AN ALGORITHMIC REGULARITY LEMMA FOR HYPERGRAPHS

A. CZYGRINOW, V. RODL

ABSTRACT. In this paper, we will consider the problem of designing an efficient algo-
rithm that finds an e-regular partition of an l-uniform hypergraph.

1. INTRODUCTION

The regularity lemma of Szemerédi [12] is a powerful tool used in extremal combi-
natorics and graph theory. The lemma states that the vertex set of any graph can be
partitioned into subsets that meet certain regularity conditions. The original proof of
the lemma is not constructive but recently, Alon, Duke, Lefmann, R6dl, and Yuster [1]
found a way to convert it into an efficient algorithm. The algorithm is based on the
characterization of regularity which states that a pair of subsets of vertices is irregular
if and only if either the degrees of “many” vertices are “far from average” or the car-
dinality of the intersection of neighborhoods of many pairs of vertices is “far from the
average case”. The algorithmic version of the lemma has already been applied to design
the algorithms for various combinatorial problems. Applications include the Max-Cut
problem [7], the tournament ranking problem [3], or the fast algorithm for computing the
frequency of a subgraph [4]. Many of these problems have appealing generalizations to
hypergraphs, which leads to a natural question: Can the regularity lemma be extended
to hypergraphs?

In the hypergraph case regularity can be measured in a few different ways. The most
straightforward and perhaps natural approach defines the density and regularity in the
same way as for graphs. The corresponding hypergraph regularity lemma can be then
proved along the lines of Szemerédi’s proof for graphs [11]. In this paper we consider
an algorithmic version of this regularity lemma. Note that other versions of regularity
lemma were considered in [2], [5], [6], and recently in [10]. In a proof of the regularity
lemma it is necessary to distinguish between bipartite graphs which have uniformly
distributed edges (say, which are e-regular) from these which are not. For an algorithmic
proof we need to have an efficient algorithm. It was proved however in [1] that it is
co-NP complete to decide if a bipartite graph is e-regular. Authors of [1] got around this
difficulty by finding another polynomial checkable characterization which distinguishes
between bipartite graphs which fail to be €/®-regular and those which are e-regular. Note
that in the hypergraph case we were unable to find even such a simple characterization.

We found it convenient to consider a slightly more general weighted version ( [ = 2
and w : [V]* — {0,1} gives the original Szemerédi’s version). Let H = (V,w) be an
l-uniform hypergraph with nonnegative weights w : [V]! — Z, U {0}, and let K =
maxg,  wyev)iw(vi,...,v)+1 (for technical reason we require that K is a strictly larger
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than maxg, ey w(vi,...,v) ). For I subsets Vi,...,V, of V such that V;NV; =0
if 4 # j define

_Z{w(vl,...,vl):(vl,...,vl)EV1><---><Vl} (1)
K{Wl...[V] .
An [-tuple (V1,...,V}) of subsets of V with V;NV; = () is called (¢, w)-regular if for every
W; CV;,i=1,...,1, with [W;| > €|V;| we have
|dw(Vi,..., V) —d,(W1,...,W}))| <e. (2)
An [-tuple (W1, ..., W}) that violates (2) is called a witness. A partition VoUV;U---UV;
of V is called (e, w)-regular if

1. |V < €|V,

2. |Vi| =|Vj| for all 4, j € [t],

3. all but at most et! I-tuples (V;,,...,V;) with {i1,...,4;} C [t]’ are (¢, w)-regular.
The regularity lemma for hypergraphs states that for every ¢ > 0 and every integer m
there exist M = M (e,m) and N = N (e, m) such that every hypergraph H = (V,w) with
|V| > N admits an (€, w)-regular partition Vo U Vi U--- UV, with m <t < M. We show
the following:

dy(V1,---, V1)

Theorem 1. For every [, K, m, and € there exist M, L and an algorithm which for
any l-uniform weighted hypergraph H = (V,w) with K = maxw(v1,...,v) + 1 and
|V| =n > L finds in O(n*~"log?n) time an (e, w)-regular partition VoU Vi U---UV; of
H withm <t< M.

Similar results were obtained in Frieze and Kannan [8] (compare also [7]). In particular,
[8] contains a randomized algorithm which for every e > 0 and every § > 0 finds a subset
which with probability 1 — § contains all of the information necessary to construct an
e-regular partition. Also [7] and [9] contain many applications of the constructive graph
and hypergraph regularity lemma. The approach taken by Frieze and Kannan in [7], [8],
and [9] is different from ours. In addition to (1), the following density function will be
used. Let (V1,...,V]) be an [-tuple of subsets with V; N V; =0, and let 1 <k < —1.
For z € Vi1 X --- x V] define

_ 2w, vk, 3) s (vry o) €V X2 X Vi)
K. |V '

For an I-tuple (Vi,...,V}) of pairwise disjoint sets and for 1 < k <1 — 1 define
(dw(x, Vl, ey Vk))2

dw(fl?, Vl, ey Vk)

indg(V1,..., V) ::pEVk_HZX___le i -
and
indy(V1,..., V) = Z (dw(:I:,Vl,...,I/'l72,1/'l))2' 0
z€VI_1 |Vl—1|
Note that

indi—1(Vi,...,Vio, Vi, Vi) = indy(Va, ..., Vi—1, V). (5)
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Finally, define an index of a partition P = VU Vi U---UV; of V, as follows.

l
ind(P) =27 3 (Y inde(Vi,-, i)

(Vig Vi) k=1

Clearly, ind(P) is always less than or equal to 1. In the same way as in [1] and [12], if
a partition of V is (€,w)- irregular then one can construct a subpartition P’ such that
ind(P') > ind(P) + %, where § = 91—62(2,121%. Then iterating our “improvement”
process % + 1 times we obtain an (€, w)-regular partition of the hypergraph. The rest
of the paper is organized as follows. In Section 2 we prove some facts about hypergraph
densities. Section 3 and Section 4 contain two procedures that construct “witness sets”
for irregular [-tuples. Both procedures are applied in Section 5 where we give the descrip-
tion of the algorithm that constructs an (e, w)-regular partition of a hypergraph. Section
6 contains the analysis of the algorithm. In Section 7, we outline two applications of
Theorem 1. Finally, it should be noted that there was no attempt made to optimize the

constants.

