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CONSTRUCTIVE QUASI-RAMSEY NUMBERS AND
TOURNAMENT RANKING*
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Abstract. A constructive lower bound on the quasi-Ramsey numbers and the tournament
ranking function was obtained in [S. Poljak, V. Rddl, and J. Spencer, SIAM J. Discrete Math.,
(1) 1988, pp. 372-376]. We consider the weighted versions of both problems. Our method yields a
polynomial time heuristic with guaranteed lower bound for the linear ordering problem.
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1. Introduction. The quasi-Ramsey number g(n) is defined as the maximum
discrepancy between the number of edges and nonedges that appears on some induced
subgraph of any graph of order n, i.e.,

g(n) :m}nglg%\f(kg)l,

where [n] = 1,...,n, f is a function from [n]? into {—1,1} and f(S) = > g2 f(e).
Tt is well known (Erdds and Spencer [4]) that for some positive, absolute constants
€1, C2

en®/? < g(n) < com®/2.

The tournament ranking function h(n) is defined as the maximum size of an acyclic
(undirected) subgraph that appears in any tournament of order n. More precisely, let
T, be a tournament on n vertices, P,, a transitive tournament on n vertices, and let
|T,, N P, | denote the number of common oriented arcs of T,, and P, ; then

h(n) = minmax |7, N P,|.
T, P,

n

It was shown by Spencer ([14], [15]) that

L(n 3/2 L(n 3/2
< ) cin h(n) < ) Can

where ¢; and cp are positive absolute constants. The proof of the upper bound has
been simplified by Fernandez de La Vega [5]. Using the method of Spencer, the lower
bound on h(n) can be obtained by an algorithmic argument from the lower bound on
g(n).
Poljak, Rédl, and Spencer [12] proposed a fast O(n3logn) time algorithm that
finds a set S with discrepancy at least %;/2”3/ 2. the corresponding result for the
tournament ranking function h(n) is also presented in [12]. We will consider the
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weighted version of both problems. Our algorithm uses the Erdds—Selfridge method
of conditional expectations that was also applied in [12]. For the lower bound on the
quasi-Ramsey number g(n) we prove the following result.

THEOREM 1. Let f : [n]2 — R be a weight function on the edges of a complete
graph K,,. Then there is a subset S C [n] such that

1) 2 =n Y Wl

ec[n]?

Moreover, S can be found in O(n?lg (nd)lgn) time, provided the weights are
integers from {—d, ..., d}.

The weighted version of the tournament ranking problem is also known as the
linear ordering problem (see Grotschel, Jinger, and Reinelt [10]). The problem can
be formulated in the following way: For a given tournament 7' with weight ¢(i, j) on
the arc (i,7) € T, find the ordering o of vertices for which the sum

> i)

(i,)€T,0(i)<o(§)

is a maximum. The list of applications of the linear ordering problem can be found
in Lenstra [11]. It includes applications from different areas of econometrics (input-
output matrix analysis), sociology (social choice), psychology, machine scheduling,
and even archaeology. The problem is NP-complete (see Garey and Johnson [8]), but
there were several methods developed for solving small instances, e.g., up to order of
50 by Grotschel, Jiinger, and Reinelt [10]. Using the algorithm from Theorem 1, we
will get a polynomial time heuristic with a guaranteed lower bound.

THEOREM 2. Let T be a tournament on n vertices with nonnegative weights w(e)
on edges. Then there is an ordering o such that the sum of weights on edges that
agree with the ordering is at least

1o 1 -

(2 TaE" ) "

where K is the total sum of weights. The ordering o can be constructed by a O(n®lg
(nd)lgn) time algorithm, provided weights are integers from {0,...,d}.

From the upper bound on h(n), we conclude that there exists weight function for
which the heuristic is best possible (up to a constant factor).

Given a real number p, 0 < p < 1 a polynomial time approximation scheme
(PTAS) for an optimization problem is an algorithm which when given an instance of
size n, finds in polynomial time (in n) a solution of value at least (1 — p)OPT, where
OPT is the optimal value. Using the regularity lemma and its constructive version
of Alon et al. [1], we design a PTAS for the “dense” quasi-Ramsey problem and for
tournament ranking. For the quasi-Ramsey number we have the following theorem.
Let f: E(K,) — {—1,1} and OPT(f) = maxgcpy | f(S)].

THEOREM 3. Let ¢ > 0 be fized. If OPT(f) > cn?, then for every p, 0 < p < 1,
there is a O(n*%) time algorithm that constructs set S such that

(S = (1 = p)OPT(F).
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For the tournament ranking we prove the following theorem for the case when
OPT(T,) = maxp, |T, N P,| for a tournament T,,.

THEOREM 4. For 0 < p < 1 there is a polynomial time algorithm that constructs
an ordering o of vertices of T,, so that at least (1 — p)OPT(T,,) of arcs agree with o.

