coins: a fair one and an unfair where the probability of
heads is only 1=4. We pick a coin at random and �ip it �ve times. As a result of this
experiment we getTTHTT. Our intuition may lead is to the conclusion that there
is something funny about the coin. The probability that the coin is unfair given
observed data (TTHTT) is called the posteriori probability and can be computed
using the Bayes's formula.

Theorem 12 (Bayes' theorem)For events E and F, such that p(E) > 0and p(F) >
0,

p(FjE) =
p(EjF)p(F)

p(E)
:
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Example 25 We have two coins: a fair one and an unfair with probability ofheads
equal to1=4. We select a coin at random and �ip it �ve times with result TTHTT.
Let E be the event that we obtain TTHTT in �ve �ips of a coin. LetF f be the event
that the selected coin is fair, Fu the event that the selected coin is unfair. Then our
goal is to �nd p(FujE) which by Theorem 12 is equal to

p(EjFu)p(Fu)
p(E)

:

Clearly p(Fu) = 1
2 and p(EjFu) =

�
3
4

�4
� 1

4. However to �nd p(E) we must use the
entire probability formula:

p(E) = p(EjFu)p(Fu) + p(EjF f )p(F f ) =
34

45
�

1
2

+
1
25

�
1
2

:

Consequently p(E) � 0:72.

Example 26 Three types of coins are used: 50% of coins are fair, 30 % of coins
are mildly unfair with probability of heads6=10and 20% of coins are deeply unfair
with probability of heads9=10. We select a coin at random from the above set and
�ip it twenty times to get exactly �ve tails. What is more likely: (A) the coin is mildly
unfair or (B) the coin is deeply unfair?
Let E be the event that we obtain exactly �ve tails in twenty �ips. Let Ff ; Fm; Fd be
the events that the selected coin is fair, mildly unfair, anddeeply unfair. Then

p(F f ) =
1
2

; p(Fm) =
3
10

; p(Fd) =
1
5

:

In addition, the number of tails has the binomial distribution. Therefore,

p(EjF f ) =
 
20
5

!  
1
2

!20

;

p(EjFm) =
 
20
5

!  
4
10

!5  
6
10

!15

;

p(EjFd) =
 
20
5

!  
1
10

!5  
9
10

!15

:

Consequently,

p(E) =
 
20
5

!  
1
2

!20

�
1
2

+
 
20
5

!  
4
10

!5  
6
10

!15

�
3
10

+
 
20
5

!  
1
10

!5  
9
10

!15

�
1
5

:
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Finally

p(FmjE) =

�
4
10

�5 �
6
10

� 15
� 3

10
�

1
2

�20
� 1

2 +
�

4
10

�5 �
6
10

�15
� 3

10 +
�

1
10

�5 �
9
10

� 15
� 1

5

� 0:62

and

p(FdjE) =

�
1
10

�5 �
9
10

�15
� 1

5
�

1
2

� 20
� 1

2 +
�

4
10

�5 �
6
10

� 15
� 3

10 +
�

1
10

� 5 �
9
10

� 15
� 1

5

� 0:176:

In addition, one can check that p(F f jE) � 0:204and all three probabilities add to
one.

Example 27 In a DNA substring two types of regions have been identi�ed. The �rst
type approximately observes the random string model with parameters pA = 0:1,
pC = 0:4, pG = 0:3, and pT = 0:2. The second type approximately observes the
random string model with parameters pA = 0:25, pC = 0:25, pG = 0:25, and
pT = 0:25. In additions although there can be a few substrings of say type one
which are not consecutive the regions of a particular type usually form a string of
large length (certainle above 100 residues). The total length of the �rst type region
is 10000 residues and the total length of the second type region is 80000. A random
substring of length �ve has been selected from the DNA stringand sequenced to
yield CCCGA. What is more likely that the string comes from the �rst type or
the second type region? Ignore the boundary of a region problem and you may
approximate by assuming the string of length is entirely contained in a particular
type of a region.

2.5 More topics in probability

2.5.1 Mean and variance

De�nition 19 A random variable is a function from the sample space to R.

Example 28 We toss two dice and let X be the sum of numbers. Then X is a function
from the sample space to R. In particular possible values forX are2; 3; : : : ;12.
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De�nition 20 Let X be a random variable from sample space S The expected value
(or mean) of random variable X denoted by E(X) (� ) is

E(X) =
X

w2S

X(w)p(w):

Example 29 Find the expected number of tails if we �ip a fair coin two times.
E(X) = 0 � 1

4 + 1 � 2
4 + 2 � 1

4 = 1.

De�nition 21 Let X be a random variable from sample space S . The variance of
X is

var(X) =
X

w2S

(X(w) � E(X))2p(w):

The standard deviation� =
p

var(X):

Example 30 Find the variance of number of tails if we �lp a fair coin two times.
var(X) = (0 � 1)2 � 1

4 + (1 � 1)2 � 2
4 + (2 � 1)2 � 1

4 = 1
2.

The following two facts show why the pair� , � is so powerful.

Theorem 13 ( Chebyshev's inequality)For any random variable X,

p(jX � E(X)j � k� ) �
1
k2

:

However, if a random variableX satis�es additional properties then an even
stronger inequality is true. Although the next statement isto vague to be called a
mathematical fact it can be formalized and has many applications.Empirical rule in
statistics:If the probability distribution is bell-shaped (normal, binomial) then 66%
of outcomes are within 1 standard deviation of the mean, 95 % within 2, and 99.7%
within 3.
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2.5.2 Probability distributions

Quite often we can assume something about the probabilitiesof individual out-
comes. Namely the probability functionp : S ! [0; 1] has a special form. This
is clearly extremely useful. We list here a few typical probability distributions that
appear quite often.

� Binomial distribution. We have already seen the distribution when discussing
the string model. A binomial trial is an experiment which results either in
success or in failure. Letp be the probability of a success (1� p is the
probability of the failure). We haven independent Bernoulli trails. Then the
probability of exactlyk successes is

 
n
k

!
pk(1 � p)n� k;

wherek = 0; 1; : : : ;n.

� Multinomial distribution. We have already seen it when discussing the ran-
dom string model. A multinomial trial is an experiment that results isr
possible outcomes. The probability of theith type of outcome ispi with
p1 + p2 + : : : pr = 1. We haven independent trials. Then the probabilityk1

outcomes of the �rst type,k2 of the second,: : :, andkr of therth type is

n!
k1!k2! � � � kr !

pk1
1 � � � pkr

r ;

wherek1 + k2 + � � � + kr = n.

� Geometric distribution. A trial can result in a failure or success. The proba-
bility of the success isp. Then the probability that the �rst success appears
in thekth trial is

p(1 � p)k� 1;

wherek = 1; : : :.

� Poisson distribution. Let � > 0 be �xed. A random variableX has Poisson
distribution if

p(X = k) =
� ke� �

k!
;

wherek = 0; 1; : : :.

38



Section 2.5 Lecture Notes, Mat 351

� Normal distribution. Note that in all of the examples above the probability
of getting valuek is usually strictly larger than zero. This is not the case
when we discuss the continuous distributions. Continuous distributions often
are used to approximate discrete phenomena. The most important continuous
distribution is the normal distribution. Letf (x) = 1p

2�
e� x2=2. ThenX has the

normal distribution if, for anyl 2 R

p(X � l) =
Z l

�1
f (x)dx:

It is often useful to know the expected value and the standarddeviation of the above
distributions.

� Binomial distribution. Let X be the number of successes.

� = np; � =
p

npq:

� Geometric distribution. Let X be the time of the �rst success.

� =
1
p

; � =

p
1 � p
p

:

� Poisson distribution. Let X be a random variable with Poisson distribution.

� = �; � =
p

�:

� Normal distribution. Let X be a random variable with normal distribution.

� = 0; � = 1:

Note that there is a more general version of the normal distribution.

The multinomial distribution is missing form this group as we cannot de�ne a ran-
dom variable (as a function toR) which corresponds to the multinomial experiment.
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NOTES:

1. DNA codes. For two stringx, y of the same

length the Hamming distance ofx andy, denoted

by H(x; y), is the number of positions inx such

thatx andy di� er. For example the hypercube is

the graph obtained by considering binary strings

lengthn and connectingx with y whenH(x; y) =

1. It is often interesting to know what is the max-

imum number of string of lengthn over anq-

element alphabet such that every two strings are

at distance at leastd. This is denoted byAq(n; d).

However, in the case of DNA strings some other

requirements can be imposed. For example, we

may need to know that forx = x1 : : : xn andy =

y1:::yn, the Watson-Crick complement ofx and

the reverse ofy, yn : : :y1 are at distance at least

d. What can you say about such codes? See

[MCC01] or [K03] for some answers.

40



Chapter 3

Algorithms

3.1 Asymptotic notation

In this section, we will introduce asymptotic notation which commonly used when
analyzing the complexity of algorithms.

3.1.1 O-notation

De�nition 22 Let f and g be two functions from the set of nonnegative integers to
the set of nonnegative real numbers. We say that g(n) is O( f (n)) (which we write as
g(n) = O( f (n))) if there are two constants C and k such that

g(n) � C f(n);

whenever n> k.

Example 31 Find a simple ”big Oh” estimate for the following functions:

� g(n) = n2 + 3n + 4.
Note when n goes to in�nity then the term n2 is the most dominant term in
g(n). We claim that g(n) = O(n2). Indeed, for n� 1, g(n) = n2 + 3n + 4 �
n2 + 3n2 + 4n2 = 8n2. We can also argue this as follows.

g(n) = n2 + 3n + 4 � n2 + n2 + n2 = 3n2

as n� 3.
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� g(n) = n2 logn � 5n + n2.
In this case, the term n2 logn is the dominant term in g(n). Consequently,
we claim that g(n) = O(n2 logn). Indeed, if n� 2 then n2 logn � 5n + n2 �
n2 logn + n2 logn = 2n2 logn:

� g(n) =
P n

j=0 j2:
This function is harder to analyze. We have g(n) = 02 + 12 + � � � n2 so it may
at �rst appear that the growth of the function is determined by the term n2.
This would be the case if the sum contained only a constant number of terms.
However g(n) is the sum of n terms (n is the argument, so the number of terms
grows with n) and g(n) is not O(n2) (see the big-omega estimate). We claim
that g(n) = O(n3). This is easy to argue:

g(n) = 12 + 22 + � � � + n2 � n2 + n2 + � � � + n2 = n3:

3.1.2 
 -notation and � -notation

De�nition 23 Let f and g be two functions from the set of nonnegative integers to
nonnegative real numbers. We say that g(n) is 
 ( f (n)) (which we write as g(n) =

 ( f (n))) if there are two positive constants c and k such that

g(n) � c f(n);

whenever n> k.

Example 32 Find a simple ”big Omega” estimate for the following functions:

� g(n) = n2 + 3n + 4. We claim that g(n) = 
 (n2). To see this, observe that
g(n) � n2.

� g(n) = n2 logn� 5n+ n2. We claim that g(n) = 
 (n2 logn). Indeed, for n� 5,
n2 � 5n � 0 and so for n� 5,

g(n) � n2 logn:

� g(n) =
P n

j=0 j2: We claim that g(n) = 
 (n3). To argue this formally, we will
consider two cases. However the second case only captures a small technical
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detail and the main trick is the same.
Case 1: Assume that n is even. Then

nX

j=0

j2 �
nX

j=n=2

j2 = (n � n=2)
� n
2

� 2

=
n3

8

Case 2: Assume that n is odd. Then

nX

j=0

j2 �
nX

j=(n� 1)=2

j2 � (n � (n � 1)=2)
 
n � 1

2

!2

=
(n + 1)(n � 1)2

8

and we have(n + 1)(n � 1)2 � n(n=2)2 = n3=4 whenever n> 2.

De�nition 24 Let f and g be two functions from the set of nonnegative integers to
nonnegative real numbers. We say that g(n) is � ( f (n)) (written g(n) = � ( f (n))) if
g(n) = O( f (n)) and g(n) = 
 ( f (n)).

3.2 Algorithms

An algorithm is a de�nite procedure for solving a problem in a�nite number of
steps.

3.2.1 Pseudo-code

Algorithms can be described using English or the so-called ”pseudo-code”. The
pseudo-code description is usually preferred as it is concise and precise at the same
time. Some of the keywords which are used in a pseudo-code description are listed
below.
Pseudo-code keywords

� Assignment statement:x := x + y. Setx to be equal tox + y.

� Comparison condition:x = y (or x , y). The value is true or false. It is true
if x = y (it is true if x , y).

� Block: begin : : : end
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� Condition statement:if conditionthen : : : else: : :

� ”for” loop: for i := m to n : : :. Iterate with indexi from m to n increasingi
by one in each iteration.

� ”for” loop: for i := n downto m : : :. Iterate with indexi from n to m
decreasingi by one in each iteration.

� ”while” loop: while conditiondo : : :. Execute the loop as long as thecondi-
tion is satis�ed.

� ”repeat” loop:repeat : : :until condition. Execute the loop until you get the
conditionto be satis�ed.

� return statement:return a. Procedure returns valuea and ends its execution.

When analyzing an algorithm, at least two fundamental questions must be ad-
dressed.

1. Is the algorithm correct?.In other words does it really solve a given problem.

2. Is an algorithm e� cient? How long will we wait for a solution to be pro-
duced?

Concerning the second question, we will focus on the problemof estimating the
running time of an algorithm. This is called the time complexity of an algorithm.
There are a few approaches to analysis of the time complexity. If we are interested
in the worst-case scenario then we maximize the running timeover all inputs to the
algorithm and �nd theworst-casecomplexity. If we analyze the average number
of steps then we �nd theaverage-casecomplexity. We can also analyze the best
possible case to minimize the number of steps, and �nd thebest-casecomplexity.

Traditionally, an algorithms is considered e� cient if it solves a problem of size
n in time which is polynomial inn (i.e. O(nl) for some �xed integerl). Otherwise it
is not e� cient. Of course from practical point of view there are some other criteria
taken.

3.2.2 Examples

In the rest of this section, we present a few algorithms (in the pseudo-code) and
estimate their worst-case complexity.
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Example 33 Describe an algorithm, which counts the number of As in a given
string S .
Algorithm CountChars(String S= S1S2 : : :Sl)

1. count:= 0

2. for i := 1 to l do

3. if Si = A then count:= count+ 1

4. return count

To estimate the running time, we count the number of comparisons (these are the
most expensive operations). In each iteration of the for loop we make one compar-
ison and so the number of steps is O(l).