2. PRELIMINARY FACTS

Let us first observe the following property of densities, compare with [12]. Note that
[ is a fixed constant independent of n and 1 <7 <.
Fact 2. (Continuity of densities)
1. Let G = (X,Y,w) be a weighted bipartite graph. For 6 € (0,1),let X' C X,Y' CY
be such that | X'| > (1 —6)|X| and |Y'| > (1 —6)|Y|. Then
|do (X', Y") —dy(X,Y)] < 26
and
|(d (X7, Y")? = (du(X,Y))?| < 40.
2. Let (Vi1 U---UV,w) be an l-uniform hypergraph with V; N V; = 0. For ¢ € (0,1),

let Vi C Va,...,V; CV; be such that |V;| > (1—06)|V,|, where j = 1,...,i. Then for
T E€Vigr X XV,

|dw(:v,171, .. ,171) —dy(z,V1,...,V5)| <
and

(dw(z, Vi,..., Vi) — (dy(z, Vi,..., Vi))?| < 2i6.

In many places of the proof, we will use the following defect form of the Schwarz
inequality, see [12].
Fact 3. If for some m <n, Y5t X = T3k Xi + p then
n 1™ p2n
k=1 k=1
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Let X = {z1,z9,...,znx} and U = {uy,us,...,up} be two disjoint sets. Let G =
(X,U,w) be a bipartite graph with nonnegative weights on edges w(z,u) < K. For
i=1,2,...,M,j=1,2,...,N set

deg(z;) = Zw(xj,uz'),

7j=1
deg(u;)
A; =
‘" NK
We also set
R MNK N i
and T = dM NK for the total weight of all edges. For z; € X consider the vector
7 —

7} = (w(ei, ug))hls-
Definition 4. A graph G = (X, U, w) is called § -vector regular if |(Z7, Z})—d;d; M K?| <
SMK? for all but at most §(%) pairs {z;,2;}.

Lemma 5. For ¢,6 € (0,1), suppose G = (X,U,w) is §-vector regular and |X| > 1/6.
Then for every U' C U with |U'| > €|U]|

|dy(X,U") —dy(X,U)] <,
provided € > 36.
Proof. Suppose the lemma is false and consider U’ C U such that m = |U’| > €|U| and
|du(X,U") = du(X,U)| 2 . (6)
Without loss of generality, assume that U’ = {u1,...,un}, where m > eM. Condition (6)
is equivalent to
|§:Ai —dm| > em. (7)
=1

From Fact 3 (applied with p = em and n = M) we infer that

M 63
Y AT> M+ —) (8)
1=1
which implies
% (deg(u,)> % (A,-NK) _ i”: A;NK(A;NK —1)
i=1 2 =1 2 =1 2 B
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e NK 9 242 4+ e T
+1_6)——ZA —NMK(d )5 (9)

On the other hand, we have

1
ENQMKQ(dQ

M eglu; M N— W\Tj,U; WAL a
2 (") -5 (57 - DG w0

= i=1 i=1 j=1 k=1
<L il 1
5 Zw Th, U)W xj,ul))—T)zi Z (Z7,74) — (10)
j,k€[N] =1 J,k€[N]
By assumption, we know that for all but at most (5(157) of pairs {z;, z;}, (%4, Z}) < (did;+
§)M K? and we can bound the scalar product for the remaining pairs: (77, x_}) <M K 2
Therefore,
o (@hE) < D, ddk+5MK2+z 7;,7;) + SN°MK>
J:k€[N] J:k€[N] j=1
< Y (djdy+ §)MK? +20N° MK
Jik€[N]
N
< () di)’MK? + 36N’ MK* < (d* 4+ 36)N*MK?>. (11)
1=1
By combining (10) and (11), we see that
M
deg(u; 1
3 ( 692(“ )) < (& + 3)N*MK* - T). (12)
=1
Comparing (9) and (12) gives
3
(d® + 30)N2MK? > N2MK>*(d? + 16_ )
which gives 36 > 1= This contradicts our assumption that €3 > 36. O

Let Vi,...,V; be pairwise disjoint sets and let (V3 U---UVj,w) be a weighted k-uniform
hypergraph. We consider a bipartite graph (U, X,w) where U = Vi, X = {z1,...,zn} =
Vox- -+ xVj and where w(u, z) = w(vy,ve,...,v) ifu=v; and z = (vq,...,vk). The next
lemma shows that irregularity of an [-tuple can be reduced either to vector irregularity
or to irregularity of an (I — 1)-tuple, with weights appropriately defined.

Lemma 6. If (X,U) be the bipartite graph defined above which moreover satisfies the
following conditions:

1. (%%, 7}) — did; MK?| < SMK? for all but at most §() pairs {z;,;}.

2. |dy(V1,Vg,..., V}) —du(V1, Va,..., Vi)| < § for every V] C V; with |V}| > §|Vil.
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then for every Vi C V; with |V}| > €|V}

|do (V] Voo s V) —dw(Vi, Va, ..., V)| < €
provided 486 < e2k+1,

Proof. The triangle inequality and the second condition imply that for every V; C V;
with [V}] > Vi

€
|do (V] Vy, o V) —dy(Vi, Vo, ..., Vi)| < 3 + |do (V] Vy, o V) — du(Vi, Ve, -, V)

12 !
Let X' = V4 x---x V}. Observe that for at most (%) < 5NT2 < 62(,35_1) |X2| < 62(%‘;) (‘)g )
of the pairs {z;,z;}

(zt, 7)) — did MK?| > SMK?
and so Lemma 5 (applied to X’) implies that

du(V, X') = du(Vi, X')| < 5

as 652(’%1) < (§)?. Clearly d,(Y,X') = d,(Y, V3, ..., V)) which shows that
ldw(V], Vay.o o, Vi) — d(V1, Vi, ..., V)| < e
]

Denote by w'(va,...,vk) = Y, cv; w(v1,02,...,v) and by K’ = K|Vi|. Then from
Lemma 6 we see that if a k-tuple (V1, V5, ..., V;) is (€, w)- irregular then either |(Zf, T7) —
didjMK?| > M K? for at least N2 pairs {z;, z;}, with § = €?¥*1/48, or the (k—1)-tuple
(Va,..., Vi) is (§,w’)-irregular.

3. FINDING WITNESSES OF VECTOR IRREGULARITY

Let (X,U,w) be a weighted “vector irregular” bipartite graph with X = {z1,...,zn}
and U = {u1,...,up}. In this section we will show how to construct sets X' C X and
U’ C U such that d,(X',U") essentially differs from d, (X', U).