Note that Theorem 3 and Theorem 4 are in some sense counterparts to Theorem
1 and Theorem 2. For example, Theorem 1 provides the existence of a polynomial
time algorithm to find the set .S with |f(.S)| being the guaranteed minimum; Theorem
3 gives for every p the const(p)n?* algorithm that finds a set S with f(S) being a
(1 — p) multiple of the optimal. Theorem 3 is based on the algorithmic version of the
regularity lemma which “approximates the graph with error of en?”. Therefore, it
can be applied only to instances with OPT(f) > en?. On the other hand, in case of
Theorem 4, clearly OPT(T,,) > %(2) and, therefore, a PTAS for the linear ordering
problem can be obtained with no additional assumptions. Independently, very re-
cently Frieze and Kannan [6] and [7] applied a version of the regularity lemma to the
maximum subgraph problem, an equivalent to tournament ranking. Our arguments
differ from those in [7]. The rest of the paper is organized as follows: In section 2, for

a given o7, ..., 0, € R¥, we will show how to construct sign vector X = (X1,...,Xn)
such that

n
I X007 + -+ X0 |2 en™ 2| 97 |l
i=1

where | 7| = Z?Zl |u;|. The algorithm is later applied to quasi-Ramsey numbers and
to the linear ordering problem. Section 3 includes the applications of the regularity
lemma. We conclude with an open problem in section 4.

2. Constructing sign vectors. Set 1 = (1,...,1) and 0 = (0,...,0), and
for W and @ from R¥, let (%", @) denote the dot product of @ and @', and |||

its I;- norm, i.e., || = 25:1 |uj|. We first establish two auxiliary facts.
LEMMA 5.

Y KT X)) _2n<”L;J1>.

Xe{-1,1}n 2

The proof can be found in [12]. For 1 < i < n, let X; be independent random
variables with distribution Pr(X; =1) = Pr(X; = —1) = 1.

LEMMA 6. Let by,...,b, and a be real numbers and let u be the arithmetic mean
of |b1l, ..., |bn|. Then we have the following inequality:

E(la4+Xiby + -+ X,by|) > E(la + Xqu + - - - + Xpul).

Proof. We may assume that all b;’s are nonnegative since the random variables
Z; = sgn(b;)X; have the same distribution as X;, i.e., E(la + X1b1 + -+ - + X,,b,|) =
E(la + Z1by + -+ + Zpby|) = E(Ja + X1]b1| + -+ + Xy |bnl]). Given a vector W =

(wi,...,w,) € R, let W be the vector obtained from w by cyclic shifting, with ith

coordinate w; ) — Wit] mod n for i =1,2,...,n. We have
B(la+Xibi+ - 4+Xnba) = o Y a+ZXibi =D “+.ZX" b;
Xe{-1,1}" i=1 X =1 i=1
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a—I—ZXu

= E(Ja+Xiu+---+Xpul). O

+ZZ x| = Z
LEMMA 7. Let o7,...,0, € RF. Then

2 n
E(|Xy07 + -+ 4+ X, 05]]) > \/;n‘”2 ol
=1

S

1
e T

X

Proof. From Lemma 5 and Stirling‘s formula, we obtain

E(|X1+"'+Xn|):2in S (T X)) =2n2" "<H1)>\/%

Xe{-1,1}"
Let u; be the arithmetic mean of absolute values of the jth components of 77, ..., 7y,
where j =1,...,k and let @ = (uy,...,ug). Using Lemma 6 with a = 0 we have

k
E(|X007 + -+ X)) 2 BIXK T + -+ X @) = Y B Xy + -+ X))
j=1

k n
2
=Y wB(Xy 44X 2/ ZaT P Y] O

|
j=1 i=1

COROLLARY 8. For given 07, ...,0, € R¥, there is a choice of signs (X1,...,X,) €
g k) ) )

{=1,1}" such that
2 n
>\ [2u .
i=1

Next we will show that a vector X = (X1,...,X,) from Corollary 8 can be
constructed by a polynomial time algorithm. The idea is as follows. We have
BE(|X.97 4 -+ 4+ X, 0,|) > T, where T' = ¢n~'/23||77|| in the beginning. (For
later convenience, we write the vectors in the reverse order.) Let us assume that signs
X, Xpn—1,--.,X;+1 are chosen, one in each step, such that

+
i
3

\%

X277 + -

E(|Xnvn + -+ + XipaUigd + X507 + - X 07)) =2 T

At this moment there are two possible choices of X;, and we take the better one (the
one that maximizes the value of the expectation). As we cannot compute quickly the

expected value E(|| X, 05 +- - -+ Xip10i71 + X 07 +- - -+ X1 07]|) for general o7, . .., 07,
we compute E(|| X, 0, + -+ + Xjp101 + X, W@ + -+ + X, @) instead, where " is
the component-wise “average” of v7,..., Uy,.