Example 34 Describe an algorithm, which given a string S and string T �nds if T
is a substring of S . This is known as the pattern-matching problem and there are a
few quite sophisticated algorithms for the problem. We willsettle for the most naive
approach.
Algorithm NaiveMatch(String S= S1S2 : : :Sl, String T = T1T2 : : :Tk)

1. for i := 1 to l � k + 1 do

2. begin

3. count:= 0

4. for j := 0 to k � 1 do

5. if Si+ j = T j+1 then count:= count+ 1

6. if count= k then return ”found at position i”

7. end

8. return ”not found”

The number of comparisons in the worst-case is O((l � k)k) as in each iteration of
the for loop from step one, we have a nested for loop in step 4, which is iterated k
times. In each iteration of the nested for loop we make one comparison.
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Example 35 Design an algorithm and estimate its time complexity which given a
list of n integers returns with these integers in nondecreasing order. This is a clas-
sical sorting problem and again there are many solutions known for the problem.
We will present one of the simplest.
Idea: First, we brie�y comment on the main idea of the procedure. Inthe �rst itera-
tion ”drop” the largest element to the end of the list. In the second, second largest,
and so on.
Algorithm BubbleSort (List of integers: a1; : : : ;an)

1. for i := 1 to n� 1

2. for j := to n� i

3. if aj > a j+1 then

4. z:= a j

5. aj := a j+1

6. aj+1 := a j

Note that in the last three steps we simply interchanged the values of aj and aj+1.
We have two nested for loops. In the ith iteration of the for loop from step 1 there
will be n � i iterations of for loop in step. In each iteration of latter we make one
comparison. Therefore the number of comparisons is

(n � 1) + (n � 2) + � � � + 1 = O(n2):

3.3 Recursive algorithms

An important class of algorithms is therecursive algorithms. A recursive algorithm
solves a given problem by reducing it to the same problem of the smaller size. For
example, suppose that we want to �nd the value off (n) = n!. Using the fact that
n! = n � (n � 1)! we can propose a recursive algorithm:
Algorithm Factorial (nonnegative integern)

1. if n = 0 then return 1

2. elsem := n� Factorial(n � 1)

3. returnm
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To run the above algorithm we call the Factorial(n) with a concrete value ofn.
For example to �nd 5! we call Factorial(5). Then the algorithm will try to compute
m = m5 to do this Factorial(4) is called recursively. Factorial(4) calls Factorial(3) to
�nd m = m4 which in turn calls Factorial(2). Factorial(2) calls Factorial(1) which
�nally calls Factorial(0). Whenn = 0 the algorithm returns 1. Then Factorial(1)
returnsm1 = 1 � 1 = 1, Factorial(2) returnsm2 = 2 � m1 = 2, Factorial(3) returns
m3 = 3 � m2 = 6, Factorial(4) returnsm4 = 4 � m3 = 24, and �nally Factorial(5)
returns the answerm = 5 � m4 = 60. There is of course a magic going on when the
procedure is executed as each step in the recursion ”remembers” the current set of
values (liken) when making the recursive call. This is possible because the state
of computations is appropriately kept on the stack and is available when returning
from previous call.

Example 36 Design an algorithm which �nds an if a0 = 1; a1 = 2 and an := an� 1 +
2an� 2. We will compute it recursively.
Algorithm Recursive(nonnegative integer n)

1. if n = 0 then return 1

2. else if n= 1 then return 2

3. else z:= Recursive(n � 1) + 2�Recursive(n � 2)

4. return z.

Example 37 We will present one more algorithm for the sorting problem called the
MergeSort. This a recursive algorithm which uses an auxiliary procedure Merge.
We will assume the we have a list of elements A= A[1]; A[2]; : : : ;A[n].

Algorithm Merge-Sort (A,i; j where1 � i � j � n)

1. if i < j then begin

2. m:= bi+ j
2 c

3. Merge-Sort(A; i; m)

4. Merge-Sort(A; m+ 1; j)

5. Merge(A; i; m; j)
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ProcedureMergemerges two sorted parts of the list A to one by rewriting elements
in the appropriate location. Although the idea ofMerge is very simple, there are
some technical boundary conditions that must be taken care of. Merge(A; i; m; j)
runs in� ( j � i) steps. To sort the list A we call Merge-Sort(1,n).

Suppose and algorithm solves a problem of sizen by splitting it into a sub-
problems, each of sizenb (Note thata can be di� erent thanb). Also suppose that
g(n) extra steps are required when the split is made. Letf (n) denote the number of
operations required to solve the problem. Then

f (n) = a f
� n
b

�
+ g(n): (3.1)

For example in the Merge-Sort a = 2 andb = 2 (we ignore the �oor to simplify)
andg(n) = � (n). Note that the de�nition from (3.1) is a recursive de�nition of the
running timef (n). It turns out that the recurrence can be solved asymptotically in
the caseg(n) has a special form.

Theorem 14 Let f be an increasing function that satis�es the recurrencerelation

f (n) = a f
� n
b

�
+ cnd

whenever n= bk, where k is a positive integer, a� 1, b is an integer greater than1,
and c and d are positive real numbers. Then
f (n) = O(nd) if a < bd,
f (n) = O(nd logn) if a = bd,
f (n) = O(nlogb a) if a > bd.

3.4 Dynamic programming

One of the algorithmic techniques that we will constantly use is thedynamic pro-
gramming. Consider the following problem. Letan = 2an� 1 + 3an2 with a0 = 1,
a1 = 1. Give an algorithm that will computean. Sincean is given by a recursive
formula a natural approach is to design a recursive algorithm similar to the one in
Example 36 from the previous section. However there is a rather big problem with
such an approach. The algorithm is very ine� cient (so is the algorithm in Example
36). The reason for it is that in the course of recursive computations values ofak

for k < n will be computed repeated number of times. This has a big impact on the
time complexity. For example, to �nd the value ofa4 we must
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1. �nd a3 anda2 recursively,

2. to �nd a3 we �nd a2 anda1 recursively,

3. to �nd a2 from step 2 we �rst �nda1 anda0,

4. and then we must computea2 from step 1 one more time.

In the case ofa4 there are not to many repetitions, however asn grows the number
of repetition grows. In fact the number of recursive calls isexponential. Yet, the
only values that are needed to �ndan arean� 1; an� 2; : : : ;a0 and there are onlyn of
them. The dynamic programming algorithm instead of computingan from top down
to bottom and back to the top �nds valuesak one by one starting with the smallest
and then arriving at the top.
Algorithm Dynamic1(nonnegative integern)

1. a0 := 1

2. a1 := 1

3. for i := 2 ton

4. ai := 2ai� 1 + 3ai� 2

5. returnan

In fact to computeai using the above method we only need two of the previous
valuesai� 1 andai� 2. Although space considerations are secondary for us, we still
want to optimize it if we can.
Algorithm Dynamic2 (nonnegative integern)

1. x := 1 smaller value of a

2. y := 1 larger value of a

3. for i := 2 ton

4. begin

5. z := 2y + 3x

6. x := y

7. y := z
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8. end

9. returny

Note that to describe a dynamic programming algorithm �rst aone should describe
a recurrence relation for a function of interest, then a bottom-up technique can be
invoked to compute the function. Finally in more involved applications, the function
only describes the value of a desired solution (for example the minimum number of
money spent to for week's grocery) but does not provide immediately the solution
(the grocery list). To obtain the latter the so-called traceback procedure is usually
invoked.

Example 38 Alignment.
We will de�ne the alignment formally in the next chapter. Intuitively, we are given
two strings a1; : : : ;an and b1; : : : ;bn we want to insert spaces in both of them so
that the resulting strings have the same lengths. The objective of this operation is
to measure the similarity of the strings. In this example anytime we have a char-
acter aligned to a space or to a di� erent character we add one to the value of the
alignment and our goal is to �nd an alignment of the minimum value (optimal align-
ment). In what follows we will indicate a dynamic programming method to �nd the
optimal value. The same method plus the trace-back will be used extensively in the
next chapter.

First trick is to introduce a function which gives the optimal value of the align-
ment when evaluated at some argument and which can be de�ned recursively. This
is maybe the most tricky part. Let f(i; j) be value of an optimal alignment of strings
a1; : : : ;ai with b1; : : : ;b j. Then

� f (0; 0) = 0, this is an empty alignment of value zero.

� f (i; 0) = i, this is an alignment of a1; : : : ;ai with spaces.

� f (0; j) = j, this is an alignment of spaces with b1; : : : ;b j.

� f (i; j) = minf f (i � 1; j � 1)+ � i j ; f (i � 1; j) + 1; f (i; j � 1)+ 1gwhere� i j = 0 if
ai = a j and is equal to one otherwise. Clearly optimal alignment of a1; : : : ;ai

with b1; : : : ;b j has either ai aligned with bj, or ai aligned to the space, or
space aligned to bj.

Note that the goal is to �nd the value of an optimal alignment of a1; : : : ;an with
b1; : : : ;bm, that is f(n; m). This time the the function has two arguments and de�nes
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an (n + 1) � (m + 1) matrix f[i; j]. The rows are indexed by i= 0; : : : ;n, columns
by j = 0; : : : ;m. The0th row and the0th column can be �lled out using the initial
conditions. The remaining entries can be computed row by rowusing the recurrence
relation.
Algorithm SimpleAlignment(a1; : : : ;an, b1; : : : ;bm)

1. for i := 0 to n

2. f[i; 0] := i

3. for j := 1 to m

4. f[0; j] := j

5. for i := 1 to n

6. begin

7. for j := 1 to m

8. f[i; j] = minf f [i � 1; j � 1] + � i j ; f [i � 1; j] + 1; f [i; j � 1] + 1g

9. end

10. return f[n; m]

Note that to �nd the minimum in the 8th step of the algorithm two comparisons
must be made. Therefore to �ll out the entries of the matrixO(nm) comparisons are
used.
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Chapter 4

Alignment algorithms

In this chapter, we will discuss the alignment algorithms. Finding an alignment of
two strings allows us to see how similar the strings are.

The �rst fact of biological sequence analysis. In a biomolecular sequence
(DNA, RNA, or amino acid sequences), high sequence similarity usually implies
signi�cant functional or structural similarity.
Note however that the statement is not reversible. Namely the biological similar-
ity does not necessarily imply that the sequences are similar. Moreover from the
practical point of view there are many cases where just looking at sequences does
not provide a conclusive answer if sequences are similar or not and it is critical to
introduce precise methods of measuring the similarity. Onemethod of measuring
similarity was introduced in Example 38 where we consideredwhat is called the
edit distance between two strings. This is usually not general enough. In this chap-
ter, we will measure similarity by de�ning scores of alignments with the goal of
�nding an alignment of a maximum score.

4.1 Alignments and gaps

A global alignment of two stringsS1 , S2 is obtained by �rst inserting chosen spaces
and then placing two resulting strings one above the other sothat every character or
space inS1 is opposite a unique character or space in the other string.
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4.1.1 Alignment of two strings

Let A be an alphabet with the property that symbolis not a part ofA . Given two
stringsS1 andS2 overA , an alignment consists of two stringsS0

1, S0
2 over the same

alphabet plus symbol, i.e. A [ f gsuch that fori = 1; 2, Si is a subsequence ofS0
i

and the length ofS0
1 is equal to the length ofS0

2.
To de�ne the score of an alignment we will need a scoring function. Let A � =
A [ f gand lets : A � � A � ! Rbe a function. In other wordsshas two arguments
ands(x; y) is the score of placingx versusy. Later we will address the question of
what type of properties shouldshave to be a good scoring function.

De�nition 25 Let s: A � � A � ! R be a scoring function. For an alignment A, let
S0

1 and S0
2 denote the strings obtained from S1 and S2 as above. Then the score of

the alignment A is
lX

i=1

s(S0
1(i); S0

2(i)):

Our objective will be to �nd an alignment of the maximum score. In principle it
seems feasible to list all of the possible alignments (note that we never align space
with space) and so the number of alignments is �nite. Then check the score of each
of them and select the one with the largest score. If the totalnumber of alignments
is reasonably small then this would serve as a good method.
Question: What is the total number of alignments of sequences of lengths n and
m?
This is actually not that easy. Since, we are interested in showing that the number
of alignment is ”large” we will count what are called non-repetitive alignments. For
example,

a
b

is really the same alignment as
a

b

asa is aligned to a space and space is aligned tob. These alignments are repetitive
and in what follows we want to count only one of these. Letf (n; m) be the number
of alignments of sequences of lengthsn andm: a1a2; : : :an andb1b2 : : :bm. Let us
look at the last positions in the alignment. We can have:

�
: : : an

: : : bm
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This givesf (n � 1; m� 1) alignments.

�
: : :
: : : bm

This givesf (n; m� 1) alignments.

�
: : : an

: : :

This givesf (n � 1; m) alignments.

� However some alignments where counted twice:

: : : an

: : : bm

There aref (n � 1; m� 1) which were counted twice.

Therefore
f (n; m) = f (n � 1; m) + f (n; m� 1)

with f (0; 0) = f (m; 0) = f (n; 0) = 1. This recurrence can be solved to obtain

f (n; m) =
 
n + m

m

!
:

In particular, the total number of alignments of two sequences of lengthn each is

 
2n
n

!
�

22n

p
� n

;

where approximation is obtained using the Stirling's formula.

n! �
p

2� nnne� n:

Therefore, there is an exponential number of non-repetitive alignments and listing
all of them does not provide an e� cient method of �nding an optimal one.
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4.1.2 Gaps

Gaps are simply runs of consecutive spaces and scoring them properly is important
from the biological point of view.

De�nition 26 A gap is any maximal, consecutive run of spaces in a single string of
a given alignment.

How to assign scores to spaces (and gaps)? The simplest approach is to put
S( ; x) = S(x; ) = 0 and for each gap of lengthg add term


 (g) = � gd

to the scoring function (whered is some weight). This really corresponds to scoring
each space in the alignment by� d and is called thelinear score. Note that this is
easy and very convenient way of scoring gaps. The fact that each space in a gap
costs the same valued can be exploited to great extent when designing an algorithm.

Example 39 Consider the scoring scheme where a scored of a match is3, score of
a mismatch is� 1, and the gaps are scored using the linear gap penalty
 (g) = � 2g.
Find the score of the following alignment.

a a c c c
a c c c a a

There are two matches, one mismatch, one gap of length two, and three more gaps
of length one each. The score is6 � 1 � 4 � 6 = � 5.

Although attractive because of its simplicity, the linear gap penalty function may
not be the best choice when comparing biomolecular sequences. There are many
reasons for this. One of them is that insertion of more than one space can be the
result of only a single mutation, and so sequences that di� er by one gap of length
three should be scored as more similar than sequences that di� er by three gaps of
length one each. Another reason is explained in the next example.