Theorem 7. Let 6 < % and assume that for at least 5(';(') of the pairs {z;,z;} we have
(Z%, 7)) — didj MK?| > 6MK?2. Then there is a O(N2M log? K) algorithm that finds
sets X' C X with | X'| > %|X| and U' C U with |U’'| > §%|U| such that

|dy (X', U") = dy(X',U)| > 6%

Proof. Set € = 63 (we will assume that 1/e is an integer), and partition the set X into
sets X, in the following way:

X,={zx € X:erKM < deg(z) < e(r+1)KM}, (13)

for r = 0,...,1 — 1. Since at least (5(‘)2“) of the pairs {z;,z;} satisfy |(Z{,Z]) —
dideK2| > §MK?, we can find o € X such that for at least %N of the z;’s

(76, 73) — dod; MK* > SMK? (14)
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or
(T8, 73) — dod; MK?) > SMK2. (15)

We assume (14), and note that in the case of (15), the proof can be repeated with minor
changes. Then, we can find r € {0,..., % — 1} such that for at least €‘SN of z;’s in X,
(T, 7) — dod, MK? > 6MK?. Set X — {z; € X, : (7, 7) > (dod, + 6)MK?}, and
observe that | X| > 62—‘5N . In addition to the partition X = |J X,., we compute a partition
of U = |JU; where

Us={u€eU:esK < w(zg,u) <e(s+ 1)K} (16)

with s =0,...,1 - 1.

Claim 8. V5 (s + 1)eK|U,| < (do + €)M K.

Proof.
1/e—1
Y (s+DeK|Us| = seK|Us| +eK > |Us| < deg(mo) + eMK = (dy + ) MK.
s=0
O
Claim 9. For every z; € X
Yo (s+1)eK Y wl(zj,ui) > (dodj + 6 — ) MK
85| Us|>€2 M u;€Us
Proof. In view of the definition of X, for every T € X the following holds.
1/e—1
(dod; + )M K? < (T4, T} Z (s+ 1eK Z w(zj,u;) <
s=0 u; €Us
Z (s+ 1)eK Z w(zj,u;) -|-63K2MZ s+1
s;|Ug|>e2M u; €Us
Z (s+1)eK Z w(zj,u;) + eK*M.
s;|Us|>e2M u; €Us
O

Next, we will show the following claim.

Claim 10. Fiz zj, € X (arbitrarily). Then there ezists 5 € {0,...,1 — 1} such that
(i) |Us| > €M and B ~
(i) Yu,cv, wlzj,ui) > |Usl(dj, + 62 + €)K holds for at least €| X| of the z; € X.

Proof. First, we show that for every z; € X there is s € {02 — 1} such that
|Us| > M (17)
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and

(dodj + 6 — ) K

> wlay,w) > UL

u;€Us
Indeed, assume that there exists j such that for every |Us| > ¢2M we have

(dodj +d—-eK
do + € ’

> wlzju) <|Ul

u;€Us
Then
(dodj + 46— E)K
do + €

Z (s+1)eK Z w(zj,u;) < Z(s + 1)eK|Us|

s;|Us|>e2 M u; €Us

which by Claim 8 is less than or equal to (dod; + 6 — €)M K?. This however contradicts
Claim 9.

Since € = 63 and § < %, one can further simplify the right-hand side of (18) to infer
that for every z; € X there exists s such that

\Us| > M
and

> wlmjug) > U K(dj + 62 + 2e). (19)
u; €U

It follows from the definition of X, that for every z;,,z;, € X, |d;, — d;,| < €, which
implies that

Z w(zj,ui) > |Us|(dj, + 62 + oK, (20)
u; €Uy

if z;, is chosen arbitrarily from X. Therefore, for every Tjy € X and every z; € X there
isan s €{0,...,% — 1} such that
\Us| > €M
and
D wlwg,ug) > |Us|(dj, + 2+ e)K.
uiEUs

In order to prove (i) and (i7) we need to “reverse” the quantifiers of j and s. We know
that for every j there is a "big” set U, such that (20) holds. Since there are at most 1
choices of s, there exists 5 € {0,..., % — 1} such that Uy is "big” and for at least ¢/ X| of
the z;’s (20) holds. More precisely, there exists 5 € {0,..., % — 1} such that

(i) |Us| > €M and B )

(i) Yo, w(zj,ui) > |Us|(dj, + 6* + €)K holds for at least €| X| of the z; € X,

which proves the claim. O
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Let U' = Uz and let X’ be the set of those €| X| vertices from X that satisfy (20).
Observe that |U’| > 6%|U| and |X'| > %\X|. We have

Eajexter W@, ) |U'||X'|(dgy +8° + K

X'\ U") = = (dj, + 6°
LU ST R 2T K (o 079
wnd Syexs deg(s) _ |X'|(deg(ay) + <K M)
, _ 2aex deglz) _ eg(z;,) + € _
WU == T < KX dio + €
Therefore,
dy(X',U") — dy(X',U) > (dj, + 6% +¢€) — dj, — € = 6°. (21)

The above proof gives an efficient algorithm: First compute scalar products to find zg
and partitions of X and U. Then check all sets U, to find one that satisfies Claim
10. The main computational task is to compute O(N?) scalar products (Z{, ) =

S w(wi, w)w(zj, ). Since w(zj,u;) < K the multiplication w(z;, u;)w(xj,u;) can be
done in O(log? K) time. Thus the total number of steps is O(N2M log? K). O

4. FINDING A WITNESS OF IRREGULARITY IN A WEIGHTED BIPARTITE GRAPH
Let G = (X,Y,w) be a bipartite graph with nonnegative weights on edges w(z,y) < K.
In this section, we will show how to find X’ C X and Y’ C Y such that
dy (X", Y") — dy(X,Y)] > 6%
Unlike in the previous section neither X nor Y will be products of other sets. Note that
the algorithm of this section is a generalization of the algorithm of [1] to weighted graphs.
Let M = |X| = |Y| and denote by d = d,(X,Y’). We first observe the following fact.
Fact 11. For p € (0,1) let X* = {z € X : |deg(z) —dMK| > pMK}. If | X*| > pM
then there is X** C X* with | X**| > §M such that
|dw(X*)Y) —dy(X,Y)| > p.
Proof. Let X** = {z € X* : deg(z) —dMK > pM K}. Without loss of generality we can
assume that | X**| > @ Then,

ok w deg(z) — d| X | MK
4o(X*,Y) = dy(X,Y) = Z2EX |§(**)|MK| IME

O

Lemma 12. For ¢,§ € (0,1), 62 < ¢, M > %, let X* ={z € X : |deg(z) — dMK| >
82MK?}. If both of the following conditions are satisfied
1. |[X*| < &M,
2. for all but at most 5(]2\/[) of the pairs {z;,z;} of vertices from X, |(Zf,T}) —
2K2M| < §K2M,
then for every X' C X with |X'| > eM and every Y' CY with |Y'| > eM we have

2
|y (X", Y") —dy(X,Y)| < 26— + ﬂ
€ €2 —¢?
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Proof. Fix X' C X and Y’ C Y with |X'| > €/X| and |Y'| > €|]Y|. Let X" = X"\ X*.
Note that | X"| > (1 — §)|X’|. Without loss of generality, we can assume that X" =