To describe the algorlthm more precisely, we need to introduce some notation.
For vectors @ = (aq,...,ax), b= (by,...,b;) € R* we define the polynomials

% .
2 .
=0
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k ki,
Wb 0, @) =D Wb ia;) = ZZ (Z>2—ij + a;(i — 21)).
Jj=1 j=11=0
For given v; = (v1,...,vi) € R¥, i =1,...,n, let u;; denote the arithmetic mean
of absolute values of the jth coordinates of T7,..., 07, Le., u; = L(|vi| 4+ + |vi]),
and set w; = (u;1,...,u5). By §; we denote the partial sums: let 5_',: = 0 and
§; = X, Up+---+Xit1041, where X, ..., X; ;1 have already been defined. (Observe

that E(H§; + X + ... X)) = W(E),i, u;).) Now we choose

X { 1 WS + 7,0 - 1,m3) > W(S; - 77,i — 1,@1),
-

—1 otherwise.

We can formalize the algorithm in the following procedure.

ALGORITHM
input: vectors 77,...,7, € RF
output: sign vector (Xi,...,X,)
= =
S,=0
for i=n downto 1

begin
if ¢ < n then S =X, U, 4+ X101

n
—

Uy +
compute W, = W(S; + W,i —1,%_1) and W_ = W(?; — 07,0 —1,u,7)
if Wy > W_ then X; =1
else X; = —1
end
return (Xi,...,X,)
PROPOSITION 9. The above algorithm returns a vector (Xi,...,X,) such that

1277 + - +va>¢‘”ZN*|
-

Proof. SlnceE(HS +X 07+ XU+ - XU 1H)=% (Si+7o7,i—1,u,7)+
%W(SZ— —%;,i—1,u;-7), we have

W(Sifl,i—l,uifl) = (S —‘rX Vi, — 1, u;_ 1)>E(||S —‘rX v; + X,_ 1’LLz 1
+---+X1u14,1||)
E(|S; + X,@ +---Xuw||) = W(5, 6, @).

%

The first inequality holds by the choice of X;, the second one by Lemma 6, and
the (obvious) fact that wu;; is an arithmetic mean of v;; and ¢ — 1 copies of u;_1;.
Hence

X0 + -+ X007 > W(S1,1,m) > -~ > W(S,,n,a)

and

k

E n n
55 (ot - (o

§=01=0 j=0

k n
2 2
> 4/ Zpl/2 E e \/7 —1/2 § o7l O
- \/;n Ung x p Izl



CONSTRUCTIVE TOURNAMENT RANKING 53

PROPOSITION 10. For k = O(n), the time complexity of the above algorithm is

O(n®1g (nd)1gn) provided the vectors v7,...,v, € R* are integral and |v;;| < d .
Proof. The procedure consists of n iterations for computing X,,, ..., X;. At each

step we evaluate the expression W(?{, i,u7). To keep the computation in integers we
replace it by

i

2W(S 0w =Y (;) (Zk: |iSi; + (i — 2l)z'uij|>,

1=0 j=1
where S; = (Si1,. .-, Sit). The O(n?) combinatorial coefficients (¥) can be evaluated
-1y, (i1

in advance using the identity (;) = ( . ) + (171). Since i is of size at most n and the
terms S;;, iu;; are of size nd, we can compute |i.S;;+(i—20)iu;;| in O(Ignlg (nd)) steps.
The sum Z?:] |iSi; + (i — 2l)iu;;| can be evaluated in O(klgnlg(nd)) steps. The
number (}) is less than 2 and so the multiplication (}) - (Z?Zl |iSi; + (¢ — 21)iu;;))
can be computed in O(lg(2")1g (ndk)) steps. The total complexity of the proce-
dure is O(n?(klgnlg (nd) + nlg (ndk))), which when & = O(n) becomes O(n®lg
(nd)lgn). o0

Using the divide and conquer technique, one can design a slightly faster algorithm
that gives a little worse results (for details consult [2]).

We will now apply the algorithm to quasi-Ramsey numbers and to the linear
ordering problem. Let us start with the proof of Theorem 1.

Proof of the Theorem 1. We use the same technique that was applied in [12]. Let
K =3 ccpz [ f(e)]. First we need to find a large cut of K, with edge weights [f(e)].
Obviously, by a greedy procedure we can construct disjoint sets X and Y such that
X UY =[n] and

rzeX,ycy

Indeed, assume that sets X*UY? = [i] have been constructed. Let W% = djexi fU i+
1) and Wy = 3"y f(j,0 +1). If Wi < Wy then set X' = X' U {i + 1} and
YTt = Y otherwise, set X1 = X% and Y™ = Y?U{i+1}. (Using the Goemans—
Williamson algorithm from [9], one can possibly improve a constant in our theorem.
However, since the result in [9] provides .878 approximation of the optimal cut, it
does not guarantee that the produced cut is bigger than £. For slightly better cut