Example 40 Illustration of gap function issues: cDNA problem.
A gene in eukaryoutes consists of

� exons - encoding substring that contribute to the code of theprotein

� introns - non-encoding substrings
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The ratio of the number of exons to the number of introns is usually modest but the
total length of introns is much larger than the total length of exons. On average a
human gene contains nine exons.
Mechanism described by the Dogma of Molecular Biology explains (up to some
degree) the mechanism of DNA to protein encoding.

� pre-mRNA is transcribed from DNA. Base A is replaced by base U(uracil), T
by A, C by G, G by C.The pre-mRNA contains both introns and exons.

� Intron-exon regions are determined, and mRNA which corresponds to con-
catenation of exons is created (splicing). This process in however more com-
plicated than what we just said. Di� erent versions of mRNA can be obtained
from the same pre-mRNA by inclusion of di� erent combinations of exons. This
is known as alternative splicing.

� mRNA leaves the cell of the nucleus and is used to obtain a protein.

One can capture mRNA and create the complementary cDNA whichconsists of
concatenation of exons. The problem is of the following sort: Given a cDNA string
and a string DNA string (from which cDNA was possibly extracted), measure the
similarity of these two strings? Inparticular �nd if indeedit is likely that the shorter
string is a conacatenation of exons of the longer one. If indeed a shorter string is
a substring of a longer one then the alginment which will certify that shoul contain
substrings of large similarity and then long gaps. The problem is to use a gap
function that will score this type of alignment higher than other alignments.

An alternative gap scoring function which is commonly used is thea� ne score,
in which


 (g) = � d � ge:

In this functiond is usually larger thaneand so opening a new gap costs much more
than continuing an old gap.

We will consider alignment algorithms for three types of gapfunctions:

� linear gap function,

� a� ne gap function,

� ”general” gap function.
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4.2 Dynamic programming algorithm for the global
alignment problem

In this section, we will present an e� cient dynamic-programming algorithm for the
alignment problem under the assumption that gaps are scoredusing the linear gap
penalty. LetF(i; j) be the score of the highest-score alignment of segmentsx1 : : : xi

andy1 : : :yj. Our �rst task is to �nd a recursive formula forF(i; j).

� F(0; 0) = 0

� F(i; j) = maxfF(i � 1; j � 1)+ s(xi; yj); F(i � 1; j) � d; F(i; j � 1) � dgas there
are three possibilities:

1. xi is aligned withyj. ThenF(i; j) = F(i � 1; j � 1) + s(xi; yj)

2. xi is aligned to a gap. ThenF(i; j) = F(i � 1; j) � d

3. yj is aligned to a gap. ThenF(i; j) = F(i; j � 1) � d

-dscore

-d MAXi

j

Figure 4.1: Global alignment algorithm

� We also need valuesF(i; 0) andF(0; j). One can think aboutF(i; 0) as align-
ing x1 : : : xi with the empty string. ThereforeF(i; 0) = � di andF(0; j) = � d j.

Note that we used the fact the insertion of a space is penalized byd no matter which
space in a gap it is. Our second task is to describe the algorithm:
The algorithm is similar to the one from Example 38. Organized values ofF in a
matrix and compute them row by row. In addition, when computing F(i; j) keep a
pointer to the entry which gives the maximum in the formula for F(i; j). Then use
the traceback method (follow arrows) to write the alignment:
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1. Start with (n; m)-entry.

2. If the pointer is a diagonal arrow then align a current character of the column-
string with the current character of the row-string.

3. If the pointer is a horizontal arrow then align a current character of the column-
string with the space.

4. If the pointer is a vertical arrow then align a space with the current character
of the row-string.

Since traceback requiresO(n + m) time, we have the following fact.

Fact 15 The running time of the global alignment algorithm is O(nm).

Example 41 Find an optimal global alignment of ACCGT and ATCG with scores
4 for match, -3 for mismatch, and the linear gap penalty
 (g) = � 2g. We use the
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4 2 0 -2 -4

2 2

0 6
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-3-11

5

9 7
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Figure 4.2: Global alignment

traceback to �nd the alignment:

A C C G T
A T C G

The score of the alignment is

3 � 4 � 3 � 2 = 7:
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Example 42 Use the global alignment algorithm to �nd an optimal alignment of
strings PHWHAWE with HHWAAEE. Use the linear gap penalty
 (g) = � 6g and
scores given in the table:

� P H W A E
P 5 � 2 � 4 � 1 � 1
H � 2 10 � 3 � 2 0
W � 4 � 3 15 � 3 � 3
A � 1 � 2 � 3 5 � 1
E � 1 0 � 3 � 1 6

Then the computations will give the matrix in Figure 4.2. Thevalue of the optimal
is 29 and the optimal alignment contains no gaps.
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-25 11 15 26 20 15
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Figure 4.3: Global alignment
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4.3 Local Alignment

Local Alignment Problem: Given two stringsS1 andS2 �nd substring� 1 and� 2

of S1 andS2 so that the score of� 1 and� 2 is maximum (over all pairs of substring
of S1 andS2).
Remark: Global alignment is very useful when comparing proteins from the same
family of proteins (for example globin family). However when comparing proteins
from di� erent families the local alignment is believed to be the moste� ective tool
(see [G97], page 231). Proteins from di� erent families can be made up of the same
or similar units (motifs) and the local alignment is useful in �nding these motifs.

Example 43 Find local alignment of S1 = ACCGTTA and S2 = CTCTCCAGTCTA
with scores2 for match and� 3 for mismatch and� 2 for space value. We get

C C G T T A
C C A G T C T A

with score2 � 6 � 2 � 2 = 8.

Finding an optimal local alignment is very similar to the method for the global
alignment (in fact the computations are much easier to do). There are two dif-
ferences between the algorithm for the local alignment and the one for the global
alignment problem:

� We can start (or stop) a substring at any moment. In particular an empty
alignment is always an option. Consequently, we add 0 as a possible value
for anF(n; m). In addition,F(i; 0) = F( j; 0) = 0.

� For the same reason, in the trace-back we do not necessarily start with (m; n)
entry but with an entry (k; l) with highest value ofF(k; l). We end the trace-
back when we encounter the value 0.

Therefore, in the case of local alignment functionF(i; j) satis�es the recurrence
relation.

F(i; j) = maxf0; F(i � 1; j � 1) + s(xi; yj); F(i � 1; j) � d; F(i; j � 1) � dg:

Example 44 Use the local alignment algorithm to �nd an optimal alignment of
strings PHWHAWE with HHWAAEE. Use the linear gap penalty
 (g) = � 6g and
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scores given in the table:

� P H W A E
P 5 � 2 � 4 � 1 � 1
H � 2 10 � 3 � 2 0
W � 4 � 3 15 � 3 � 3
A � 1 � 2 � 3 5 � 1
E � 1 0 � 3 � 1 6

Then the computations will give the matrix in Figure 4.3. Note that the maximum
entry in the matrix is 31 and we start traceback to obtain the alignment:

H W H A W E
H W A A E E

of value 31.
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Figure 4.4: Local alignment

In the local alignment problem, one must be even more carefulwhen designing a
scoring matrix. Certainly, the scores must have two properties.
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� There must be a positive score.

� The expected value of the score for random matches must be negative. Oth-
erwise, in two long sequences, the long unrelated matches between unrelated
sequences will have high score solely because of their lengths.

Indeed, if the are no positive scores then an empty alignmentwill be an optimal
one. The second condition is more subtle. If the expected value of the score for
random matches is positive then two random (and completely unrelated) sequences
will when aligned one with another (with no spaces) will contribute a positive score.
Therefore, the length of sequences, not the similarity, will be the factor that drives
the score of an optimal alignment. Condition can be expressed as follows. Consider
alignment of lengthn with no gaps. Then the expected score of theith position in
the alignment is always equal to

X

a;b

qaqbs(a; b):

Consequently this quantity must be less than zero.

Example 45 Assume qA = qC = qG = qT = 1=4. Is the following a good scoring
model5 for match and� 1 for mismatch. Then the expected value of the score of
match is

5=4 � 1(1 � 1=4) = 1=2 > 0

and so the scoring model does not have the required property.

4.4 Semi-global alignment

We will consider one more version of the alignment problem, the semi-global align-
ment.
Motivation: Suppose we are given a long stringt and a signi�cantly shorter string
s and we would like to see hows ”�ts” into t. Because of the di� erence in lengths,
we do not want to penalize the opening gap and ending gap in string s.

Example 46 Let t = AAACAGGTATGTCACT and s= ACAGT. If we use the
global alignment algorithm then an optimal alignment of twostrings looks like:

A A A C A G G T A T G T C A C T
A C A G T
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This is however meaningless, although the value is the largest possible. A much
more desired information is given by the alignment:

A A A C A G G T A T G T C A C T
A C A G T

However in the global alignment problem the �rst alignment is optimal but the
second is not.

In the semi-global alignment we will not penalize opening and ending gaps in one
of the strings. A space which is contained in a gap that startsin the �rst position or
ends in the last position of one of the strings is called anend space. The algorithm
is again based on the global alignment method with two changes. First we address
the problem of ignoring the end gap. Suppose we try to �t a string s of lengthn
into a stringt of lengthm. Then we obtain ann bem matrix in which the last row
contains values of alignments which end with some (possibleempty) sequence of
spaces. Therefore to ignore the ending gap it is enough to select the maximum entry
in the last row and start traceback from this entry.
The second change comes from ignoring the starting gap. If wedo not want to
penalize for the opening gap then it is enough not to penalizefor spaces in the
initial condition and so we setF(0; j) = 0 for j = 0; 1; : : : ;m.

Example 47 Find an optimal semi-global alignment of
t = AAACAGGTATGTCACT and s= ACAGT with scores2 for match� 2 for
mismatch and� 3 for the space. Then the matrix is in Figure 4.4 and the alignment
of value 7 can be easily recovered.

4.5 A� ne scoring model

In this section, we will go back to the global alignment problem but we will consider
di� erent gap penalty functions. The linear gap score is the easiest one to deal with
when designing a dynamic programming algorithm. The reasonfor it is that a space
always costs the same value� d. Note however that the dynamic programming
method can be modi�ed in a straightforward way to handle every ”reasonable” gap
penalty function. By reasonable, we mean that adding theith space in the gap costs
at most as much as adding thei � 1th space. For example
 (g) = � 6 � 3g has this
property but
 (g) = � g2 does not.
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Figure 4.5: Semi-global alignment

We have the following recurrence relation forF(i; j)

F(i; j) = maxfF(i � 1; j � 1) + s(xi; yj); F(k; j) + 
 (i � k); F(i; l) + 
 ( j � l)g

for k = 0: : : ;i � 1 andl = 0; : : : ; j � 1.
This can be used to design an algorithm that computes an alignment for any rea-
sonable
 (g). However, the algorithm has complexity
 (nm(n + m)). Indeed, to
compute the (i; j)th entry, we need to checki + j + 1 other entries. Although poly-
nomial, this time complexity is higher thanO(nm) that we had in the case of linear
gap model.

In the case of a� ne gap scores we can still obtain aO(nm) time algorithm. This
however requires some tricks and the algorithm is more complicated. Recall that
the a� ne score gap is
 (g) = � d � ge and so the problem is that in the course
of computations we must recognize are we aligning with an already open gap (for
which we paye) or are we staring a new gap (for which we payd + e). To do this
we will keep three numbers in each entry in a matrix instead ofjust one as was the
case in the linear penalty. We will have

� M(i; j) to be the score assuming thatxi is aligned toyj:

A A C xi
A C yj
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� Ix(i; j) to be the score assuming thatxi is aligned to a space:

A A C xi
A yj

� Iy(i; j) to be the score assuming thatyj is aligned to a space:

A xi

A A C yj

We have

M(i; j) = maxfM(i� 1; j � 1)+s(xi; yj); Ix(i � 1; j � 1)+s(xi; yj); Iy(i � 1; j � 1)+s(xi; yj)g

Ix(i; j) = maxfM(i � 1; j) � d � e; Iy(i; j � 1) � d � e; Ix(i � 1; j) � eg

Iy(i; j) = maxfM(i; j � 1) � d � e; Ix(i � 1; j) � d � e; Iy(i; j � 1) � eg

Let thenF(n; m) be the maximum value of the above three and one can use trace-
back, starting withF(n; m), to �nd the alignment. In addition, we must initialize the
matrix appropriately as some alignments may simply not exist which will result in
the score of1 .

� M(0; 0) = 0, M(i; 0) = �1 , M(0; j) = �1 .

� Ix(i; 0) = � d � ei for i = 1; : : : ;m, Ix(0; j) = �1 , j � 0

� Iy(0; j) = � d � e j for j = 1; : : : ;n, andIy(i; 0) = �1 , i � 0.

Note that in the case of reasonable a� ne functions the score of a mismatch will
always be larger than the one in which a character aligned to aspace is immediately
followed by a space aligned to a character. This fact can be used to simplify the
recurrence relation:

M(i; j) = maxfM(i� 1; j � 1)+s(xi; yj); Ix(i � 1; j � 1)+s(xi; yj); Iy(i � 1; j � 1)+s(xi; yj)g

Ix(i; j) = maxfM(i � 1; j) � d � e; Ix(i � 1; j) � eg

Iy(i; j) = maxfM(i; j � 1) � d � e; Iy(i; j � 1) � eg
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Example 48 Use the global alignment algorithm to �nd an alignment of AACGT
with AAT where the scores are3 for match,� 2 for mismatch, and the gap penalty
is 
 (g) = � 3 � g.
We shall use a simpli�ed algorithm and will use� for �1 . In addition, each entry
in the matrix contains(M; Ix; Iy) and we will draw only relevant pointers.

An optimal alignment is

A A C G T
A A T

of value3 � 3 � (3 + 2) = 4
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Figure 4.6: A� ne gap penalty alignment

4.6 Log odds ratios and PAM matrices

A matrix that contains scores of transforming one residue toanother is sometimes
called asubstitution matrix. PAM matrices are substitution matrices used when
comparing proteins (Another commonly used type of substitution matrix is the
BLOSUM matrix).