{1,.-,zm} and Y' = {y1,...,yn}. For i = 1,...,m, we consider vectors @ = T; —
(dK,...,dK) and hence @ = (a;1,---,a;y) where
aij == w(:vi, yj) —dK. (22)
Then, due to the fact that
lat + -+ anl|® = le JP+ > (@l a)
i£]

and from the form of a;’s, we see that
M
<EZ)5 G’—J>> x’tamj dKz a"zayl dKZLd 'Z']ayl +d2K2
=1

<(%%,z}) — 2dK(dKM — 52KM) +d*K*M < (z},77) + 26°dK*M — d*K*M
Therefore, for all but at most (%) of {z;,z;}
(@, a}) < SK>M + 28°dK’M < 36K*M

and always
(a},a}) < K°M.
We infer that

@ + - +an|]* < Z|| T2+ 30K M? + 6K? M3

< K’M? + 45K2M3 < BOK2M3,
as M > 1/6. On the other hand, we have ||af + --- + an||> = &7 + --- + €3, where
& =aii+ - +am. Then & +---+&u° > & +---+&2 > L(& +- -+ &,)? which implies

(€14 -+ &) < BOK2M3n < 56K2M*,
We infer that
€1+ + €al < VEOKM? (23)
and by (22) we can write (23) as follows
Y w(zy) — | X"||Y'|dK | < VBOK M.

zEX" yey!
Therefore,
V56 M?
d (X" Y —d| < ———
| w( ? ) | — |X//||Y[|
and since | X"| > (1 — %)\X 'l' we infer by continuity of density (Fact 2) that

| Voo

XY = d] < o (X Y) = d] + 1, (X", Y) = du(X', Y] < 25 B
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Now, since |Y'| > eM and |X"| > (1 — g)eM we can further estimate the right-hand
side of (24) to obtain

52 V56
dy (X' YN —d| <2— 4+ ——.
|dw (X', Y7) —d| < P >

O

Theorem 13. Let G = (X,Y,w) be a weighted bipartite graph with M = |X| = |Y| and
0 <w(z,y) < K. For e <1/10 and 6 = €', if M > § then there ezists an O(M?log” K)
algorithm such that if (X,Y) is (e,w)-irreqular then it finds X' C X, with |X'| > §*|X|
and Y' C Y, with |Y'| > 6*|Y| such that

ldy, (X", Y") — dy(X,Y)| > 6%
V55

Proof. First observe that due to the assumptions about ¢ and e, 2% + =225 < €. Since
(X,Y) is (¢, w)-irregular we can infer from Lemma 12 that either

(i) | X*| > 6?M, or

(ii) for at least §(%) pairs {z;, z;}, |(FF,7}) — 2K2M| > 6K2 M.
In case of (i) set X' = X** from Fact 11, and Y’ =Y. Then by Fact 11

ld, (X", Y") —dy(X,Y)| > 6%

Observe that constructing the set X** requires computing the degrees of z; € X which
can be done in O(M?log K) time. Hence, in this case we are done. Next, we will show
how to construct the witness sets X’ and Y’ if (i) holds while (%) is false. Assume
that for at least (%) of pairs {z;,z;}, (7, T]) — ?K2M| > 6K?M and that |X*| <
62M. Then for at least (§ — 26%)(%) of pairs {z;,2;}, where z;,z; € X \ X* we have
(zt, z}) — d?K2M| > 6 K2 M. Therefore, we can find 7o € X \ X* such that for at least
0=20° M of z; € X ecither

(76, 7]) — d*K*M > 6K’ M (25)
or
—(@6,7}) — d*K*M) > §K*M. (26)

We assume (25) and set p = 6%. Let X = {z; € X \ X* : (%4, 7;) — I>’K*M > §K>’M}.
We partition the set Y as follows:

Vs ={y €Y :5pK < w(z0,y) < (s +1)pK} (27)

where s =0,...,2 — 1.

=

Fact 14. 1. SY/4 (s + 1)pK|Ys| < (d+ 2p)K M.
2. For every z; € X

Y (s+1)pK ) wlxjy) > (d°+ 06— p)K*M. (28)
5;|Ys|>p2 M YEYs
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Proof. From (27) and the fact that for any zy € X \ X*, deg(z¢) < (d+ p)KM we infer
that

1/p—1
Y (s+DpK[Yy| = D" spK|Ys| + pK Y |Ys] < deg(o) + pKM < dKM + 2pKM
s=0

which shows the first part. To prove the second part, we observe that

1/p—1
(@8,75) = D wlzo,y)w(zjy) < Y (s+1)pK Y wlzj,y)
yey s=0 y€Ys
< Y (s+DpK > w(wg,y) +p~’MEK?D (s+1)
5i[Ys|2p* M YEYs
< ) (s+DpK ) wlmj,y) + pMK>. (29)
5|Ys|>p2 M YEYs
Comparing (25) and (29) we infer the inequality (28). O

We will first show that for every z; € X there is s such that
Ys| > p*M (30)
and

(d?>+0—p)K

Zw('TJ’y)Z|Ys| (d+2p)

y€Ys

(31)

Indeed, assume that there exists j such that for every s such that |Ys| > p?M we have

Yyey, W(zj,y) < |Y5|(d2(ﬁ7;£))l(. Then averaging over all ”big” Y we see that

(d?+0—p)K

S (s+DKp > wlzjy) < > (s+1)pK|Y @i

53| Ys|>p? M YeYs 83| Ys|>p? M

which by Fact 14 part (1) is less than or equal to (d? + § — p)K?M. This however
contradicts part (2) of Fact 14.
Since § = ¢’ < 1/107, the right-hand side of (31) can be simplified:
0

> wlwjy) 2 YLK (d+ ). (32)

yEYs
Thus for every z; € X there is s € {O,...,% — 1} such that |Ys| > p?M and (32)
holds. Similarly as in Section 3 we use the simple pigeonhole principle to “reverse” the
quantifiers of j and s to obtain the existence of § € {0,..., % — 1} that satisfies

(i) |Ys| > p°M and )
(ii) for at least p|X| of z;’s from X, 3, cv, w(zj,y) > |Y5|K(d + g)
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Let Y’ =Y; and let X' be the set of those x;’s that satisfy (ii). Then

| X[ Y5|K (d + §) 6 s
—d> —d=->6".
KXY =RV 27

In order to construct X’ and Y’ we must compute the scalar products to check (25),
compute the partition (27), and check condition (i4). Since w(z;,y) < K this can be

done in O(M?log? K) time. O

!y 1 W Tj,
dw(X’,Y’) —d= EyEY 7 i €X ( J y)

5. THE MAIN ALGORITHM

In this section, we will describe the main algorithm which finds a refinement of an
(€, w)-irregular partition such that the value of the index of the refined partition is closer
to one. Let us first outline the idea in the case [ = 3. For each (e, w)-irregular triple
(V1, Vo, V3) we either find (using the algorithm from Theorem 7) V{ C V; and X' C Vo xV;3
such that

|dw1 (Xla ‘/ll) - dwl (Xla Vl)l > 01,
or using the algorithm from Theorem 13, we find Vi C V5 and V5 C V3 such that
|dw2 (V217 V3,) - dwz (V2> V3)| > b2,

where w1, wa, 01, dy are defined below. In the first case, only V] is used to refine a given
partition, in the second case both V4 and V3 are used.