2
algorithms consult [13].)
Let X = {x1,....2n,}, Y = {y1,---,Yny,}- We assume n; < n/2. Assign a

vector T; = (V;1,...,Vin,) to each vertex z;, where v;; = f(z3,9;), i =1,...,n1, j =
1,...,ng. Using the algorithm from section 2, we construct a sign vector (X1, ..., Xp,)
such that
2 K 2.n K 1
X107 + o+ X, U7 || > \/>n PR e i bt Ve Sl S VA 7@
13T e KTl 2y 2 ™5 2/ 2(5) 2 = \/r

We partition sets X = XTUX~ and Y = YT UY™ by Xt = {z;,X; = 1},
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Y ={y;, >t Xif(zs,y;) >0and X~ =X — XT, Y~ =Y — Y. Then

no n1
X007+ + X0l =D 1) Xif@y)l = Y fl@y)

j=1 i=1 yey+azeXx+
yeYt+t zeX— yeY -, xzeXt yeY -, zeX—

Hence, we can choose X* € {X+, X~} and Y* € {Y,Y~} such that

* * 1 71/2
|[f(X*,Y")| = Z flz,y) zmn K.
yeY* xeX*

We also have f(X*,Y*) = f(X*UY™)— f(X*)— f(Y*). Let S be one of X*, Y*,
X*UY* for which [f(S)| > |f(X*,Y*)]. We see that S is such that |f(S)| >

1. -1/2
TN 2K, O

Taking K = (g) we obtain a lower bound on the quasi-Ramsey numbers.

COROLLARY 11.

g(n) > - —n32,

Um

We can now apply the result of Theorem 1 to the linear ordering problem. Since
the proof resembles the reasoning for the corresponding result in [12], we omit the
details.

Proof of Theorem 2. Let w;; be the weight of the pair {i,j}. Define f : [n]> — Z
as follows. For i < 7,

.. Wi if 1,7) €T,

fi,3) = { fwjij if Ej,i)) eT.
Let X*, Y* be the sets constructed in the proof of Theorem 1 and let R =
[n] — X* —Y™*. Construct < in the following way. Construct ranking on X* such that
at least half of the arcs with both endpoints in X* are consistent with the ranking.
(This can be obtained by considering an arbitrary ordering and its inverse.) Similarly
construct rankings of Y* and R. Assume that f(X*,Y*) > 0; then for z € X* and
y € Y* let < y. Suppose that f(X*UY™* R) > 0; then for r € Rand z € X*UY™*

let z < 7. a

3. Applications of the regularity lemma. In this section we present the
applications of the regularity lemma to both quasi-Ramsey and tournament ranking
functions. A variant of the regularity lemma was applied for max-cut, graph bisection,
and a quadratic assignment problem in Frieze and Kannan [6] and for computing
frequencies in graphs in Duke, Lefmann, and Rodl [3]. For simplicity, we restrict our
discussion to the unweighted case, but similar results can be obtained for weighted
graphs and tournaments. Let (V E) be a graph on n vertices, for Vi,Va C V, V1NV, =
@, the density d(V1, V2) is defined as d(V1,V2) = Tﬁf‘f\\‘%\)’ where e(Vy, V3) denotes the
number of edges between V7 and V5.

DEFINITION 12. A pair of subsets (V1,V2) is called e-regular if for every Wy C Vi,
with |W1| > €|Vi| and for every Wa C Va, with |Wa| > €| V3]

(W, Wa) — d(Vi, Va)| < e.
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DEFINITION 13. A partition Vi U VL U---UVy of V is e-reqular if

(&) Vil — [Vl < 1 for alli,j and

(ii) all except at most e(g) pairs (V;,V;) are e-regular

Let us now state the powerful regularity lemma of Szemerédi [16].

LEMMA 14. For every € > 0 and every integer | there exist N and L such that
any graph with at least N vertices admits an e-reqular partition Vi U --- U Vy, with
I<k<ZL.

The following version can be easily concluded from the original proof [16].

LEMMA 15. For every e > 0 and every integer l, there exists an N such that for
any graph with at least N = N(l,€) vertices and any partition P of the graph into
m subsets, there exists L = L(l,e,m) and an e-reqular partition Vi U --- U Vj with
I < k < L which is a refinement of P.

The partition postulated in both lemmas can be found in O(n?*) time using the
algorithm described in Alon et al. [1].

Proof of Theorem 3. The algorithm is as follows: Let e = £,

1. Find an e-regular partition V3 U --- U Vi with & > % of the graph G; =
(V, (1)
2. Check all 2% subsets of V' of the form S = |J;., Vi, where L C [k] and choose
S that maximizes |, ; ;< (2di; — 1)[Vi N S[|V; NS
Note that if (V;,V;) is e-regular with density d;; in G = (V, f~1(1)), then (V;,V;) is
e-regular with density 1—d;; in G_; = (V, f~'(—1)). Given the partition V;U---UVj,
we define f* : 2"l — R in the following way. For T C [n], f*(T) = Di<ici<k(2dij —
DIV NT||V; NT|, where d;; = d(V;, V).