De�nition 27 Two strings are one PAM unit diverged if a series of accepted point
mutations (no insertion nor deletions) has converted one string to another with the
average number of mutations of one per one hundred amino acids.
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Accepted mutation means that it the mutation was not lethal to the organism. Note
that if two strings are 100 PAMs apart that it does not mean that they di� er on each
position. PAM matrix is an amino acid substitution matrix that captures the evo-
lutionary change. Consider two strings of amino acidsx1 : : : xl andy1 : : :yl. Two
�nd how these two strings are related (in an evolutionary process), we consider two
random models for comparing residues ofx1 : : : xl andy1 : : :yl.
Independent: The probability of getting stringx1 : : : xl andy1 : : :yl in the indepen-
dent model is

(qx1qy1) � (qx2qy2) � � � (qxl qyl ):

Evolutionary model: In this model we have the probabilitypxi ;yi of transformingxi

to yi in one PAM. In this model the probability of transformingx1 : : : xl into y1 : : :yl

is
px1;y1 � � � pxl ;yl :

To compare these two probabilities we consider the ratios

r i =
pxi ;yi

qxi qyi

:

Because the sum is easier to work with that the product we takethe logarithms of
the product ofr i 's to de�ne the score of aligningx1; : : : ;xl with y1; : : :yl as

lX

i=1

log
pxi ;yi

qxi qyi

:

This is called thelog-oddsratio. For amino-acidsa1; : : : ;a20 , we can then de�ne
thei � j entry in the substitution matrix as

log
pai ;aj

qai qaj

:

An ideal PAM matrix contains these ratios.

Example 49 Suppose for example that align characters X with Y and Z with W.
Probabilities are qX = 0:1; qY = 0:2; qZ = 0:2; qW = 0:5 but pX;Y = 0:02 and
pZ;W = 0:07 so the chances of Z mutating to W are much larger than that of X
to Y. However W can appear in the string very often so getting Zwith W does
not really mean that evolutionary process took place. We have s(X; Y) = 0 and
s(Z; W) = log 0:7 < 0 and so we consider X aligned with Y to carry more evidence
that the evolutionary process took place.
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In practice we get an approximation of the ideal situation.
Dayho� model: PAM1 matrix is obtained by considering proteins which are known
to be closely related and their primary structure is highly similar. These strings
are believed to be one PAM apart. Therefore by studying theseproteins one can
compute the frequency with which one amino acid mutates to another. Let Wn
denote the matrix of such frequencies.

Example 50 The four by four submatrix of frequencies in W1 (scaling is done by
multiplying by 10000):

� A C W V
A 9867 3 0 18
C 1 9973 0 2
W 0 0 9976 0
V 13 3 0 9901

Independent probabilities can be easily computed and therefore log odds ra-
tios can be computed. Dayho� matrix contains these probabilities (multiplied by
10,000). Wn matrices are obtained by multiplyingW1 matrix n times and repre-
sent the frequencies of change inn PAMs. Larger value ofn should be used when
comparing proteins that are believed to be distant.

Example 51 The four by four submatrix of W250(again scaled):

� A C W V
A 13 5 2 9
C 2 52 1 2
W 0 0 55 0
V 7 4 2 17

Finally in PAMn matrix we want to keep log-odds ratios. Therefore

PAMn(i; j) = log
qiWn(i; j)

qiq j
= log

Wn(i; j)
q j

:

We will not discuss BLOSUM matrices that it is useful to keep in mind how the
values in the BLOSUM system correspond to PAM:

BLOS UM PAM
90 30
80 120
62 180
45 240
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4.7 BLAST

Figure 4.7: Searching page of blastp

In this section, we will discuss the BLAST (Basic Local Alignment Tool) align-
ment tool. BLAST is a powerful and quite universal tool that can be used to com-
pare a given string with a database (or databases) of sequenced DNA strings or
proteins. BLAST is a heuristic algorithm which works quite fast in practice. There
are a few versions of BLAST available. For example:

1. blastp
Given is an amino acids string; searched database consists of proteins.

2. blastn
Given is a DNA string; searched database consists of DNA sequences.

3. blastx
Given is a DNA string; searched database consists of proteins. All 6 reading
frames are considered and a DNA string is translated into amino acids string
and compared with a database.

4. tblastn
Given is an amino acids string; searched database consists of DNA strings.
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A DNA string from a database is translated using all 6 readingframes to an
amino acids string and is compared with given string.

5. tblastx
Given is a DNA string; searched database consists of DNA strings. A given
DNA string is translated to an amino-acids string using 6 possible reading
frames and a string from a database is translated to an amino acids string
using 6 possible reading frames. All 36 possibilities are compared.

There are some other BLAST tools. For example,MEGABLAST is the tool de-
signed to search if there is a sequence which is identical to agiven string. PSI-
BLASTcan be used to search for distantly related proteins and inPHI-BLASTone
can specify the pattern to be searched for.

Figure 4.8: Options part of blastp

BLAST works in two phases: Phase 1- preprocessing, Phase 2 - database search.
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� First make the list of all �xed length (3- aminoacids, 11 -nucleotides) strings
that would align with given sequence with score higher than some threshold.

� Second it searches through database with theses short strings (called words)
for hits. Each hit gives a seed of a string. Method of searching database
depends on the type of sequence (protein or DNA).

� Extend the seeds in both directions stopping at the maximal extension.

Note:

� BLAST 1 uses alignments with no gaps.

� BLAST measures scores in bits which is a scaled score which makes com-
parison between di� erent substitution matrices possible.

Terminology:

� segment- a substring of a string.

� Given two stringsa segment pairis a pair of segments of the same length one
from each sequence.

� A maximum segment pair(MSP) between two strings is a segment pair of
maximum score.

Question: Given two random stringss andt what is the distribution ofMPS.?

1. Basic approach (no scores only matches and mismatches):
Consider a random string string of lengthn of H; T with probability of H
equal top. Then the expected value of the longest run ofH's is log1=p n.
Model matches and mismatches byH's andT's. Put anH if we have a match
andT if we have a mismatch. Thenp(H) = 1

4 and we can use the previous
result to compute the expectation.

2. Scores: The distribution of scores is called the extremalvalue distribution (or
the Gumbel distribution). For two random strings of lengthm andn and a
substitution matrix letX be the score of the MPS. Then

p(X � S) = exp (� e� � (S� u))
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where� andu are parameters characteristic of the distribution. In fact,

u =
ln Kmn

�
:

Consequently,
p(X > S) = 1 � exp (� Kmne� � S): (4.1)

From this, the expected value of the number of segment pairs with score larger
thanS is

E = Kmne� � S

whereK is a constant and� depends on the substitution matrix and is such
that X

i; j

pi p je� si j = 1:

In fact the number of the segment pairs with score larger thanS has Poisson
distribution with mean equal toKmne� � S. This is consistent with (4.1) as in
the Poisson distribution,

p(X = k) =
� ke� �

k!
and so

p(X > 0) = 1 � e� � :
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Chapter 5

Hidden Markov Models

In this chapter, we shall talk about Markov Chain approach toanalysis of a single
sequence. The chapter is based on [DEKM99]. Our discussion will be motivated
by the following example.

Example 52 Motivating Example - CpG islands. The amount of pairs CpG in
a DNA string is di� erent than it would follow from the assumption that bases are
independent. The reason comes from biochemical propertiesof residues and in
a typical DNA string the base C often mutates to T which results in much less
pairs CG then in an independent model. On the other hand, there are regions of
a string, where the mutation does not take place and the number of CpG pairs is
larger. In fact, in these regions there are many more C's and G's. These are called
CpG islands and play an important role in studying genome. Our objective in this
section, will be two-fold. First, we want to develop probabilistic model that will
incorporate CpG phenomenon. Then we would like to develop analgorithm which
will detect CpG islands in a given string.

5.1 Markov Chains

Recall that we used so far the following ”independent” random model for random
DNA strings: we said that the probability of symbolx is qx independently for all
positions in the strings (often to simplifyqx = 1=4 for anyx.) Note however that
as seen in the CpG islands example the probability of symbolx in the ith position
may depend on other symbols in the string. In particular di-nucleotides seem to be
important and we would like to model this feature correctly.

75



Section 5.1 Lecture Notes, Mat 351

Approach: Markov Chains.
A random process is a sequence of random variables.

De�nition 28 A random process X0; X1; : : : is called a Markov chain if for every
n � 0,

p(Xn+1 = sj jXn = si; Xn� 1 = sin� 1 : : :X0 = si0) = p(Xn+1 = sj jXn = si): (5.1)

A Markov chain is called homogenous if the right hand side of (5.1) does not depend
onn but only onsi andsj. For such chains let

pi; j = P(Xn+1 = sj jXn = si):

The possible values of eachXi, s1; : : : ;sk are called the states of the Markov Chain.
We will often consider two special states (called silent states): the begin stateand
the end state. The begin state is not accessible from any other state and from the
end state it is not possible to get to any other state.

We will mainly focus on the Markov Chain approach to model strings. Let
x1x2x3 : : : be a random string we want to model. For symbolst and s, de�ne the
transition probability to be

ast = P(xi = tjxi� 1 = s):

The probabilities are often organized into a matrix which iscalled the transition
matrix. Then the probability of obtaining a stringx = x1 : : : xL is

P(x) = P(xL; xL� 1; : : :x1) = P(xLjxL� 1; : : :x1)P(xL� 1; : : : ;x1)

= � � � = P(xLjxL� 1; : : :x1)P(xL� 1jxL� 2; : : : ;x1) � � � P(x1):

The above is a general property. A chain is called a Markov Chain when it has the
following property (called Markov's property):

P(xj jxj� 1; xj� 2; : : : ;x1) = P(xj jxj� 1):

Therefore in the Markov Chain we have

P(x) = P(xLjxL� 1)P(xL� 1jxL� 2) � � � P(x2jx1)P(x1):

Note that to de�ne the Markov chain we also must specify the starting distribution
for P(x1).
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Example 53 Consider the Markov chain approach to generating binary strings
with initial probability of P(0) = 0:5 and P(1) = 0:5 and the transition probabilities
given by

2=3 1=3
1=4 3=4

Find the probability of getting a string which starts with001101.
By the Markov property, we have

P(001101)= P(1j0)P(0j1)P(1j1)P(1j0)P(0j0)P(0) =
1
4

1
3

3
4

1
4

2
3

1
2

=
3
43

:

On the other hand in the independent model P(001101)= 1=26

Example 54 Find the probability that in the �rst �ve steps (including the initial
step) of the Markov Chain we will get exactly 3 ones.

Often a Markov Chain is represented using directed graphs. In the case of random
strings, we will have four statesA;C;G; T and arrows that will go from state to state
and are labeled by transition probabilities. Also note thatthe probabilities in any
row sum to one, i.e. the matrix is stochastic. The probabilities in a column do not
need to add to one.

Example 55 Assume there is an end state. The transition probability of going to
the end state from state x di� erent than begin state is p. Show that the probability
that a randomly generated string will have length L is p(1 � p)(L� 1).
Indeed from begin state we can only go to a non-end state. Fromany state s di� erent
than begin or end state we can go the non-end state with probability 1� p. Therefore,
we get(1 � p)(L� 1) to get a string of length at least L and we must multiply it by p to
go to the end state.

Using Markov Chains for discrimination
Let x = x0x1 : : : xL be a string over alphabeta; c; g; t. Goal is to assign scores to pair
so that we can test ifx is form a CpG island or not. One can estimate the transition
probabilities:

� a+
st probability thats is followed byt in a CpG island

� a�
st probability thats is followed byt in string which is not a CpG island.
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We have

a+
st =

c+
stP

t0 c+
st0

:

wherec+
st0 is the number of timess is followed byt0. To discriminate between two

models we compute the log-odds ratio:

S(x) = log
P(xjmodel+)
P(xjmodel� )

=
LX

i=1

log
a+

xi� 1xi

a�
xi� 1xi

:

5.2 Hidden Markov Model

Using previous scoring we could approach the question of howto determine CpG
islands. We could consider a window of length 100 and computethe scoring of such
windows expecting that CpG island will give as a relatively higher value. However,
CpG islands can have varied lengths and can have sharp boundaries.
Idea: Have a random chain which will incorporate both probabilistic models: the+
model and the� model. In our new chain the states will beA+;C+;G+; T+; A� ;C� ;G� ; T�

but statesA+; A� emit the same symbolA.
Let � = � 1; : : :be a sequence of states called apath. Denote by

akl = P(� i = lj� i� 1 = k)

the transition probability of moving from statek to statel. We will also have the
begin state labeled by 0 and the end state also labeled by 0. Also let

ek(b) = P(xi = bj� i = k)

be the probability that we emit symbolb when we are in statek. For example
in our A+;C+;G+; T+; A� ;C� ;G� ; T� we will haveP(AjA� ) = 1 andP(CjA� ) = 0.
Numbersek(�) are called emission probabilities.

Example 56 Occasionally dishonest casino. Suppose we have two types ofdice:
fair die and a loaded where probability of 6 is 0.5 and of remaining numbers 0.1.
Casino switches from fair die to a loaded one with probability 0.05 and from loaded
die to fair die with probability 0.1. Describe the HMM and emission probabilities.
Two states: Fair, Loaded. Transition probabilities:

p(LoadedjFair) = 0:05; p(FairjFair) = 0:95; p(LoadedjLoaded) = 0:9; p(FairjLoaded) = 0:1

Emission probabilities eFair (i) = 1
6, eLoaded(6) = 1

2, eLoaded(i) = 1
10 for i < 6.
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Let P(x; � ) be the joint probability of stringx generated in states given by path
� = 0� 1� 2 : : : � L0. Then

P(x; � ) = a0� 1

LY

i=1

e� i (xi)a� i ;� i+1:

5.3 Viterbi's algorithm

In this section our goal is to �nd the most probable path through an HMM that gen-
erated a given stringx.
Goal: Give an observed stringx �nd the most probable path of states that gen-
eratedx. For example in the previous modelCGCGcould be generated by paths
(C+;G+;C+;G+); (C� ;G� ;C� ;G� ); (C+;G� ;C� ;G+). However the probabilities for
theses paths can be di� erent. Let

� � = argmax� P(x; � )

be the path which maximizesP(x; � ).
Method: Dynamic programming algorithm.
Let vk(i) be the probability of the most probable path ending in statek with obser-
vationxi. Then we can compute the recurrence relation forvl(i + 1) as follows:

vl(i + 1) = el(xi+1) max
k

(vk(i)akl)

with initial condition
v0(0) = 1

as all paths must start in the begin state. Again we can keep pointers to states and
then backtrack to �nd the path. In what follows we shall assume that there arem
non-silent states and the length of stringx is L
Algorithm Viterbi

1. v0(0) := 1

2. for k := 1 to m

3. vk(0) := 0

4. for i := 1 to L
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5. for l := 1 tom

6. vl(i) := el(xi) maxk(vk(i � 1)akl)

7. pointeri(l) := argmaxk(vk(i � 1)akl)

8. P(x; � � ) := maxk(vk(L)ak0)

9. � �
L := argmaxk(vk(L)ak0)

10. Traceback starting with� �
L.

Example 57 We have two types of coin: Type 1 - the fair coin, Type 2, unfair
coin where the probability of heads is0:6. We switch from Type 1 to Type 2 with
probability0:3 and from Type 2 to Type 1 with probability0:4. We initially pick one
of two types with probability0:5 and end the playing (regardless of the type) with
probability0:1.