Consider an [-uniform  weighted hypergraph (V,H,w) with K =
max |w(vy,ve,...,v)| + 1. We introduce some additional notation: For an I[-tuple
Vi,..., V)

wl(vl,...,vl):w(vl,...,vl), KlzK,

wg(’UQ,...,'Ul) = Z wl(’Ul,’Ug,...,'Ul), K2 = |V1|K1

v1eEVL
In general,
wi(Viy - v) = Y, wim1(Vie1,v5,..,v), K =|Visa| K. (33)
vi—1€V;—1
Also, we set
€
€k = 2k—1
and .
2(1—i+1)+1
51’ — Eez( i+1) .
Also, denote by Xy = V11 X --- x V}. Note that for every i € [I],
1 2+

0; > 48 2(21+1)(1-1) "
We can now describe the procedure that “improves” a given partition P. For each
(€1, w1 )-irregular [-tuple, (V1,...,V}) consider the weighted bipartite graph (V1, X1, w1)
with X7 = Vo x --- x Vj and wi(v,x) = wi(v,ve,...,v;) if = (ve,...,v;). Denote by
M = |Vi| and N = |X;|. The algorithm is illustrated in Figure 1: Lemma 6 implies that

(34)
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(V1,...,V) irregular

Special(wiln;m cese | (Vo V) irregular
X1,V

Theorem 7 Special witness case
‘ ‘ ‘ (X\5)

l

(V.p V) irregular

‘ Profit on indy ‘ ‘ Theorem 7 ‘
Thoorem 3
Profitonind, ; Profit onind,

FI1GURE 1. Proof of Theorem 1

if (Va,...,V)) is (€1, w;)-irregular then either (X7, V7) is vector irregular and for at least
d1(Y) of pairs {z;,z;} of vertices in X;
or the (I — 1)-tuple (Va,...,V]) is (€2, wo)-irregular. If (35) holds then we can use the
7
algorithm from Theorem 7 to find X| C X; with |X{| > %\Xl\ and V{ C Vi with
|V{| > 6¢|V1]| such that
|dw1(X{,V1') _dw1(X{>V1)| > 5%- (36)
Note that X| will not be used as a witness when improving the partition P, only V/
will. In the case (35) does not hold we continue to apply Lemma 6 to the (I — )- tuples
(Viy..., V) until 4 = [ — 2. Finally, if we haven’t found a witness set so far, we apply
Theorem 13 to the pair (V;_1,V}), in this case we find two subsets V' ; C V;_; and
V) C V, with |V} ;| > &} 1|Vi—1| and |V}| > 6 ,|Vi| such that
|y (Vi1 Vi) = duy_, Vi1, VI > 671

Both V}'_; and V] will be used as witness sets to improve P. More precisely, the following
algorithm can be used to improve the partition P.

-1

Algorithm Improve

1. For every [-tuple (V1,...,V}) in the partition P do:
2. For i = 1 to | — 2 successively
3. Apply the procedure from Theorem 7 to search for X! C X; = Vi11 x -+ x V]
and V; C V; such that

|dwi (lea Vzl) - dwi (lea VZ)‘ > 51’2' (37)

4. If (37) is satisfied for some ¢ < [ — 2 then V' is a witness set and we move to the
next [-tuple.
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5. If there is no 7 < I — 2 for which (37) holds then we apply the procedure from
Theorem 13 to search for V' ; C Vi_y and V] C V] such that

|y (Vi=1, Vi) = duy_, Vi1, Vi) > 611 (38)

-1

6. In case of (38) both V/ ; and V} are witness sets for the [-tuple.
7. If the number of I-tuples for which witness sets were found is at least et! then
compute a subpartition P’ (described below) of P that respects all the witness sets
found in steps 3 and 5. Otherwise the partition P is (e, w)-regular.

Let us conclude this section with the following fact which shows what sets were found
by the algorithm Improve.

Fact 15. If an l-tuple (V1,...,V}) is (¢, w)-irregular then Improve either finds X}, C X,

7
and V} C Vj, with | X;| > %’“|Xk| and |V{| > 68|Vi| such that (37) holds for some 1 < k <
1 —2, orit finds V/ | C Vi_1 and V] C V with |V/_|| > &} ,|Vi—1| and |V}| > 6}|Vi| such
that (38) holds.

Proof. For every k =1,...,l—2, Lemma 6 implies that if an (I —k+1)-tuple (Vg,..., V)
is (ex, wg)-irregular then either the (I — k)-tuple (Vii1,...,V)) is (€41, wg+1)-irregular or
at least 0| Xx|? of the pairs {z;,z;} of vertices from X}, satisfy

(zt,7T}) — KiMd;dj| > 6, Ki M. (39)

If (39) is satisfied then the algorithm of Theorem 7 finds X C X} and V}] C Vj such
that (37) holds. If (39) does not hold for any 1 < k£ < [ — 2 then a pair (V;_1,V]) is
(€1—1,w;_1)-irregular and the algorithm of Theorem 13 finds V' ; C V;_; and V] C V]
such that (38) holds. O

6. THE ANALYSIS OF THE MAIN ALGORITHM

In this section, we will analyze the algorithm Improve. Although a little bit technical,
the philosophy of the analysis is the same as the Szemerédi’s proof of the regularity lemma
[12]. We will show that for a subpartition P’ computed by the algorithm the value of
the index ind(P') is bigger than the value of the index of the original partition ind(P).
In addition, we will show that the size of the exceptional class does not increase in any
significant way. The proof is divided into five rather technical facts. In Fact 16, we will
show that the size of the exceptional class does not increase too much. Fact 17 shows that
the value of the index associated with each (e, w)-regular I-tuple will remain about the
same after the refinement of the original partition. In Fact 18, we will show that we get
a “profit” on the index if an (€, w)-irregular I-tuple is reduced to the vector irregularity.
Fact 19 shows that the index will increase in case an (e, w)-irregular [-tuple is reduced to
the irregularity of the weighted bipartite graph. Lemma 20 combines Fact 18 and Fact
19 to show that the value of the index of the refined partition is greater than the value
of the original one.
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Similarly as in the original proof of the regularity lemma [12], we consider a subpar-

tition P’ of P into atoms of size
)
T Loatl

that respects the Venn diagram of witness sets found for each (¢, w)-irregular [-tuple. For
j=1,...,p, denote by W;(j) the jth atom in V; (that is the jth subset in the partition
of V;), and let
P
o _ U W,

i=1
Observe that for every ¢
Vil

1Vl = Vil < o

(40)
We first observe:

Fact 16. The size of the exceptional class V{ increases by at most 2% from the size of
Vo.-

Proof. Indeed, there are at most 2t equivalence classes of atoms and so in the process
of refining P we increase |Vp| by at most

t! |V|
2 92tt — 2tl
]
Fact 17. For every l-tuple (V1,...,V;) and every i € [I]
. . . 2
.71; wJi ZEV41 XXV Visal .- Vil 2
Proof For every z € V41 X --- X V],
—~ Z (@, Wi(j1), - .-, Wil4i))* > ( Z (@, Wi(j1), - - -, Wil5i)))? =
]15 »Ji p J15-5di
(dy(z,V1,..., V)2
Since |V;| > (1 — 2%)|VZ|, by the continuity of density (Fact 2) we have
Y 71\ 2 2 2
(dw(z, Vi,..., Vi) > (dy(z,V1,..., V})) ~ o (41)
and so
. . )2 _ 2L
Ly @ERGL @Y,y Gee R
]1’ 5.]Zl'e‘/fL+1>( X‘/l |‘/;+1""|‘/l| J“E‘_/i-}—lx'"x‘_/l |-‘/;+1| |‘/vl|
1) 2

Viga|...vi| 2t

zEVigp1 X%V,
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Using (40) and the fact that d,(z,V1,...,V;) <1
Z (dw(CC,Vl,...,W))?— Z (dw(xa‘/la"'avvi))Q

TEV;41 XXV} -TG‘?H—IX'"X‘?l

Z Z{ .TVl, ,Vi))Q,CIZEVZ’+1><...ka1X(Vk\Vk)XVk+1X---XW}
k: i+1

l
SF|W+1|---|Vl|- (43)
By (42) and (43),

- (dw(mawl(]l),am(]l)))Q (dw(a:,‘/'l,__.,‘/;))Q_:}_l
PO Vol Wl ey Wend W20

TEVi41 XXV

3l
y.

J1, ,sze‘/;+1>< XV

=ind;(V1,..., V) —
]
Suppose that an [-tuple (V3,...,V]) is (¢, w)-irregular and that for some 1 < ¢ <[ — 2,
we found two sets V! C V; with |V/| > 6%|V;| and X! C X; with |X!| > %|XZ-| such that
|y (X3, Vi) = duoy (X3, V3)| > 67 (44)

Then we have the following fact.
Fact 18. Assume that anl-tuple (V1,...,V}) is (e, w)-irregular and for some 1 < i <[-1,

we found two sets V! C V; with |V]| > 6%|Vi| and X! C X; with |X}| > %|X¢| such that
ldwl(X;,V;) du (XL, Vi) > 62, 17 6% > b, then
(dw(xawl(]l)aawl(]l)))z . (517 4]
- L ] > ind;(Va,... V) + — 2
Z 2 [Viga| ... V] 2 indi(V l)+8(1—5§5) 2t

.71; ,sze‘/;+1>< %V

Proof. First observe that for Z C X; = Vz‘+1 X---xV,YcCVy

d (Z Y) ZZEZ,yGY Wy y, o Z yEY Zvl,...,vi,l w('Ula R ,vi_l,y,z)
we Ki|Z||Y| IZI = KWi|...[Via][Y]
dy(z, V1 , Vi1, Y). 45
|Z| ZEZZ z 17 (2 1) ) ( )

We may assume that for the witness V/,

q
= |J Wi(Gi)-
Ji=1
Then .
Vi

Vi = Vil < s
i i 2tl5i6
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For every = € X;, define

Qg = z > dw(l‘,Wl(jl)a---aWi(ji))_% 2 2 de(@Wilh),- Wili).

P e WP el diela)
Observe that
S Y AW, WiG) =L Y du(a, W), -, WiG) —ap' e
J1--3i—1€[p] 4 €[q] J15e-Ji €[P]

and using the defect form of Schwarz inequality (Fact 3), we infer that

— Z (@, Wi (51), - ., Wal3i)))?

.71’ 7.]2
1 . 2 (s
z (ﬁ ley Aole, W), Wi+ plgp L (p' —qp't)
2
= (dy(z,V1,...,V}))? + e
(dw(z, V1 ) Eri )
due to the fact that 3°; . dy(z, W1(j1),...,Wi(4i)) = dw(=,V1,...,V;) and since g >
5?1), we have
- 6
= Z (2 Wi, Wili)* 2 (o, Vo V) + oq g (46)

]15 wJi
Since || > (1 - 1)|Vil and || > (1 -
2), we have

dw(.’E,Vl,...,V;')—dw(l',‘/l,... V; 1,‘/;)<d (:I,‘ 171,...,171-)—dw(w,l_/l,...,ﬂ_l,l_fi')-i-

\do (2, Vi, .. Vi) — du(@, Va, o V)| + o (, Vi, - ., Vi1, V) = du(, VA, - .., Vit V)|

_ _ _ _ _ 21 21
S dw($,‘/i,...,l/;') — dw(.’L‘, Vl,. .. ,V;'_l,V;’I) + W = Oy + W’ (47)
2 %

o (56)|VI |, by the continuity of density (Fact

as agp = dy,(z,V1,..., Vi) —dy(z,Vi,...,Vi_1, V}).
Applying (45) with Z = X, Y = V; (or V; respectively) combined with (47) yields

|dwq,(XZIaV:L) d (le’ z Z -’E Vl; 7V) dw(xa‘/la""vvi—la‘/il)l
Z zeX]
21
IXZI| g(,a“H%’éﬁ

Since |d,,, (X!, Vi) — d.,, (X!, V)| > 62, we have
21
/|| Z $| 2t166' (48)

zeX] 4
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Thus,
W5 e e e w0
Since | X]| > 2 5 |X\ and 67 — 2t’56 > %'ZL
D;‘ o, o> % (50)

Therefore, by (46),

Z Z (dw(x’WE(Jl)aa_Wl(.j’l)))2
J1yeendi 2€Vip1 XXV, Vil Vil

25@

(dw(z,Vi,..., V3)? + a2 Tig

> =
2€Vig1 X%V “/:L—I—l‘l‘/ll

By (41)

~ > 1)
z (dw (3), ‘/177' L ‘/;))27-1_ ag‘ 1_15?
. [Viga] ... Vi

TEV;41 XXV}

&2 2
g Z (dy(z,V1,...,V;))? +a$1 % ol
- H_/:H—l‘lvl

z6‘7i+1><---><\7l
Since |V;| < |Vj|, we have

58
Z (dw(xavla'--;‘/i))z_l_a?cr%?_%
; [Vigal... V1]

TEVip1 %%V

5%
> Z (dw("Ll"/l,-.."/Z))z—'_a%ﬁe__;Tll
- [Vital--- Vi

J:EVH.lX---XVl
Ly (Ve VR, 8 ol o

D + )=
TEVip1 XXV}

[Viga] .- Vi 1— 67 |Xil

Clearly d,(z,V1,...,Vi) <1and 5 56 ay < 1. Thus, using the same argument as in (43)

we have

3 (dw(:c,Vl,...,W))2> 3 (du(z, V1., Vi)> 1
[Visal- .. Vil Vil .-V 2!