Fact 16. Let T* be a minimal set that mazximizes f*. Then for every l such that
VinT* # 0 the sum 3=, (2di; — 1)|[V; N T*| > 0.

Proof. We use proof by contradiction. Assume that there exists [ such that
ViNnT* # () and Z#I(lej —1)|V; N T* < 0. Then

AT = > @dy = DVinT[V;n T = (2dy; — DIV, N T*||V; N T

1<i<j<k £l
+ > @iy = DIViNTH|V; N T = [VinT*| > (2dy; — 1)|V; N T
i,j#L,1<j J#l
+ > (@ DVinT[V;nT*| < Y (2di; - D[VinT*|[V; N T
4,JF#L,1<] 4,JF#L,1<]j

= > Qi = DVin (T \W)||V; N (T \ V)| = f*(T*\ V3)
1<i<j<k

and we get the contradiction with minimality of 7. O

FACT 17. Let T* be a minimal set that mazimizes f*. If T* NV, £ (), then
VicT™

Note that Fact 17 implies that if S is a set found by the algorithm, then | f*(S)| >
f*(T*) as the algorithm checks all the possible unions of V;’s to maximize |f*|. In
the same way, one can show that |f*(S)| > —f*(L*) where L* maximizes — f*.
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Proof.

F(T)=VinT| Yy (2dy = DIV 0T+ Y (2dyy = Vi TV NT
il 1,j£1i<]

<A @y =DV NT [+ Y (2dy — DIV NT*([V; N T
J#l 1,j7Li<j

= Y (Qdy = DV, n(T*UW||V; n(T* U V)| = f(T* U V).

1<i<j<k

Hence, f*(T*) < f*(T* UV;) and the equality holds only if |V; N T*| = |V] as
> j41(2di; — 1[V; N T > 0 by the previous fact. O

It will be convenient to use the following notation. For two functions A(n) and
B(n), we write A(n) =. B(n) if |A(n) — B(n)| < en? for n large enough.

Our main lemma shows that f* is a “good” approximation for the discrepancy
function f.

LEMMA 18. For every U C V |f*(U) — f(U)| < Zen?.

Proof. We divide the proof into five claims.

Cramm 19. f(U) =< X hepz fVin U, V; NU).

Indeed, since |V;| <  and also |[V;NU| < 2, we infer that |f(V;NU)| < (%) < %
Therefore,

b n2 €
)= > fVinUV;nU)| = z:j JVN £ o< Sa?

{i.grelk]?

k
Z fvinv)
=1

which proves Claim 19.
We partition [k]? = SUTUR as follows: {i,j} € S if and only if either |V; NU| <
elVi| or |[V; NU| < €|V;|, {4,7} € I if and only if the pair (V;,V;) is not eregular,
= [KP\ (SUD).
Cram 20. f(U) =c > g fVinU, V;NU).

S fVinUV;nU) = fVinU,V;NU)| =
[k]2 RUI

> fVinU,v;N0)

S

2
WL TE SILTIAUE (5)f = 57
Since |f(U) = Xy S(Vin U, V; N U)
Y fVinU.V;NU)| <e.

Cram 21, f(U) =z X5 f(VinU,V; N 0).

Indeed, there are at most e% irregular pairs and for each of them [f(V; NU,V; N
U)| < (2)?, which implies

< § by Claim 19, we infer that |f(U) —

> fVinU,v;NU)

S IVinUV;nU) = f(V,nU,V;NU)| =
R I

RUI
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K2 /n\2 e ,
< : - <e (=) = n
_zl]f(VmU,V]mUﬂ <€ (k) on

Together with Claim 20, this shows that f(U) =z > f(ViNU,V; NU).

Cram 22. f(U) =5 Y p(2di; — 1)U NVi|[UN V).

From Claim 21 we know that f(U) =z > f(UNV;,UNYV;). For {i,j} € R we
can approximate f(U NV;, U NV;) by (2d;; — 1)|U N V;||U N V| with 26(%)2 error,
namely,

U AVLUNYy) = @dy DU A ViU AV

— AU N ViU V)T AVIIT AV = (1= d(U OV, U V)T A VAT V|

—(2di; — DIUNVI||UN V]

2
=2[d(UNV;,UNV;) —di|[UNVi[UNVj| < 26(%) '

Thus,

k2 n\ 2
Zf(Umw,Um/j)—;(zdij—l)Umm\Um/jH 3526(E) = en?

R

which proves the claim.
Cram 23. f(U) =z f*(U).