� Describe the HMM model for a string of H's and T 's generate by the game
above. We introduce two states 1 and 2 and have two silent states B and
E. Transition probabilities are given in Figure 57. In addition the emission

0.5

0.5

0.5

0.6

0.1

0.1

0.3 0.4
B

1

2

E

probabilities are e1(H) = 0:5, e1(T) = 0:5, e2(H) = 0:6, and e2(T) = 0:4.
Note that there is an alternative answer in which we introduce four states
H1; H2; T1; T2 for obtaining H or T from type one or two. However the tran-
sition probabilities then must be re-computed from what is given in the prob-
lem.

� Use Viterbi's algorithm to �nd the most probable path for HHT. Where the
table is obtained from the following values which computed column by col-
umn.
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B

1

2

1

0

0

0 0 0 0

0.25

0.30

0.075

0.090

0.0225

0.0180

0.00225

0.00180

B H H T E

– 0:5 maxf1 � 0:5; 0g= 0:25, 0:6 maxf1 � 0:5; 0g= 0:3.

– 0:5 maxf0:25� 0:6; 0:3� 0:4; 0g= 0:075, 0:6 maxf0:25� 0:3; 0:3� 0:5; 0g=
0:09.

– 0:5 maxf0:075� 0:6; 0:09� 0:4; 0g= 0:0225, 0:4 � maxf0:075� 0:3; 0:09�
0:5; 0g= 0:018

– Finally the last row re�ects the probabilities after movingto the end
state.

After the maximum is selected the path is obtained using the traceback pro-
cedure: B111E.

5.4 Forward and Backward algorithms

In this section, we discuss two algorithms that are based on the same approach as
Viterbi's algorithm.

Computing probabilities of a string x
Goal: Compute the probability of obtainingx by HMM.
We have

P(x) =
X

�

P(x; � ):

However the number of paths increases rapidly. One can compute this probability
using theforwardalgorithm. Let

fk(i) = P(x1; : : : ;xi; � i = k):

Then
fl(i + 1) = el(xi+1)

X

k

fk(i � 1)akl
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and �nally
P(x) =

X

k

fk(L)ak0

Forward Algorithm

1. f0(0) := 1

2. for k := 1 tom

3. fk(0) := 0

4. for i := 1 to L

5. for l := 1 tom

6. fl(i) := el(xi)
P

k( fk(i � 1)akl)

7. P(x) :=
P

k( fk(L)ak0)

Example 58 Find the probability of generating HHT in the model from the previ-
ous example. Again, numbers are computed column by column using the recurrence

B

1

2

1

0

0

0 0 0 0

0.25

0.30

B H H T E

0.135

0.135

0.0675

0.0432

0.00675

0.00432

relation.

� 1 � 0:5 � 0:5 = 0:25, 1 � 0:5 � 0:6 = 0:3

� 0:5(0:25� 0:6 + 0:3 � 0:4) = 0:135, 0:6(0:25� 0:3 + 0:3 � 0:5) = 0:135

� 0:5(0:135� 0:6+ 0:135� 0:4) = 0:0675, 0:4(0:135� 0:5+ 0:135� 0:3) = 0:0432

� Finally P(HHT) = 0:0675� 0:1 + 0:0432� 0:1 = 0:01107

One may be tempted to claim that the sum of probabilities overall strings of length
3 of H's and T's should be equal to one. This however is not trueas in the last step
we compute the probability of going to the end state.
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Computing the probability the posteriori probability of P(� i = kjx)
Goal: Compute the probability that a path was at statek at timei given observed
stringx.
Note that we have

P(x; � i = k) = P(x1 : : : xi; � i = k)P(xi+1 : : : xLjx1 : : : xi; � i = k)

= P(x1 : : : xi; � i = k)P(xi+1 : : : xLj� i = k)

as the string generated after thei step depends only the state we were in stepi. Let

bk(i) = P(xi+1 : : : xLj� i = k):

Then we have
P(x; � i = k) = fk(i)bk(i)

and

P(� i = kjx) =
fk(i)bk(i)

P(x)
:

Numbersbk(i) can be computed using the Backward algorithms:
Backward Algorithm

1. bk(L) := ak0

2. for i := L � 1 downto 1

3. bk(i) :=
P

l aklel(xi+1)bl(i + 1)

5.5 Parameter estimation

Estimation when paths are known
Assume we are have a set ofn stringsx1; : : : ;xn (called the training set) and we
know the paths which generatedxi 's. Let Akl be the number of times statel follows
the statek in our training set and letEk(b) is the number of times symbolb has been
emitted when in statek. Then we can set

akl =
AklP
l0 Akl0

; ek(b) =
Ek(b)

P
b0 Ek(b0)

:

Estimation when paths are unknown
Baum-Welch algorithmcalculatesAkl and Ek(b) as the expected number of times
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each transition or emission is used, given a training sequence. Let � denote the
current set of parameters used. Recall thatfk(i) = P(x1 : : : xi; � i = k) andbk(i) =
P(xi+1 : : : xLj� i = k). Then we have

P(� i = k; � i+1 = ljx; � ) =
fk(i)aklel(xi+1)bl(i + 1)

P(x)
:

Summing over all string and all position we get the expected value of the number
of timesakl is used

Akl =
X

j

1
xj

X

i

f j
k (i)aklel(x

j
i+1)b

j
l (i + 1);

where f 's andb's are forward and backward probabilities for stringxj. Similarly,

Ek(b) =
X

j

1
P(xj)

X

ijxj
i =b

f j
k (i)b j

k(i):

Simpli�ed description of the Baum-Welch algorithm is givenbelow.
Baum-Welch Algorithm

1. Pick arbitrary model parameters

2. repeat

� Set all theA's andE's to zero.

� for j := 1 ton do

� Calculatefk(i) for xj.

� Calculatebk(i) for xj.

� Add the contribution ofxj to A's andE's

� Calculate new model parameters using the estimators as in case of known
paths.

� Calculate the log likelihood of the model:
P n

j=1 log (P(xj j� )):

3. until the change of the log likelihood is less than some threshold or the max-
imum number of iterations is exceeded.
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To analyze the Baum-Welch algorithm we will need a concept ofrelative entropy of
two distributions. LetP andQ be two distributions on the setfx1; x2; : : : ;xng. Then
therelative entropyof P to Q is

H(PjjQ) =
nX

i=1

P(xi) log
P(xi)
Q(xi)

:

One easy but important fact about the relative entropy that we will constantly use is
the following.

Lemma 16 For distributions P and Q,

H(PjjQ) � 0

with equality if and only if P(xi) = Q(xi) for every i.

Proof. We have logx � x � 1 with equality only whenx = 1. Therefore,

� H(PjjQ) =
nX

i=1

P(xi) log
Q(xi)
P(xi)

�
nX

i=1

P(xi)
 
Q(xi)
P(xi)

� 1
!

= 0:

Another fact that we will need is Lemma 11 which says that forA; B;C

P(A; BjC) = P(AjB;C)P(BjC):

In our analysis of the Baum-Welch algorithm we shall assume that the training set
consists of only one stringx. A more realistic assumption that the set consists of
x1; : : : ;xn adds one more sum in the below argument (which already blossoms with
sums). In the Baum-Welch algorithm, we computeP(� i = k; � i+1 = ljx; � ) from
the formulafk(i)aklbl(i + 1)el(xi+1)=P(x) in which the individual terms are computed
using the forward and backward algorithms. For a path� let Akl(� ) be the number
of transitions fromk to l in � and letEk(b; � ) be the number of times symbolb is
emitted in statek in path� . We need the following technical observation.

Lemma 17
LX

i=0

P(� i = k; � i+1 = ljx; � ) =
X

�

Akl(� )P(� jx; � )

where the sum is taken over all paths of length L.
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Proof. Fix i. We have

P(� i = k; � i+1 = ljx; � ) =
X

�

P(� i = k; � i+1 = l; � jx; � )

and by Lemma 11,
X

�

P(� i = k; � i+1 = l; � jx; � ) =
X

�

P(� i = k; � i+1 = lj�; x; � )P(� jx; � ):

However the conditional probabilityP(� i = k; � i+1 = lj�; x; � ) is equal either to one
(if � has a transition fromk to l in theith step) or zero (if it does not). Therefore,

X

i

P(� i = k; � i+1 = l; � jx; � ) = Akl(� )P(� jx; � )

and consequently

LX

i=0

P(� i = k; � i+1 = ljx; � ) =
X

�

Akl(� )P(� jx; � ):

We need a similar fact forEk(b; � ). To estimate the emission probabilities, Baum-
Welch algorithm computesP(� kjx) = fk(i)bk(i)=P(x) which again can be found by
invoking the forward and backward algorithms.

Lemma 18 X

i:xi =b

P(� i = kjx; � ) =
X

�

Ek(b; � )P(� jx):

Proof.

P(� i = kjx; � ) =
X

�

P(� i = k; � jx; � ) =
X

�

P(� i = kj�; x; � )P(� jx; � )

andP(� i = kj�; x; � ) is equal to one ifk is theith state in� and zero otherwise. Thus
X

i:xi =b

P(� i = kjx; � ) =
X

�

Ek(b; � )P(� jx):

Recall that
Akl =

X

i

P(� i = k; � i+1 = ljx; � )

86



Section 5.5 Lecture Notes, Mat 351

and
Ek(b) =

X

i:xi =b

P(� i = kjx; � ):

Therefore from last two lemmas we get

Akl =
X

�

Akl(� )P(� jx; � ); (5.2)

Ek(b) =
X

�

Ek(b; � )P(� jx; � ): (5.3)

Theorem 19 Let � m denote the set of parameters in the mth iteration of Baum-
Welch algorithm. Then

logP(xj� m+1) � logP(xj� m)

with equality in the case when thelogP(xj� ) attains a (local) maximum over all� .

Proof. We haveP(x; � j� ) = P(� jx; � )P(xj� ) which givesP(xj� ) = P(x; � j� )=P(� jx; � )
and so

logP(xj� ) = logP(x; � j� ) � logP(� jx; � ):

Multiplying by P(� jx; � m) and summing over all� gives

logP(xj� )(
X

�

P(� jx; � m)) =
X

�

(P(� jx; � m) logP(x; � j� ) � P(� jx; � m) logP(� jx; � )):

and so

logP(xj� ) =
X

�

(P(� jx; � m) logP(x; � j� )) �
X

�

(P(� jx; � m) logP(� jx; � )):

We useQ(� j� m) for the �rst sum on the right hand side, i.e.

Q(� j� m) =
X

�

(P(� jx; � m) logP(� jx; � )):

Then

logP(xj� ) � logP(xj� m) = Q(� j� m) � Q(� mj� m) +
X

pi

P(� jx; � m) log
P(� jx; � m)
P(� jx; � )

:

But the last sum the relative entropy and so it is nonnegative. Thus

logP(xj� ) � logP(xj� m) � Q(� j� m) � Q(� mj� m):
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In addition, we can expressP(x; � j� ) in terms ofAkl(� ) andEk(b; � ). Indeed,

P(x; � j� ) =
Y

k� 1

Y

b

(ek(b))Ek(b;� )
Y

k� 0

Y

l� 1

(akl)
Akl(� )

and so

Q(� j� m) =
X

�

P(� jx; � )

2
666664
X

k

X

b

Ek(b; � ) logek(b) +
X

k

X

l

Akl(� ) logakl

3
777775:

We switch the order of summation and take the sum over� �rst to get

Q(� j� m) =
X

k

X

b

Ek(b) logek(b) +
X

k

X

l

Akl logakl:

Let

e0
k(b) =

Ek(b)
P

b0 Ek(b0)
;

a0
kl =

AklP
l0 Akl0

:

Then

Q(� m+1j� m) � Q(� j� m) =
X

k

X

b

Ek(b) log
e0

k(b)

ek(b)
+

X

k

X

l

Akl log
a0

kl

akl
=

=
X

k

(
X

b0

Ek(b0))
X

b

e0
k(b) log

e0
k(b)

ek(b)
+

X

k

(
X

l0
Akl0)

X

l

a0
kl log

a0
kl

akl
� 0

by the property of the relative entropy.
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Chapter 6

Mapping

Discussion in this chapter follows [G97]. There are two types of genome maps:
genetic mapsandphysical maps.

� Genetic map - gives a relative order of features of interests(like genes) on
a chromosome or establishes that two features are likely on di� erent chro-
mosomes. Measured in unit called centimorgan which is monotonic in the
physical distance but no simple relation exists.

� Physical map - gives a true location of features of genetic markers or other
features in the genome. The metric is the number of nucleotides between two
points.

We focus on the physical mapping problems.

6.1 STS-content mapping

STS (Sequence-tagged-site) - string of length 200-300 nucleotides whose right and
left ends (of length 20-30 nucleotides each) occur only oncein the entire genome.
EST (Expressed sequence tag) - STSs that come from genes rather parts of inter-
gene DNA.
Goal: Find physical locations of STSs
We are given a clone-library which is a set of short DNA fragments that can overlap
and should cover the DNA string of interest. One can check if an STS is contained
in a particular clone obtaining the true/false answer. The original location of clones
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or they relative order is however unknown. STS-content mapping �nds ordering of
the STSs and builds a physical map for the clone-library.

Example 59 Consider the set of �ve clones1; : : : ;5 with STSs a; b; c; d; e; f . Then

1

2

3

4

5

e b a d cg f

the binary matrix M will look like

� a b c d e f g
1 1 0 0 1 0 0 1
2 1 1 0 0 1 0 0
3 1 1 1 1 0 0 1
4 0 0 1 1 0 1 0
5 0 0 1 1 0 0 1

A reasonable approach is to �nd a re-arrangement of columns (which corre-
spond to STSs) such that the ones in each row are consecutive.Assuming there are
no errors in our data the problem is known as theconsecutive ones problem: Given
a binary matrix, rearrange the columns so that in each row allones are consecutive.
There are a few e� cient algorithms known for this problem.
C1s Problem
Let M be a given matrix. We assume that all rows are distinct. For row i, let
Si = fkjMi;k = 1g. Note that for two rowsi and j we distinguish three possibilities.