TEVip1xxV, T€Vip1 XXV}
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and
) % oz o > % oz L
6%, = — 561X, 7
zeVip1 XXV, 1- 6Z ‘XZ| z€Vip1 XXV 1 5’ |XZ‘ 2!
Therefore,
&8
5 (du(@, Vi, - Vi) + 0 175 — =
$E‘7i+1><"'><‘7l H/i—}—]_|-..|‘/l| =
dy, L Vi))? 69 2 4]
Z ( (xa‘/ia ,I/;)) + ) - ay )_ - (51)
Using (50) we further estimate the right-hand side of (51) from below by
(do(2, V1, .., Vi) 57 a 817 Al
- — =ind;(V1,..., V) + —+—— — —.
o Wl o T 81— 2
]

Fact 19. Foran0 <e<1lletd =
and we found sets V| C Vi_y with |V || > &t ||Vi_1| and V] C V, with |V]| > 6} ,

such that

Then either

9% 2(21-%21% Suppose that an l-tuple is (e, w)-irregular

il
|dw171 (Vzl—la V;,)

- dw171(vvlfla W)' > 5l2—1'

(, Wi(j1),--- - Wii1(Gi-1)))? . 517 41
>indi_ (Vi,....V))+ ——+ — —
e JZJ EZV 7 Vi VD gy
or \
1 (, W1(j1)s---» Wi—2(fi—2), Wi(51)))
Ly vt =
p j19 7.7l 27]l$€‘/l 1 |‘/l_1|
o7 4]
> ind;(V1,..., V] —.
Z N l( 1, ; l) + 8(1 — (56) 2tl
Proof. If
|dw171 (Vvll—la ‘/ll) - dw171(‘/l—1a‘/l)| > 512—1 (52)
then either
1
|dwl_1(V2,—17W) - dw1_1(W—1=W)| > T_ (53)
or
0
o (Vi VE) = doy (V1 VD) > 5L (54
21+1 l 1 2
Set § = %W and note that by (34), > 6°.
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In case of (53) we apply Fact 18 to (V1,...,Vi_9,Vi_1,V}) withi =1—1, X! =V}, and
V} =V}, to conclude that

(z, W1(j1),---, Wi1(ji-1)))?
z x 7

p 31, wJi—1 €V

617 4]
8(1—08) 2t
In case of (54) we apply Fact 18 to (Vi,...,V;, Vi) with i =1 -1, X] = V/ ,, and
V! = V/ to conclude that

>indi_1(Vi,..., V) +

1 5 Z (2, W1 (41), - - -, Wi—a(ji—2), Wi(51)))?

—1 [/
p J1y-sdl— 25]1376‘/1 1 |‘/l_1|
517 4]
>1 - — —— — —7T
= anl—l(vvla a‘/l 27‘/27‘/2 1) + 8(1 — 56) 2tl
which by (5) is equal to
. 517 41
indi(Va, ..., Vi-, Vi) + B _0%) of
O
We have:
Lemma 20. For every ¢ < 1/2 and § = 962(213% let P=WVWUViU---UW; be

an (€, w)-irregular partition of an l-uniform hypergraph and let 4l < % If we use

algorithm Improve to construct the subpartition P' then

517

16 -1

Proof. Assume that each V; has been partitioned into W;(j) for j = 1,...,p and let P’
be the resulting subpartition. Then

=WoUWi(1)U---UWi(p)U--- UW(1) U--- U Wi(p).
To simplify the notation we will also write

=WoUWiU---UWy

ind(P'") > ind(P) +

where ¢ = tp. Then
1

Z’I’Ld(Pl) = l(tp)l Z Z’Lndk t1y - 7W ))
(Wil"“’wll) k=1
and so

ndP)> Y (Y (3 indy (W, ), W (i)

(it it €[] p Jrodi€lp] k=1
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For every 1 <k <1,

1 . . ,
=Y indy (Wi, (1), - - Wi () =
P e

1 Z Z (dw(xaM1(]l)aaWZk(.7k)))2

] : - -
1ot €[] EWiy | (rgn) X x Wiy (1) ‘Wzk+1 (Gre+1)] - - - W5, ()|

1 dy(z, Wi, (1), -, Wi, (4 2
4 Z Z (du( (J1) (Jx)))

l ) - : -
P sen, Sor, Wi Gre [ W o)

1 do(z, W;, (1), - .-, Wi (Gi)))?

— Z Z (du( zl(Jl) Y Zk(Jk))) ’ (55)
p Vil --- VI

J1yeeesJk acef/ik_H X"'XVH

as |Vi,| = p|W;, (51)|- Fact 17 implies that for every 1 < k <1,
1 21
ol

Z ’i’ndk(Wil (jl), e ,‘/Vil(jl)) Z indk(Vila e ,Vil) - F

J15-51€[p)
If an I-tuple (V;,,...,V;,) is (¢, w)-irregular then by Fact 15, we can find either

o Vi C Vi and X} C Xy, that satisfy the assumptions of Fact 18, for some 1 <
ko <l—2,0r
e V', CVi_y and V] C V] that satisfy the assumptions of Fact 19.