2

By definition, f*(U) = 3 2(2di; — 1)|U NV;[|U N'V;| and by Claim 22 we have
fU) =3¢ > op(2di; — DU NVi||U N Vj|. Similar computations show

S @diy — DU A VIIU AV = Y (@diy — DU ViU AV
[k]2 R

<Y l@dy — DU NVIIT NV < (’;) <e(2)2+e(2)2) <en? O

1us
From Lemma 18 we can easily conclude that the set S found by the algorithm has
discrepancy |f(S)| > (1 — p)OPT(f). Indeed, let T' be such that |f(T)| = OPT(f)
and S be the set chosen by the algorithm. From the note after Fact 17 we know that
|£*(S)| > |f*(T)| and Lemma 18 implies
* 7 2 * 7 2
F(8) ~ F(S)| < yen, |F(T) ~ f(T)] < £ en®
Thus,

IS = 1£7(S) + () = A 2 ()] = [£(S) = A = |F(T)] = gmz

= [F(T) + (L) ~ F(T)| — sen? > |F(D)| — |f*(T) — F(T)] — L en?

> [f(T)] = Ten®.
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Since |f(T)| > en? and e = & we get |f(S)| > (1 — p)|f(T)]. a

We will now turn our attention to the linear ordering problem. Let T,, = (V, A)
be a tournament with V' = [n]. We denote by OPT(T},) = maxp, |1, N P,|, where
max is taken over all transitive tournaments of order n. For a pair of subsets (V;, V3)
with V1NV, = () we define the tournament density dr(Vy, V) as follows: dr(Vi,Va) =

%, where arcs(Vy, Va) is the number of arcs that start at V3 and end at V5.

Note that dT(Vl, Vg) =1- dT(‘/Q, V1>
Proof of Theorem 4. The ranking ¢’ can be constructed by the following proce-
dure: Let € = (%)2.
1. Define an auxiliary graph Gr as Gr = (V, E), where E = {{v;,v;} : i <
J. (vi,v;) € A}, Let | = % and let U; = {v%(i,l), cooyvng b where i =1,..., 1.
2. Apply Lemma 15 to obtain an e-regular partition of V into V3 U--- U V,
which is a refinement of U; U---UUj.
3. Check all k! permutations of the sets {Vi,...,Vi} to find a permutation o
that maximizes Zl§i1<i2§k dT(Va(il), VU(iQ))|Va(i1)||Vg(i2)|.
4. Extend o inside each of V; in an arbitrary way to obtain the ranking ¢’ of V.
Let us first observe that in the first two steps of the algorithm we actually con-
struct an e-regular partition of the tournament 7', where the regularity is defined as
follows.
DEFINITION 24. A pair of subsets (V1,Va) of V with Vi NV, = 0 is e-reqular in
tournament (V, A) if for every Wy C Vy with |W1| > €|V1|, and every Wo C Va with
Wal = e|Val,

|dr (W, Wy) — dp(V4, V)| < e

Then, since max U; < minUj for i < j, the following fact holds.

Facr 25. Fori < jlet V; CU; and V; C U;. If (V;,V;) is e-reqular in the graph
Gr with density d;j, then the pair (V;,V;) is e-reqular in tournament T with density
dr(Vi, Vj) = dij.-

Thus V3 U --- UV is an eregular partition of a tournament 7. Without loss
of generality, we may assume that the optimal ordering of Vis 1 < 2 < --- < n.
For a subset S C V, define h(S) as the number of arcs of 7' that agree with the
optimal ordering, i.e., h(S) = [{(i,j) € A:i < j, and i,j € S}|. For sets S1,52 CV
with S1 NSy = 0 let h(S1,S2) be the number of arcs of T between S; and S that
agree with the optimal ordering, i.e., h(S1,52) = [{(i,j) € A:i < j,i € S1,5 € Sy or
i € S3,j € S1}|. Note that h(S1,S52) = h(S2,S1). Define sets Z; = {%(j—1),..., %j},

where s = ﬁ and ¢ =1,...,s. Simple computations show the following.
Facr 26.
1. Z] 1 h(Z5) < 5
2. Zi:l h(Vi) < §n2.
Let Wi; = VinNZ; wherei =1,...,kand j =1,...,s. We define

h* = Z Z dT 11’ ‘W741]1HW742J2"

1<j1<j2<s i1 #i2

We will show that the number of arcs that agree with the optimal ordering cannot be
much larger than h*, namely, the following.

LEMMA 27. (V) < h* + 1(3\/e + 5e)n’.

Before giving a proof we will establish some auxiliary facts.

CLam 28. h(V) < 300 <j cjocs 2oiyzin M(Winjis Wigjo) + 3 e+ Ven?
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Indeed, since {W;;} is a partition of V' we have

k s

V)< D Y AWy, W) + Y (Vi) + Y h(Z;)

1<j1<j2<s i1#42 =1 j=1

S Z Z W11]17W22J2)+ n +\/> 2

1<j1<j2<si1#42

by Fact 26.

We adopt the notation from the proof of Lemma 18. Let [k] x [k] = RU I where

(i1,12) € I if and only if (V;,,V;,) is not e-regular in a tournament 7. Note that if
(i1,42) € I, then either

e V;,,V;, C U for some i € [I] or
(VZI,V ) is irregular in the graph Gr.
CLAm 29. h( ) < Zl<]1<]2<s 2(11 i2)ER h‘(Wlljl’ Wi2j2) + %(36 + ﬁ)nz
To prove the claim we bound 3,5 i <> i, inyer B(Wiyjy Wigj,) from above.