1. Si \ S j = ;

2. Si � S j or S j � Si

3. Si \ S j , ; but (2) does not hold.
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Figure 6.1: Some markers on the chromosome 7 in Homo Sapiens (NCBI web site)

In case of (1) we can rearrange columns fori independently ofj. Condition (2) is
more di� cult to visualize but if we had only two rowsi andi andS j � S j then we
can �rst rearrange the columns forS j and then rearrange the columns with ones so
that the ones ini are also consecutive. The main situation that must be taken care
of is that coming from (3).
The approach can be formulated best using the graph-theoretic language. De�ne an
auxiliary graphG(M) with vertices corresponding to rows and two rows connected
i j connected inG(M) if condition (3) is satis�ed.
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Example 60 Consider matrix M

� 1 2 3 4 5 6
c1 1 0 0 1 0 1
c2 1 1 0 0 0 0
c3 0 0 1 0 0 1
c4 0 1 0 0 1 0
c5 0 0 0 0 0 1

Then the graph is shown in Figure 6.2.

c1 c2

c4c5

c3

Figure 6.2: C1P graphG(M)

Algorithm proceeds in two phases. First we iterate over all connected compo-
nents ofG(M) and rearrange columns in a component. Second we join components
together.
Phase1
Suppose a component contains clonesd1; : : : ;dk and assume thatd2 is connected
with d1, d3 is connected withd2.

� Rearrange columns ford1. Let i1; : : : ;ip denote the columns with ones ind1.
Label each column with ones with the setfi1; : : : ;ipg

� Rearrange columns ford2 so that the ones ford1 stay consecutive. Note that
there will be some common columns ofd1 andd2 and there will be some new
columns with ones that must be arranges. This arrangement corresponds to
”pushing” common columns either to the left (d2 goes with respect tod1)
or to the right (d2 goes! with respect tod1) and stacking new columns with
ones on the left or right side so that they form a consecutive string of ones in
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d2. This restricts the degrees of freedom of moving columns with ones which
is re�ected by updating their labels.

� It will be convenient to �rst describe the general step in thecase ofd3 (Note
that we assume thatd1 is connected withd2 andd2 is connected withd3). Let
m = minfjSd1 \ Sd2j; jSd2 \ Sd3jg. Note that the intersections count the number
of common ones in the rows.

– If jSd3 \ Sd1j < m thend3 goes in the same direction asd2 went.

– Elsed3 goes in the opposite direction tod2. Update labels accordingly.

� In the general case when placing clonedl �nd i; j suchdi; d j where previously
placed and so thatd j is connected withdi andd j is connected withdl in G(M).
Then proceed as follows: Letm = minfjSdi \ Sdj j; jSdj \ Sdl jg. If jSdi \ Sdl j < m
then placedl in the same direction as ind j. Otherwise place in the opposite
direction.

Example 61 We will now execute the algorithm for the graph in Figure 6.2.Note
that we must �rst �nd an appropriate ordering and although there are many pos-
sibilities we must be a bit careful to make sure the assumption from phase 1 is
satis�ed. We can take c2; c1; c3; c4.

� Place c2.

Rearrange the columns for c4 form the previous example. We have i= 1,
j = 2 as c2 is connected with c1 and c2 is connected with c4. Just group ones
together and label each column byf1; 2g.

� f1; 2g f1; 2g
c2 1 1

� Place c1.

Sc1 \ Sc2 = f1gas a result there will be one common column and two new
ones withf4; 6g. We will place new ones to the left of c2.

� f4; 6g f4; 6g f1g f2g
c1 1 1 1 0
c2 0 0 1 1
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� Place c3.

This is the �rst time we have to use the inequality condition from the algo-
rithm. Note that c3 is connected with c1 and c1 is connected with c2 and so c1
will be the reference row (that is d1 = c2; d2 = c1, d3 = c3 in the description
above). We have

m = minfjSc1 \ Sc2j; jSc1 \ Sc3jg= minf1; 1g

jSc2 \ Sc3j = 0

and so Sc3 must go in the same direction as c1 (that is to the left of c2). Since
jSc1 \ Sc3j = 1 there will be one common column to c1 and c3.

� f3g f6g f4g f1g f2g
c1 0 1 1 1 0
c2 0 0 0 1 1
c3 1 1 0 0 0

� Place c4. This time c2 is connected with c4 and c2 is connected with c1. Thus
c2 will be the reference row. We have

m = minfjSc1 \ Sc2j; jSc2 \ Sc4jg= minf1; 1g= 1

jSc1 \ Sc4j = 0

and so c4 goes in the same direction as c2 went with respect to c1, i.e. to the
right of c1.

� f3g f6g f4g f1g f2g f5g
c1 0 1 1 1 0 0
c2 0 0 0 1 1 0
c3 1 1 0 0 0 0
c4 0 0 0 0 1 1

There is a very simple reason for considering the condition for m used in making
the decision of how to placeSd3. Suppose thatd1, d2 andd3 are as in Phase1.
Consider the rearrangement for columns that yields the consecutive ones property.
When restricting the attention tod1 andd2, we will have ones ind2 placed either to
the left or right of the block of ones ind1:

d1 0 1 1 1 1 0
d2 1 1 1 1 0 0
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Now the rowd3 comes andd3 is connected withd2 which is connected withd1.
The can but does not need to be the edge betweend1 andd3 in the graph. There are
two possibilities for placement of ones fromc3. There are a few possibilities ford3.
For example we can have

d1 0 0 0 1 1 1 1 0
d2 0 0 1 1 1 1 0 0
d3 1 1 1 1 0 0 0 0

In this case there will be an edge betweend1 and d3 and clearlyjSd1 \ Sd3j <
jSd2 \ Sd3j. Also jSd1 \ Sd3j < jSd2 \ Sd1j as there is an edge betweend2 andd3 and
soSd2 is not contained inSd3. There are of course some other options, for example

d1 0 0 0 1 1 1 1 0
d2 0 0 1 1 1 1 0 0
d3 0 0 0 1 1 1 1 1

Then there is no edge betweend1 andd3 andjSd1 \ Sd3j = jSd1j. On the other hand
m � j Sd2 \ Sd3j < jSd3j as there is the edge betweend2 andd3. There are a few
other similar possibilities to check. De�ningm = minfjSd1 \ Sd2j; jSd2 \ Sd3jgand
checkingjSd1 \ Sd3j < m takes care of all of the above situations.

In the second phase of the algorithm, we create another auxiliary graphD(M),
where vertices are connected components ofG(M). We put a directed edge from
vertexA to B if for every all setsSi with i 2 B are contained in some setS j with
j 2 A. Note thatD(M) is a directed graph that does not contain cycles (is a directed
acyclic graphDAG). One of the properties of such a graph is that its vertices can
be ordered so that there is no directed arc fromk to l if l precedesk in the ordering
(this known as topological sorting). This type of ordering of a DAG onn vertices
and withm edges can be found inO(n + m) time.

Phase2
Assume we have components in a topological order.

1. Initially we start with vertices that have no incoming edges inD(M) and we
�x their columns.

2. In general, suppose that we add component� and assume that (�; � ) is an
edge.

� Choose rowl in � with the leftmost one and letC� be the column that
contains this one.
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� Find all rows in� that containSl and letC� be the leftmost column such
that all rows from above contain one inC� .

� Rearrange the columns in� so thatC� = C� .

Example 62 Solve the instance of the C1 problem given by matrix M below.

� 1 2 3 4 5 6 7 8 9
c1 1 1 0 1 1 0 1 0 1
c2 0 1 1 1 1 1 1 1 1
c3 0 1 0 1 1 0 1 0 1
c4 0 0 1 0 0 0 0 1 0
c5 0 0 0 1 0 0 1 0 0
c6 0 1 0 1 0 0 0 0 0

The graph G(M) looks as in Figure 62. The directed graph D(M) is in Figure 62

c3 c4

c1 c2

c5

c6

A

B C

D

Figure 6.3: GraphG(M) with connected componentsA; B;C; D

A

B

C

D

Figure 6.4: GraphD(M).
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One possible topological ordering is A; B;C; D. The execution of the second phase
of the algorithm is illustrated in the next �gure. Thereforeone possible ordering is
6; 3; 8; 2; 4; 7; 5; 9; 1.

� 6 3 8 2 4 7 5 9 1
c1 0 0 0 1 1 1 1 1 1
c2 1 1 1 1 1 1 1 1 0
c3 0 0 0 1 1 1 1 1 0
c4 0 1 1 0 0 0 0 0 0
c5 0 0 0 0 1 1 0 0 0
c6 0 0 0 1 1 0 0 0 0

The above approach assumes that the clones do not contain anyerrors which not
practical. There are three types of systematic errors that can occur:

� false positiveerror - report that a clone contains STS when in fact it does not;

� false negativeerror - report that a clone does not contain an STS but in fact it
does;
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� chimeric cloneserror - more complex errors which come from clone libraries.

6.2 Radiation-hybrid mapping

In this method the following strategy is taken to study the location of STSes in a
DNA string.

1. Single chromosome of human DNA is isolated and irradiated. This breaks
the chromosome at random locations into a small number of fragments.

2. Fragments are merged into a hamster cell which replicatesthe human DNA
with hamster DNA.

3. As a result any single hamster cell contains roughly contains 5-10 discon-
nected fragments with the total length of the fragment 15-20% of the length
of the whole chromosome.
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4. Cells can be examined for STSs.

Example 63 Consider the set of �ve clones1; : : : ;5 with STSs a; b; c; d; e; f in the
radiation-hybrid mapping. Then the binary matrix M will look like

1

2

3

4

5

e b a d cg f

� a b c d e f g
1 1 1 1 1 0 0 0
2 1 0 1 1 0 0 1
3 0 1 1 0 1 1 0
4 1 1 0 0 0 1 1
5 0 1 1 1 0 0 1

The only but important di� erence between this approach and the previous one is
that this time we can test if STS is contained in one of the fragments in the cell but
we do not know in which one.
Approach: Given a binary matrix �nd the rearrangement of columns so that the
number of blocks of consecutive ones. This in turn is reducedthe traveling sales-
man problemin graph theory as follows.

� Create the auxiliary graph by adding a vertex for each STS (each column of
the matrix) and add an extra vertexs.

� Add an edge between any two vertices in the graph.

� Put weights on edges of the graph:w(s; v) is the number of ones in column v,
w(u; v) is the number of positions in vectorv such thatu andv di� er.
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Traveling salesman problem:Given a weighted graphG �nd a Hamiltonian cycle
in G which minimizes the total weight.
For our problem: a cycle visits each vertex once and starts ins. This gives an
ordering of vertices which corresponds to a rearrangement of columns.
Notes:

� This approach solves correctly the problem of minimum number of blocks
but this solution does not need to correspond to an actual order of STSs.

� The traveling salesman problem is NP-complete.

� Weight on edge (u; v) counts the number of blocks of 1's that end in column
u plus the number of blocks of 1's that start in columnv. The weight on (s; v)
counts the number of blocks of ones that start in columnv.

Example 64 Consider the following matrix M.

� a b c d e
1 0 1 1 1 0
2 0 1 1 0 1
3 1 0 1 0 1
4 1 1 1 0 1
5 0 1 1 1 1

Draw the auxiliary graph and �nd an optimal solution. The auxiliary graph is
depicted in Figure 64 and an optimal solution in Figure 64.

This solution gives two possible orderings: 1; 5; 3; 2; 4 and 4; 2; 3; 5; 1. Rearranging
the columns ofM shows thatM in fact has the consecutive ones property. This of
course is an accident that is special to this small example.

Theorem 20 A traveling salesman tour with total edge weight of w speci�es a per-
mutation of columns with exactly w=2 blocks of ones. Hence, the traveling salesman
tour of minimum weight gives a permutation with the minimum number of blocks.

Question: How to �nd an optimal solution to the traveling salesman problem?
Answer: The corresponding decision problem is NP-hard and so thereis really
nothing much better than going through all possible cycles.Note that solving the
minimum spanning tree problem can give you some lower bound for the optimal
value. In practice either the instances are small so that theproblem is still feasible
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Figure 6.5: Auxiliary graph.

or we apply some of the heuristic algorithms.
Heuristic: The nearest neighbor algorithm.
Usually comes to within 20% of the optimal solution1.
NN Algorithm

1. A := ; , B := V

2. A := A [ f sgwhere s is an arbitrary vertex in graph.

3. while (B , ; )

4. begin

5. Find vertex w 2 B which is closest to the last vertex v added toA

6. A := A [ f wgandB := B nw

7. Add edgevw to the path.

8. end
1If you keep feeding it with bad examples then you will come nowhere close
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Figure 6.6: Optimal solution of weight 10.

9. Addwsto the path.

Example 65 Use the nearest neighbor algorithm to �nd a cycle in the graphfrom
the previous example.

1. A = fsg, B = fa; b; c; d; eg.

2. A = fs; ag, B = fb; c; d; eg, sa.

3. A = fs; a; eg, B = fb; c; dg, sae.

4. A = fs; a; e; cg, B = fb; dg, saec.

5. A = fs; a; e; c; bg, B = fdg, saecb.

6. A = fs; a; e; c; b; dg, B = ; , saecbd.

7. return saecbds.
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6.3 Computing the tightest layout

Physical mapping: �ngerprinting In the case of STSs we know that a particu-
lar marker appears only once in the string. However there aresituations in which
probes (markers) can appear more than once in the string. In this case, again,
the data is represented by a binary matrix with rows corresponding to clones and
columns corresponding to probes. However this time probe can appear in the string
more than once. The set of probes that test positive for a clone is called the�nger-
print of the clone.

a ab b cc d

1

2

3

4

Figure 6.7: An example of clones with probes. We haveP1 = fa; cg; P2 =
fa; b; dg; P3 = fa; b; dg; P4 = fa; b; cg
.

De�nition 29 Let P be a set of probes (or names) and let C be a set of n clones.
For each clone c2 C, let Pc be the set of probes known to occur in c.

De�nition 30 Given the set Pc for each c2 C, a feasible layout is a mapping of
clones as intervals and of probes occurrences as point on thereal line so that for
each clone c2 C the interval:

� contains at least one copy of each probe from Pc,

� does not contain probes which are not in Pc.

Note that it is easy to �nd a feasible layout. Simply put clones as pair-wise disjoint
intervals and place one copy of each probe inPc in interval forc. However there are
many layouts with the same set of �ngerprints. Our goal will be to �nd a ”tightest”
feasible layout - the one that occupies the least span on realline and requires the
fewest probes available.
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Example 66 Consider clones1; : : :5 and let P1 = fa; b; d; eg, P2 = fa; c; dg, P3 =
fa; c; eg, P4 = fb; dg, P5 = fb; e; f g. Find a feasible layout of clones.
There are many possibilities.

a

1

2

3

4

a ab d dce c e b d b e f

5

Figure 6.8: Feasible layout.

1

2

3

4

5

e b d a ec d b e f

Figure 6.9: Another feasible layout.