If the former holds we combine (55) and Fact 18 to infer that for some 1 < kg <1 —2,

1 . . L O 4l
_l Z ankO(Wil(]l),"'7mz(]l)) ZzndkO(Wl’...’%l)—i_ﬁ_ﬁ.
p jla'"ajle[p] kO

If the latter holds then by Fact 19 for kg =7 — 1, or for kg =1
1 , : : : 517 41
ol Z indio (Wi, (71), - - - Wi, (41) ZzndkO(Vil""’Wl)_‘_m_ﬁ'

jla---ajle[p]

Since the partition P is (e,w)-irregular at least et' of I-tuples (V;,,...,V;,) are (,w)-

irregular. Thus, (by (34) 6k, > %Wﬂ% >6,1-6<1)

ST Al

. . 17 .
and since t satisfies 24le < % by assumption, we have
517

. ! > .
ind(P') > ind(P) + 161




AN ALGORITHMIC REGULARITY LEMMA FOR HYPERGRAPHS 23
Proof of Theorem 1. Set § = %Z(Zfﬁ% and partition the vertex set of a hypergraph
into ¢ subsets (arbitrarily), but such that

1 edt?

ot = 161+ 617"

Invoke the procedure Improve 176# + 1 times. By Lemma 20 (note that 2% < %) after
at most %‘%}l +1 iterations we find a partition @ with less than et! (e, w)-irregular I-tuples,

otherwise ind(Q) > 1 which is not possible. Also, by Fact 16 the size of the exceptional
class

16 -

Vol < (gt + 1)y < en

Next we will argue that the complexity of the algorithm is O(n?~"log? n). First observe
that we iterate the algorithm Improve a constant number of times. Since [ is constant
and the number of partition classes is constant the complexity of Improve depends only
on the algorithms of Theorem 7 and Theorem 13. Recall that the complexity of the
algorithm of Theorem 7 is O(N2M log? K}), where N = |V X --- x Vj| and M = |V}].
Since 1 < k <1 -1 and by (33), K, < Kn! (K is constant by an assumption), the
complexity of the algorithm from Theorem 7 is O(n?~1log?n). The complexity of the
algorithm of Theorem 13 is O(M3log? K; ;) where M = |V;_1| = |V;|. Therefore, in this
case, the complexity is O(n3log? n). The total complexity of Improve is O(n?~11log?n).
O

7. APPLICATIONS

In this section, we outline the applications of Theorem 1 to the Max-Cut problem for
hypergraphs and to the problem of estimating the chromatic number of a hypergraph. Let
H = (V,E) be an [-uniform hypergraph and let n = |V|. We consider the unweighted
case w : [V]! — {0,1} and to simplify the notation we write d(Vi,...,V;) instead of
d,(V1,...,V;). In the Max-Cut problem one wants to find a partition of V' into [ subsets
which is such that the number of hyperedges that intersect each partition class (have
nonempty intersection) is maximized. Case [ = 2 gives the Max-Cut problem for graphs
and its “dense case” was considered in [7]. Let OPT(H) = maz|{e € E : |[eNV;| = 1;i =
1,...,1}|, where the maximum is taken over all partitions V; U---UV, of V.

Theorem 21. Let H = (V, E) be an l-uniform hypergraph and let n = |V|. For every
€ > 0, there is an O(n* 'log®n) algorithm that finds a partition ViU --- UV, of V
which is such that the number of hyperedges that intersect each Vi, 1 = 1,...,1 is at least
OPT(H) — en.

Proof sketch. The following algorithm finds the postulated partition. The constant €
depends on € and can be computed explicitly.

1. Find an €-regular partition of H: Wy,..., W;.
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2. Check exhaustively all partitions Vi,...,V; in which for every i € [l] and every
j € [t]we have if W; N V; # 0 then W; C V;. Choose a partition Vi,...,V; that
maximizes
Z d(Wk17 Wk27 SRR Wk1)|Wk1| Tt |Wk1|
ijCVk
Note that since there are I* partitions that are checked in the second step of the algorithm,
the complexity of the procedure is O(n? 1 log?n).
For a partition Uy,...,U; of V define

f(U,...,U0) =mazl{ec E:lenU;| =1,i=1,...,l},

and
Fr UL U) = Y AWy, Wy, oo, W) UL 0 Wiy | U N W |
Wi, CUg
One can verify that f* is maximized for a partition Uj,...,U; which is of the form
considered in the second step of the algorithm, i.e. if W; N U; # 0 then W; C U;. Also,
choosing €' appropriately one can show that for every partition Uy,...,U;

|f(Ula"'aUl) _f*(Ul,"'aUl)| < %ln’l'

Let Vi,...,V; be a partition found by the algorithm and let Uy,...,U; be an optimal
partition. Then

f(Vla"'7W)Zf*(ma"'7W)_§nlZf*(Ula""Ul)_gnl

> f(Uy,...,U;) —en' = OPT(H) — en'.
O

Our second application concerns the chromatic number of a hypergraph. The chromatic
number x(H) is defined as the minimum number of colors needed to color the vertices
of H so that there is no hyperedge of H that contains more than one vertex of the same
color. Define

xe(H) = min{x(H\ E') : E' C E;|E'| < en'}.
We define a hyperedge {vi,...,v} to be crossing in an [-tuple (V1,...,V)) if for every
1=1,...,1, v € V.

Theorem 22. Let H = (V, E) be an l-uniform hypergraph and let n = |V|. For every
€ > 0 there is O(n?~! log? n) algorithm that finds a number k satisfying

xe(H) <k < x(H).

Proof sketch. Set ¢ = £ and find an €'-regular partition Wo, ..., W;. Construct a sub-
hypergraph H' of H by deleting all the hyperedges adjacent to Wy, hyperedges that are
crossing in €'-irregular [-tuples, and the hyperedges that are crossing in the €-regular
I-tuples that have densities not greater than ¢. In this process we delete at most 3¢'n!
hyperedges. Construct a subhypergraph H” of H' as follows. Group (arbitrarily) classes
Wo, W1,...,W; into t' = % sets Vi,...,Vy (say V; = U;-it(ifl)e,t W;) and delete the hy-
peredges that contain at least two vertices from the same V;. In this process we delete
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at most €'n! hyperedges. Let Auxz(H") be an l-uniform hypergraph with vertex set
{Wo,..., Wi} and with {W;,,..., W;,} € E(Auz(H")) if and only if there is at least one
hyperedge of H" contained in W;, U--- U W;,.

Claim 23. x(Auz(H")) = x(H").

Proof. Clearly x(Auxz(H")) > x(H"), as a proper coloring of Auz(H") induces the
proper coloring of H”. Assume that x(H") < x(Auz(H")). Let W; C W; be a set
of vertices colored in the most frequent color of W; in a x(H")-coloring of H" (ties are
resolved arbitrarily). Consider the coloring of Auz(H") induced by these “most frequent”
colors. Then there exists a hyperedge of Auz(H"), {W;,,...,W;,} such that at least two
of W;; have the same color. We next show that there must be a crossing hyperedge in
(Wi, ..., W;,). From the construction of H"” it follows that x(Auz(H")) < J and so for
every 1 =1,...,1

|W;| > €'|W;]. (56)
Since {W;,,...,W;,} is a hyperedge of Auxz(H") we have d(W;,,...,W;,) > €, and by
the €'-regularity of (W;,,..., W;)

dWi,,...,W;) > 0. (57)
Therefore, there is at least one crossing hyperedge in (W;,,... ,Y/T/il) which contradicts
the fact that H"” was properly colored. O
Since Auz(H") has t vertices, x(Auz(H")) can be found in a constant time by exhaustive
search and so we found k = x(Auz(H")) = x(H") satisfying k > x.(H). O
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