Z Z h(Wi1j17 Wizjz) = Z Z h(WhjlaWizjz)

1<51<g2<5 (41,i2)€l (i1,02)€l j1<J2

Thus,

1
h(V) < Z Z h(Wi1j17Wi2j2) + 5(36 + \@)nz
1<j1<j2<s (i1,i2)€ER
Finally, let [s] x [k] = B U S, whete § = {(5, ), [Wij| < €|Vil}.

Cram 30. h(V) < Zl§j1<j2§s Z{h(WhjU Wi2j2>7 (il, iz) € R, (jl; il), (jg, ig) S
B} + (3¢ + 3\/e)n?
Indeed, for (j1,41) € S we have h(W;, ;,, Wi, ;,) < €|Vi, ||[Wi,j,|. Therefore,

Z Z{h(WilquinQ)J (j1,i1) €5, Or(j27i2) € S} < Z Z €|Vi1HWi2jz|

J1<j2 K] x [K],i1 #i2 J1<j2

s s ,
n
= Z Z Z 6|VZ‘1HVVZ'2]'2| <e€s Z |V11||VZ2| < €8k2ﬁ _ \/gn2

[k]x [k] i1 712 J1=1 jo=1 [k] x [k],i1 iz

as s = ﬁ
Proof of Lemma 27. To show Lemma 27, we need to prove that h(V) < h* +
3(7e + 3y/€)n?. For ji < j» we have

h(Wi1j17 Wizjz) = arcs(Wiljl ; Wi2j2) = dT(Wllh ) W22J2)|Wi1j1 ||Wi2j2 |
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Since Wi, | > €|Vi, |, | Wisiu| > €|Vi,|, and (Vi,, Vi,) is e-regular we can approximate
dT(Whju Wi2j2) < dT(‘/haV ) + e CleaﬂYa

Z Z €|Wi1j1|‘Wi2j2| =€ Z Z |Wi1j1‘|Wi2j2| =€ Z |‘/11||‘/12| < en’.

J1<j2 i1740 i1#42 J1<J2 11742

From Claim 30

h(V) = Z Z{h(Wilju Wi2j2)7 (ila i2) € Rv (jl,il), (j27i2) € B}+%(36+3\/E)n2

1<j1<j2<s

1
Z Z dT VZ17V12)|W21J1HW12J2| + 5 (56_{—3\/») 5(56"_3\/2)”2 O

J1<j2 i17#12

To complete the proof of Theorem 4, we first introduce an auxiliary digraph K
with vertices corresponding to sets W;;, weights on arcs corresponding to approxi-
mation of the number of arcs that are consistent with optimal ordering. More for-
mally, let K be a complete k-partite, symmetric digraph with a vertex set V(K) =
{yij i € [k],j € [s]} and with weights on arcs defined as follows: w(ys,j,, Yisjn) =
dT(‘/h?V )|W1131||W1232| if il 74‘ 7:2’ and w(yhjlayhjz) = 0. Let Y = UJG[S]{yU}‘
Vertex y;; € Y; corresponds to the set W;; C V; and Y; corresponds to V;, U k] Yij
to Z;. We define the ordering < of V(K) in the following way: vi,j; < Yiyjs 1f and
only if either j; < jo or j; = jo and 71 < 3. Then

h* = Z Z Uu]uywh) < Z w(yiljl’yi2j2)'

1<j1<j2<s i1 7142 Yiq i1 <Yiojo

The final part of the proof is based on the following lemma.
LEMMA 31 (ordering lemma). There exists a permutation o : [k] — [k] such that
for every ordering < of V(K)

Z w(yiljlﬂyizjz) S Z Z ya 11 17y0(i2)j2)'

Yirj1 <Yigio 1< <2<k ji,j2€[s]

In other words, the sum of weights of the arcs is maximized for an ordering < in
which Y;, <Y, <--- <Yj,. We postpone the proof of Lemma 31 until the end of
this section.

LEMMA 32. h* < max, Zl§i1<i2§k dT(Va(il); Va(i2))|Va(i1)HVa(i2)|

Proof. By the ordering lemma, there exists a permutation o : [k] — [k] such that

h* < Z w(yi1j1’yi2j2) < Z Z UU (1) J17UU(12)J2)

Yi1j1 <Yigjo 1<4; <i2<k j1,j2€[s]

= Z Z dT(Va(h)a Va(iz))|Wi1j1||Wizj2|

1<i1<i2<k j1,j2€[s]

= Z dT(VU(i1)7 Va(iz))|va(i1)‘|va(i2)|

1<iy <ig<k
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< Hl?X Z dT(Va(h)’Va(iz))‘va(i1)||va(i2)|'

1<iy <ig<k

The number of arcs that are consistent with constructed ranking ¢’ is at least
max, Zl§i1<i2§k dr(Via(in)s Vo (i) Vo (i) Va(iz) |, which by Lemma 27 and Lemma
32 is at least h(V) — 3(5e + 3y/e)n’. When we combine it with the lower bound
h(V) = OPT(T,) > {n* mentioned in the introduction we conclude that the number
of arcs that are consistent with constructed ordering is at least (1 — p)OPT(T,,) since
p > 10e + 64/€. O

We will now prove the ordering lemma.