Algorithm:
We will make two assumptions:

� All clones have the same length.

� Order of clones is given but we do not know speci�c locations.

Algorithm is based on the following observation: Leti < j < k be three clones,
if probe p occurs in j but does not occur ini and does not occur ink theni andk
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cannot overlap. Indeed otherwise they would cover the wholeclone. For the same
reason ifi0 � i < j < k � k0 theni0 andk0 cannot overlap.

De�nition 31 A pair of clones i0; k0 is called an excluded pair if i0 � i < j < k � k0

for some i; j; k and there is a probe p contained in Pj but not contained in Pi [ Pk.
A pair is called permitted if it is not excluded.

Lemma 21 � If i 0; k is an excluded pair and i< i0 < k, then i; k is also an
excluded pair.

� If i ; k is a permitted pair and i< i0 < k then i; i0 and i0; k are also permitted
pairs.

Example 67 Consider four clones, ordered1; 2; 3; 4with P1 = fa; b; cg, P2 = fc; dg,
P3 = fa; b; cg, P4 = fc; dg.

1. Check if the pair3; 4 is excluded. There is nothing to check! It is certainly
not excluded as there is no way to �nd an index i between3 in 4 in the given
ordering.

2. Check if the pair1; 3 is excluded. It is excluded, as d2 P2 and d is neither in
P1 nor in P3.

3. Check if the pair1; 4 is excluded. One can start with the following analysis:
check if there is a probe in P2 which is neither in P1 nor in P4 - there is none,
check if there is a probe in P3 which is neither in P1 nor in P4 - there is none.
Does it mean the pair is permitted? No! In fact is is excluded as 1 < 3 < 4
and1; 3 is excluded.

GreedyClone Layout

1. Place clone 1 at some left starting point.

2. for k := 2 to n do

3. begin

4. �nd the smallest indexi < k such thati; k is a permitted pair.

5. place clonek so that it overlaps clonei but does not overlap clonei � 1, and
its left end is to the right of the left end of clonek � 1.

6. end
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For step 4 note thatk � 1; k is always a permitted pair as there are no triples to
consider.

Theorem 22 In the Greedy Clone Layout, two clones overlap if and only if they
form a permitted pair.

Second task is to map probes so that the number of probes is thesmallest possible.
We assume that there is an arti�cial clonen + 1 with no probes in it. We place a
probep using the following algorithm.
Greedy probe placement for probep

1. Let i � be the smallest index such thatp is in Pi� .

2. repeat

3. Setj to be the smallest index greater thani � such that eitheri � ; j is an excluded
pair or p is not inP j (i � ; : : : ; j � 1 is called a run).

4. Place a copy ofp inside the interval for clonei � as far right as possible such
that the interval for clonej does not span the copy ofp.

5. If p 2 Pk for somek � j then seti � to the smallest such indexk.

6. until there is no inexk � j with p 2 Pk.

Example 68 Find the tightest layout and the placement of probes if the �ngerprints
are P1 = fa; b; cg, P2 = fc; dg, P3 = fa; b; cg, P4 = fc; dg, and the ordering of clones
is 1; 2; 3; 4. We start with the layout of clones.

� Clone 1 is placed somewhere to the left.

� Clone 2 is placed so that it overlaps with 1 as clearly1; 2 is a permitted pair.

� Clone 3. We try to �nd the smallest i. First option is i= 1. However1; 3 is
an excluded pair since d2 P2 and d in neither in P1 nor P3. Therefore i= 2
and the pair2; 3 must be permitted. We place 3 so that it overlaps2 but does
not overlap 3.

� Clone 4. We try to �nd the smallest i. Note that when checking for a witness k,
with 1 < k < 4, to prove that1; 4 is excluded, we �nd that no such witness ex-
ists. Consequently one can think that the pair1; 4 is permitted. This however
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1

2

3

4

Figure 6.10: Tightest layout of clones from Example 68

is not the case, as examining De�nition 31 we see that1; 4 is excluded be-
cause, for example2; 4 is excluded (witnessed by a2 P3) and1 < 2 < 3 < 4.
Thus i> 1, in fact as mentioned a moment ago,2; 4 is excluded and so i= 3.
We place 4 so that it overlaps 3 but does not overlap 2.

Now we can place the copies of probes. We assume clone 5 is the empty clone.

� Placing a. We have i� = 1 as a2 P1 and j = 2 because a is not in P2. One
copy of a must be placed in1 so that it is not spanned by2. We are not done
with a as a2 P3 and so i� = 3 and j = 4 as a is not in P4. The second copy
of a must be placed carefully so that a is neither spanned by 2 nor 4 but is
spanned by 3.

� Placing b. We have i� = 1 as b 2 P1 and j = 2 since P2 does not contain
b. One copy of b is placed at more or less the same location as the �rst copy
of a. Then we �nd b2 P3 and so i� = 3 and j = 4. The second copy of b is
placed at the same location as the second copy of a.

� Placing c. We �nd that i� = 1 and j = 3. The reason for this is that1; 3 is
an excluded pair. Therefore we need one copy of c to be placed at the right
endpoint of1. Then we continue and i� = 3 and j = 5. We place the second
copy of c at the right endpoint of3.

� Placing d. Now i� = 2 and j = 3 we place one copy of d so that it is spanned
by 2 but not spanned by 1 or 3. Then i� = 4; j = 5 and the second copy of d
is needed in clone 4.

Theorem 23 The greedy probe placement makes the greedy clone layout feasible.
Moreover, this placement uses as few copies of probes as any feasible layout.
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1

2

3

4

a a
b bc cd d

Figure 6.11: Tightest layout and placement of probes from Example 68
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Figure 6.12: Chromosome 19 map, http:bbrp.llnl.govbbrpgenomehtmlgene
ideogram.html
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Chapter 7

Sequencing and Superstrings

In this chapter, we will talk about sequencing method. Our main objective is to
introduce the shotgun sequencing and study problems motivated by this approach.
Again the vast part of the chapter is based on [G97].

7.1 Types of Sequencing

Direct sequencing.Goal is to determine the nucleotide sequence of a long string
of DNA. Technology allows:

� Accurately sequence a small number of nucleotides (300-500).

� To replicate substrings of a DNA string starting at almost any point pro-
vided a small number of nucleotides is known to the left of this point (say
9). This replication is done using PCR (polymerase chain reaction). One
can synthesize a string which is complementary to the stringwith these 9 nu-
cleotides. The synthesized string can then be used to createa ”primer” which
goes through the long DNA string and hybridizes with the longstring at the
searched position. In fact, two primers are used.

This suggests the following method for sequencing calledprimer walking. If the
�rst 9 nucleotides are known then sequence the �rst 300 nucleotides then take 9
last nucleotides of the string just sequenced and create a primer , �nd appropriate
location and sequence next 300 nucleotides and continue. Suppose the string of
9 nucleotides exists somewhere else in the string, since we know the left part of
the string, we can check if this is the case and then select a slightly di� erent sub-
string with a slightly di� erent location. Another approach also directed sequencing
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method is callednested deletion. In this method an appropriate enzyme is used to
delete bases on the left of the string. After the �rst 300 nucleotides are sequences,
exonuclease is used to remove the �rst 300 nucleotides.
The method is clearly sequential and therefore it is very slow.
Before discussing alternative sequencing method, we describe a typical procedure
which is executed to sequence a long DNA string.

Top-down, bottom-up sequencing

� Cut the full DNA and clone into overlapping YAC clones (YeastArti�cial
Chromosome).

� Cut DNA in each YAC clone and clone into overlapping cosmid clones (smaller
clones 40,000 base pairs).

� Select a subset of cosmid clones of total length that covers YAC DNA.

� Duplicate the cosmid and then cut the copies randomly. Select and sequence
short fragments. Then re-assemble them into a deduced cosmid string.

There is one minor computational problem arising from this procedure.
Goal: Select a subset of cosmids that cover the whole YAC clone and have the
minimal total length. This subset is calledthe minimum tiling path.
Method: Reduce it to the shortest path problem in a directed graph. Each cosmid is
represented as a vertex, there is a directed edge fromi to j if and only if i, j overlap
andi starts to the left of the start ofj andi ends to the left of the end ofj. The
weight on the edge is the length of overlap. In addition, any clone that starts to the
extreme left is called the source and any clone to the extremeright is called a sink.
We will always assume that the intervals that represent clones are open so that there
is no arc from (a; b) to (b; c).

Theorem 24 The nodes on any shortest path in the graph from a source to a sink
node de�ne a minimum tiling path.

Example 69 Draw an auxiliary graph for the set of clones in Figure 69. Thethe
graph will look like the one in Figure 69.

Obtained graph has the property that it does not have directed cycles. There
are very e� cient methods for �nding shortest paths in DAG. We will indicate one
method, which is more general and works in any graph as long asthe weights on
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Figure 7.1: Set of clones
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Figure 7.2: Auxiliary graph

arcs are nonnegative.
Dijkstra's Algorithm
Algorithms �nds shortest paths from a given vertexs to any other reachable vertex
in the graph. Here is the basic idea: In the beginning all of the vertices buts have
labels set to1 , label ofs is zero,L = V n fsg.

1. whileL , ; do

2. begin

3. selectv in L with minimum weight and letL := L n fvg

4. for every vertexw 2 L set the label ofw to be the minimum of the current
label andlabel(v) + weight(v; w). If the value of label is changed then keep
the pointer tov.

5. end
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6. values of labels indicate the length of shortest paths from s, pointers can be
used to do the traceback.

Example 70 Use Dijkstra's algorithm to �nd the minimum tiling path in the set
of clones in Example 69. We will organize computations in thematrix. A row
corresponds to the iteration, columns are indexed by vertices in the graph. Each
entry contains the value of label in the current iteration. Moreover we will put a
square to denote the vertex v from step 3 and use� for in�nity. Note that a is a
source and h is a sink and so our objective is to �nd the shortest path from a to h.
Therefore, the minimum tiling path is a; c; f ; h.

b c d e f g ha

0 - - - - - - -

0 1 2 - - - - -

0 1 2 2 - - - -

0 1 2 2 - 3 - -

0 1 2 2 35 - -

0 1 2 2 35 5 3.5

Figure 7.3: Dijkstra's algorithm

7.2 Shotgun sequencing

After the minimum tiling path is found, the procedure turns to sequencing. Usually
this is done using the so called shotgun or random sequencing.

1. Make copies of the DNA of interest.

2. Cut these copies (using physical, chemical, or enzymaticmeans) in random
locations. Note that the order of fragments is lost. In addition, we do not
know from which strand fragments are obtained.
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3. Randomly choose fragments and then sequence the �rst 400 bases of each.

First question that we would like to answer is how many fragments do we need
to hope for covering the whole string. This is measured by coverage. Recall that
coverage isn if the sum of lengths of fragments isnM whereM is the length of the
original string.

Example 71 Coverage in the case of random fragments.
Suppose we select N fragments of length L each randomly and independently from
a sequence of length G. Note that it is not completely trivialwhat does it mean to
select a fragment of length L at random. Here we assume, ignoring the boundary
conditions, that we select randomly an end point of the fragment. Since L� G we
indeed can ignore the boundary conditions and proceed with analysis. For the ith
base in the long sequence let Xi be a random variable which is equal to one if the
ith base is not covered and is equal to zero otherwise. Then the probability that i is
covered by fragment m is equal to L=G. By independence, the probability that i is
not covered by any of the fragments is(1 � L

G)N. Note that as L� G we can use
the following approximation(1 � L

G)N � e� LN=G. Let X =
P G

i=1 Xi be the number of
bases not covered. Then

E(X) =
GX

i=1

E(Xi) =
GX

i=1

p(Xi = 1) = G(1 �
L
G

)N � Ge� LN=G:

From which we see that if the coverage is4:6, i.e. LN = 4:6G, then e� LN=G � 0:01
and so 99% of the string is expected to be covered.

Usually �ve to ten coverage is used. After fragments are sequenced the problem is
to assemble the full cosmid string. This is a purely computational problem which
is approached by a three-steps procedure.

1. Overlap detection.For each ordered pair of strings, �nd how much a su� x of
the �rst matches the pre�x of the second string. In other words, givenS1; S2

�nd a su� x of S1 and a pre�x ofS2 whose similarity is maximum. Similarity
is measured in the same way as in the alignment problem.

2. Substring layout.Usually uses the following (greed approach). First merge
the pair with highest score of a pre�x-su� x match. Then next highest-score
pair is selected and merged, and so on. Note however that alignment may
involve spaces and mismatches. These con�icts must be somehow resolved.
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3. Deciding the consensus.If all characters assigned to a particular position are
the same then clearly this character is selected. If there isa disagreement
then one can use the frequency for each character to decide. There are more
sophisticated approaches as well.

Note the above approach is heuristic and there is no guarantee that it will not get
stuck by ”wrong” decisions when gluing fragments together.Two main problems
with shotgun sequencing: (1) Final string often needs additional corrections, (2)
repeats of long substrings (which occur in higher organisms) cause problems.

7.3 The shortest superstring problem

Purely mathematical problem motivated by shotgun assembly.

De�nition 32 Given a set of k strings P= fS1; S2; : : : ;Skg, a superstring of the set
P is a single string that contains every string from P as a substring.

Example 72 If P = faaca; acgtcaa; catttgthen acgtcaacattt contains all three sub-
strings.

De�nition 33 For a set P, let S� = S� (P) denote the shortest superstring of P.

The problem of �ndingS� is NP-hard and we will develop an approximation al-
gorithm which reduces the problem to the so-called set-cover problem. LetP =
fS1; : : : ;Sng. Fork > 0 if the lastk characters ofSi are the same as the �rstk char-
acters ofS j then de�ne� i jk to be the string obtained by overlappingk positions of
Si andS j. Let M be the set of all strings� i jk . For string� , let set(� ) = fS 2 PjS
is a substring of� g, let cost ofset(� ) be equal to the length of� . We execute the
following basic procedure.
GreedyApprox

1. C := ;

2. whileC , P do

3. begin

4. �nd a string� 2 M [ P that minimizescost(set(� ))=jset(� ) � Cj

5. C := C [ set(� )
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6. end

7. Concatenate strings that correspond to picked sets in anyorder.

8. Output the resulting string.

Observations that reduce the problem to TSP
Let P be a set ofn strings such that no string is a substring of another string.Let
jjPjj denote the total length of strings fromP. For stringsSi; S j, let ov(Si; S j) be
the length of the longest overlap of a su� x of Si and pre�x of S j, let p(Si; S j) =
jSi j � ov(Si; S j) and letpre f(Si; S j) be the pre�x ofSi of lengthp(Si; S j).

De�nition 34 For an ordering L= i1; : : : ;ik of integers from1 to k, we take a subset
fSi1; : : : ;Sikgof P and consider the string

S(L) = pre f(Si1; Si2) : : : pre f(Sik� 1; Sik)Sik:

We have the following two lemmas.

Lemma 25 The length of S(L) is

k� 1X

l=1

p(Sil ; Sil+1) + jSikj:

Lemma 26 String S(L) is a superstring offSi1; : : : ;Sikg.

Therefore for a setP of n strings a permutation of 1 ton de�nes a superstring ofP.
Let S� be the shortest superstring. SinceP is substring-free a stringSi can begin
to the left of stringS j in S� if and only if it also ends to the left ofS j. In addition
no two strings begin and end at the same point inS� . Thus we get a permutation of
1; : : : ;n considering the relative positions of strings. Each consecutive strings must
overlap by the most possible or else we could obtain a shorterstring. Therefore, the
problem is to �nd an orderingL of strings such that

fP(L) =
k� 1X

l=1

p(Sil ; Sil+1) + jSik j

is minimum. We have

fP(L) =
kX

l=1

jSil j +
k� 1X

l=1

ov(Sil ; Sil+1)
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which corresponds to maximizing

k� 1X

l=1

ov(Sil ; Sil+1):

Now de�ne a complete di-graph onP with vertices which are string, and a weight
on an arc fromSi to S j equal to theov(Si; S j). Goal is to �nd a permutation that
maximizes the sum above.
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Chapter 8

Evolutionary methods

In this chapter, we will discuss methods for constructing the so-called evolutionary
trees. This clearly can help us to determine how close in the evolutionary process
bio-molecular strings are and so it can help us to measure their similarity. Our main
objective will be given a set of data to �nd a their evolutionary history. This will
be organized into a tree structure with leaves corresponding to elements in the data
set. Two types of methods will be discussed: the distance-based method and the
character-based approach. The discussion in this chapter follows [G97].

8.1 Trees

In this short section, we introduce some more terminology from graph theory which
is relevant to trees. Recall that a tree is a connected graph that contains no cycles. In
addition, when representing an evolutionary history of a data set, we will distinguish
one vertex in a tree - the common ancestor of all elements. This vertex is called a
root and a tree is called a rooted tree. Note that once we have aroot r in a treeT
we can organize the tree into levels:r is on the 1st level, all neighbors ofr are on
the second level, neighbors of neighbors are on the third level, and so on. IfL is the
number of levels of treeT thenthe heightof T, h(T) = L � 1. Also for a vertexv
the height ofv, denoted byh(v), is the level ofv minus one which is equal to the
length of the unique path connectingv with the root. If vertexv is on theith level
then neighbors ofv on thei + 1st level are calledchildren of v. If v is on theith
level then the unique neighbor ofv on thei � 1 level is called a parent ofv. If w
is the parent ofv and x is the parent ofw then x is the grandparent ofv. Clearly
one can continue developing this terminology in a rather uncreative way. Note that
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1

2

3

4

5

Figure 8.1: A rooted tree.

for a vertexv in a treeT there is a unique path inT connectingv with the rootr (if
v = r then the path is empty). Every vertex on this path (includingv andr) is called
an ancestor ofv. Foru; v acommon ancestorof u andv is any vertexw which is an
ancestor ofu andv.

The least common ancestorof u andv is a common ancestorw of u andv with
theh(w) as large as possible. In addition ifu andv are two vertices in a tree then
Vertices inT with no children are called theleavesof T. All other (than leaves)
vertices inT are called theinternal vertices.

Example 73 Let V = f1; 2; 3; 4; 5; 6g, E = fg. Draw tree T= (V; E) with root in 1.
Find the height of T and the least common ancestor of3; 5 and3; 6. The height of

1

2

3

5

6

4

Figure 8.2:T

T is 3. The least common ancestor of3 and5 is 2, of 3 and6 is 1.

Example 74 A full binary tree of height h is a rooted tree of height h whereevery
internal vertex has exactly two children.
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� Find the number of vertices on level i of such a tree.

� Find the total number of vertices in such a tree.

Figure 8.3: Full binary tree of height 3.

Let li be the number of vertices on level i. Since each vertex on level i � h has
exactly two children on level i+ 1, we have li+1 = 2l i with l1 = 1. Therefore,
l i = 2i� 1. Consequently the total number of vertices is

l1 + l2 + � � � + lh+1 = 1 + 2 + � � � + 2h = 2h+1 � 1

where the last equality follows from the formula for the sum of elements in a geo-
metric progression.

8.2 Ultrametric trees

We assume that there is some distance given between the elements in the data set.
This distance will be given to us by a symmetric matrixD and our objective will be
to realize the matrix as an evolutionary tree.

De�nition 35 Let D be a symmetric n by n matrix. An ultrametric tree for D is a
rooted tree T with labels on internal vertices which satis�es the following condi-
tions:

1. Leaves of T correspond in unique way to rows of D.

2. Every internal vertex has at most two children.

3. Let P = v1; : : : ;vl be path from the root v1 to leaf vl. Then for the labels
satisfy: l(vi) > l(vi+1) for i = 1; : : : ;l � 2.
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4. For two leaves i; j in T, D(i; j) is equal to the label of the least common
ancestor of i and j.

Example 75 Find an ultrametric tree for D.

� x y z w
x 0 4 2 3
y 4 0 4 4
z 2 4 0 3
w 3 4 3 0

4

y 3

2

x

w

z

Figure 8.4: Ultrametric tree.

A symmetric matrixD does not need to have the ultrametric property. In other
words an ultrametric tree does not need to exist at all. For example short exper-
imentation may convince us that the following matrix cannotbe realized by an
ultrametric tree.

� x y z
x 0 1 2
y 1 0 3
z 2 3 0

Our �rst objective will be to determine if a given matrixD can be realized by
an ultrametric tree. Surprisingly, there is a very easy condition which determines if
a matrix has an ultrametric realization.

Theorem 27 A symmetric matrix D has an ultrametric tree if for every three indices
i; j; k at least two of D(i; j); D(i; k); D( j; k) are equal to the maximum M(i; j; k) =
maxfD(i; j); D(i; k); D( j; k)g.
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In other words, the maximumM is never unique. Note that when checking we can
only consider triplesi; j; k where alli; j; k are distinct.

Example 76 Verify that the matrix given below does not have an ultrametric tree.

� x y z
x 0 1 2
y 1 0 3
z 2 3 0

Indeed, M(x; y; z) = 3 and D(x; y) = 1; D(x; z) = 2; D(y; z) = 3 so the maximum is
attained by single value of D.

Example 77 Check if the matrix given below has an ultrametric tree.

� x y z w v
x 0 5 1 3 6
y 5 0 5 5 6
z 1 5 0 3 6
w 3 5 3 0 6
v 6 6 6 6 0

There are
�
5
3

�
triples to check. We can simplify our task by the following analysis.

� First notice that if v is in a triple i; j; v then the maximum is equal to6 and is
certainly not unique D(i; v) = D( j; v) = 6.

� Now suppose that we have a triple with y but with no v, say i; j; y, then the
maximum is equal to5 and D(i; y) = D( j; y) = 5.

� Now we may assume that the triple has not v and no y then howeverthe triple
is x; z; w and D(x; z) = 1; D(x; w) = 3; D(z; w) = 3 so the maximum is not
unique.

Consequently the matrix has an ultrametric tree.

The proof of Theorem 27 gives also an algorithm for constructing an ultrametric
tree provided one exists. The algorithm is recursive and proceeds in two main
steps. First take an arbitrary rowi and suppose there aremdistinct valuesd1 > d2 >
� � � > dm in the ith row which are larger than zero. Then add to a tree a path from
the root toi which containsm+ 1 vertices (includingi). Vertex on the path at level
j is labeled withd j. Partition the remaining rows intom groupsG1; : : : ;Gm so that
k is in groupG j if and only if D(i; k) = d j. Recursively �nd trees for each of the
groups and attach tree fromG j to the vertex with labeld j.
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i

d(1)

d(2)

d(3)

d(4)

d(m)

G(1)

G(3)

G(2)

G(4)

G(5)

G(m)

d(5)

Figure 8.5: Algorithm for constructing an ultrametric tree.

Example 78 Find an ultrametric tree for the following matrix.

� x y z w v
x 0 5 1 3 6
y 5 0 5 5 6
z 1 5 0 3 6
w 3 5 3 0 6
v 6 6 6 6 0

We can start with an arbitrary row. Although there is nothingwrong with starting
with x. A more interesting starting point is row w.

� There are three values d1 = 6; d2 = 5; d3 = 3 and G1 = fvg;G2 = fyg;G3 =
fx; zg.

� G1 and G2 contain one row each. Simply attach a vertex for each group.
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G(1)

G(3)

G(2)
w

6

5

3

Figure 8.6: Algorithm step 1.

G(3)

w

6

5

3
w

y

Figure 8.7: Algorithm step 2.

� Finally G3 de�nes the following matrix

� x z
x 0 1
z 1 0

Pick vertex x. There will be one group with d1 = 1 which has one vertex z.
The solution to this subproblem is in the next �gure.

� We attach the solution to the subproblem to obtain the �nal tree.

How to obtain the distance matrix D?
Obviously this is not trivial. Assuming that data are molecular strings, say proteins,
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1

xz

Figure 8.8: Solution to the subproblem.

w

6

5

3
w

y
1

xz

Figure 8.9: Algorithm step 4.

one can approach the problem as follows. For two sequencesx andy the number of
accepted mutations is determined. If this number is equal tot then we assume that
x andy diverged from a string by approximatelyt=2 PAMs and soD(x; y) = t=2.

8.3 Parsimony

In this section, we will take a di� erent approach in which we assume that the ele-
ments of a data set have characters which can be used to deducethe evolutionary
history of them. The data set will be represented by a binary matrix M with n rows
that correspond to elements in the set and withm columns which correspond to
characters. We haveM(i; j) = 1 if i has characterj andM(i; j) = 0 otherwise.

De�nition 36 Given an n by m matrix M a phylogenetic tree for M is a rooted tree
such that

1. there are n leaves in the tree, each corresponds to a row of M,

2. each column of M labels exactly one edge,
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3. for any leave i, labels on the path from the root to i determine the characters
of i, i.e. i contains the characters which are labels and doesnot contain any
other characters.

Example 79 Find a phylogenetic tree for the following matrix M.

� A B C D E F
1 1 0 0 0 1 0
2 0 1 1 0 0 0
3 0 0 1 0 0 1
4 0 0 1 1 0 1
5 0 0 0 0 1 0

In general, we may have more than one solution or no solution at all. Here is one
possible solution:

1 5

3 4

2

A

E C

BF

D

Figure 8.10: Phylogenetic tree forM

However some matrices for some binary matrices in can be impossible to �nd a
phylogenetic tree. For example this matrix does not have a phylogenetic tree.

� A B C
1 1 1 0
2 1 0 1
3 0 0 1

Indeed, since 1 has both charactersA and B there must be a path from the root
containingA andB and no other character. In addition, 3 has onlyC so the path
from the root to 3 cannot containA nor B. However 2 hasA andC so there must
be a path from the root with bothA andC which is not possible. Our �rst task is
to see when a matrixM has a phylogenetic tree. This is given by the following
characterization (see [G97] for a proof).
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Theorem 28 For column k let Ok be the set of elements contained in k. Then M
has a phylogenetic tree if and only if for any two columns i andj the sets Oi and Oj

are either disjoint or one is contained in another.

Our second goal is to describe an algorithm which either builds a phylogenetic
tree for a matrix or states that no tree exists. It turns out that there is a relatively
simple sorting approach which builds a tree. To describe it we need a concept of a
lexicographic order.

De�nition 37 We say that(x1; : : : ;xn) � L (y1; : : : ;yn) if either x1 < y1 or x1 =
y1; : : : ;xi = yi and xi+1 � yi+1

This is simply a dictionary order where for examplecat is beforecobin the dictio-
nary,c = c anda < o.

PerfectPhylogenyAlgorithm(n by m matrix M)

1. Construct matrixM̄: Consider columns ofM, c1; : : :cm. Sort the columns in
a decreasing lexicographic order.

2. For each row inM̄ build a word that contains characters in the row in a given
order.

3. Build a tree, the so-called key-word tree, where a branches correspond to
words from the previous step.

4. Test if the tree is a phylogentic tree forM.

Example 80 Find a phylogenetic tree for M using thePerfectPhylogenyAlgo-
rithm.

� A B C D E F
1 1 0 0 0 1 0
2 0 1 1 0 0 0
3 0 0 1 0 0 1
4 0 0 1 1 0 1
5 0 0 0 0 1 0

1. First we sort the columns. This can be done using well knownalgorithms and
we only describe the order. There are two columns with ones inthe �rst row,
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A has zeros in the remaining rows and E has1 in row 5. Therefore, we will
have E� L A. We continue in this way to get̄M

� E A C B F D
1 1 1 0 0 0 0
2 0 0 1 1 0 0
3 0 0 1 0 1 0
4 0 0 1 0 1 1
5 1 0 0 0 0 0

2. We construct words word1 = EA, word2 = CB, word3 = CF, word4 = CFD,
word5 = E.

3. Now we construct the key-words tree (Figure 8.3).

4. Finally we can test each branch to see if this is indeed a phylogenetic tree for
M.

Maximum Parsimony
In the previous problem, we tried to come up with the phylogenetic tree for a given
matrix M. Finally, we will mention a somewhat di� erent evolutionary problem. It
turns out however that the problem is in fact a generalization of the perfect phy-
logeny problem from the previous section. In the maximum parsimony problem,
we are given a binary matrixM and we want to �nd an evolutionary tree with the
smallest number of mutations that contains all the rows inM as its vertices. The
problem can be formalized as the Steiner tree problem in a hypercube. For a graph
G = (V; E) andX � V a Steiner tree forX is a treeT such that

� T is a subgraph ofG

� T contains all vertices fromX.

A Steiner tree problem is to �nd a tree forX with the minimum number of edges in
it. Now, recall that a hypercube of dimensionn consists of binary vectors of length
n where two vectors are connected if they di� er on exactly one position. If ones
correspond to characters then an edge in a hypercube corresponds to a mutation
of a given character. Consequently, the maximum parsimony problem asks is the
Steiner tree problem in a hypercube. For example, for matrixM,

� A B C
1 1 1 0
2 1 0 1
3 0 0 1
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Figure 8.11: Phylogenetic tree forM

the solution to the Steiner tree will be a tree with three edges:

111

101

001

110

Clearly each edge corresponds to a change in one character
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