Proof of the ordering lemma. To prove the lemma, it is sufficient to show that the
sum of weights of arcs is maximized for an ordering in which every Y; is an interval.
Let < be an ordering of V(K). We denote by k(<) the sum Zyim <Yins W(Yirj1s Yisjs)
and for every Y;, where i = 1,...,k, we define a gap-number g; = gap<(Y;) as the

git1 I;;. Note that the gap-numbers

minimum number of intervals /;; such that ¥; = (J;]

depend on the ordering of V(K).
Cram 33. If gap<(Y;,) > O then there exists an ordering <* such that
1. h(=<) < h(=*),
2. gap<-(Yi,) < gap<(Yi,), and
3. gap=-(Y;) = gap~- (Y;) for every i # io.
Applying the claim to Y7,Ys,...,Y%, we construct the ordering in which every
g; = 0, i.e., all Y; are intervals. 0
Proof of the claim. Since gap<(Y;,) > 0 there exist two intervals I; 1, I;,2 such
that Ii017 IZ'OQ € Y;'O and

Ii01 < Ii1j1 < Ii2j2 < < Iitjt < Ii02-

Without loss of generality we may assume that dp(V;,, Vi, )|Wiyj, |+ - - + doe(Vig, Vi,)
(Wi | > dr(Viy, Vi) [Wigi | + - - + dr(Vi,, Viy)|Wi,j,]- Then the sum of the weights
of arcs between intervals I; 1 < Iy, 5, < Liyj, < -+ < 1j,5, < L2 is

dT(‘/iov ‘/i1>|W’i1j1 ||Ii01‘ +ooet dT(‘/iov ‘/it)‘Witjt||Ii01|
+dT(‘/i17 ‘/io)|Wi1j1HIi02| +eeet dT(‘/it: %0)|Witjt‘|lio2‘
< dT(‘/iov %1)|Wi1j1|‘1i01| +oeeet dT(‘/io? ‘/it)‘WitthIio”

+dr (Vigs Vi) IWisj | Lig2| + -+ + dr(Viyo, Vi, )W | izl
which equals the sum of weights of arcs between intervals
Iigl < IiOQ < Ii1j1 < I,L'QJ'Q <o < Iitjt-

Therefore, we can reduce the number of gaps of Y. ]

4. Conclusions and an open problem. In this paper, we considered the
weighted version of discrepancy and tournament ranking problems. In the first part
of the paper we generalized the approach from [12] to weighted graphs. In the second
part we presented algorithms for both problems which were based on the algorithmic
regularity lemma. We want to conclude with the following open problem.

0
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OPEN PROBLEM 1. For a giwven n, construct an m x n matric M = [m;;] of
+1’s and —1’s with m small which has the following property. For every vector W €

{-1,1}"

1 m n
- Z Zmijuj > cyv/n

i=1 [j=1

for some constant c.

By probabilistic method one can show the existence of matrix M with m = n
and a constant ¢ = 0.0017 sufficiently small. Note that Hadamard matrices do not
possess the required property, taking ' as one of the row vectors of M results in
i Z?:l mijuj| = n.

Let us observe that we can use the solution matrix M to our initial problem of
finding a sign vector. Namely, for given o7,...,7, € {—1,1}", there is an O(n?m)
algorithm that finds X = (X1,...,Xp) € {—1,1}" such that

| X177 4 -+ - + XnTr|| > en®/2.

Indeed, let 70 = (vi1,-..,0in) and W, = (v1j,...,0p,;). We can construct a sign
vector in the following way: For every row vector im; of matrix M we compute
Z;—;l |(w;, m;)| and we choose 7; such that the sum is the largest.

By the property of the matrix M, we know that for every vector w;, > i~ [(w;, m;)|
> c¢my/n and so Z;—Ll S w7, mi)| > emn®?. This implies that if a vector
m = (my,...,my) is chosen by the algorithm, then Z?Zl (@}, 7t)| > en®/2. We

verify that

n n
1T7ms+ -+ Tl = Y o gma + - v ymal = S [(@], )| > en®/2,
j=1 j=1

In computing the sum Y°7_, [(@;, 77;)| we add n® numbers of size O(1). Note that
the same argument can be repeated (resulting in different constant c) if 77,...,7, €
{-1,1}*, and k = O(n).

As long as m is smaller then n lgn this will improve the time complexity of results
in [12]. A similar question can be asked for the weighted case.
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