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Abstract

An n-ladder is a balanced bipartite graph with vertex sets A = {a,...,a,} and
B = {b1,...,b,} such that a; ~ b; iff [i —j| < 1. We use techniques developed
recently by Komlds, Sarkozy, and Szemerédi to show that if G = (U,V,E) is a
bipartite graph with |U| = n = |V|, with n sufficiently large, and the minimum
degree of G is at least § + 1, then G contains an n-ladder. This answers a question
of Wang.
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1 Introduction

A bipartite graph is said to balanced if it has the same number of vertices in
each part. Let G = (U, V, F) be a balanced bipartite graph with |U| = n = |V|.
For the purposes of this article we shall call G universal if every balanced
bipartite graph with n vertices in each part and maximum degree at most
2 can be embedded into G. Wang [8] conjectured that G is universal if the
minimum degree 6 (G) of G is at least §+1. As Wang observed, the conjecture
is best possible: The graph H obtained by adding a perfect matching between
the larger parts of two copies of the complete bipartite graph K, 1., satisfies
S(H)y =m+1 = [%1, but does not contain the union Cy,, + Capyo of a
(2m)-cycle with an (2m + 2) -cycle.

Aigner and Brandt [1] proved the non-bipartite version of this conjecture: If
H is a graph on n vertices with minimum degree 6 (H) > 221 then H con-
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tains every graph on n vertices with maximum degree at most 2. Again this is
best possible, since m triangles cannot be embedded in the complete tripar-
tite graph K, 1 m+1,m+1- Fan and Kierstead [3] proved something stronger. In
an attempt at proving Pdsa’s conjecture that every graph on n vertices with
minimum degree at least %n contains the square of a hamiltonian cycle, they
showed that every graph H with § (H) > 2"3—_1 contains the square @ of a
hamiltonian path. Every graph on n vertices with maximum degree at most
2 can be embedded into ). Then Komlés, Sarkozy, and Szemerédi [6] proved
Pésa’s conjecture using a wonderful new technique involving Szemerédi’s Reg-

ularity Lemma [7] and their own Blow-Up Lemma [5].

Define an n-ladder to be the balanced bipartite graph L, with vertex sets
A={a,...,a,} and B = {b,...,b,} such that a; ~ b; iff |i — j| < 1. So L,
consists of two vertex disjoint n-paths aibzasbs ... and biasbsay, . .. together
with rungs formed by the matching {a1b,,...,a,b,}. (Perhaps, twisted lad-
der would be a more descriptive term.) The set of ends of L, is the set
{ai,b1,a,,b,} . It is easy to see that the graph L,, is universal. For example,
an even cycle x1y1, ... 2y, can be embedded into the beginning of L, by

T1Y1To . .. TpYp —> arbaas . .. Sply, Sk—1,tk—1, ... a2, b1,

where (sg, 1) = (ag,bg), if k is odd and (s, tx) = (bk, ax) otherwise. We shall
apply the methods of Komlés, Sarkozy, and Szemerédi to prove the following
strengthening of Wang’s conjecture for sufficiently large n.

Theorem 1 For sufficiently large n, every balanced bipartite graph G = (U, V, E)
with (U] =n = |V| and 6 (G) > § + 1 contains a spanning ladder.

The rest of this article is devoted to a proof of Theorem 1. This involves
two parts. First, in Section 2 we identify a particular extremal configuration
and use standard graph theoretical methods to show that if G' contains this
configuration, then GG contains a spanning ladder. Then in Section 4, we use
the Regularity Lemma and the Blow-Up Lemma to show that if G does not
contain the extremal configuration, then G contains a spanning ladder. In
Section 3 we review the Regularity and Blow-Up Lemmas. In the remainder
of this section we review our notation and work out some easy details of the
theory of dense bipartite graphs.

For a positive integer n, let [n] denote the set {1,2,...,n}. Let deg (v) denote
the degree of the vertex v and let deg (v, X) denote the number of neighbors
of v in the set X. For two disjoint, nonempty sets of vertices U and W, let
e(U, W) denote the number of edges with end points in both U and W.

We will need Lemma 3 for our argument and the rest of this section serves as
a warm-up. The next lemma is due to Bondy and Chvdtal [2]



Lemma 2 Let P = x1y;...x5ys be an even path of a bipartite graph H =
(X,Y, E) with s > 2. If deg(x1, P) + deg(ys, P) > s+ 1 then G has a cycle C
with V(C) = V(P).

PROOQOF. By the pigeon hole principle, there exists i € [s] such that z; ~ y;
and y, ~ x;. Then x1y ... T;y;TsYs_1Ts_1...y; is the desired cycle.

Lemma 3 Let H = (X,Y, E) be a connected bipartite graph with | X| = |Y| =
n. If 6 (H) > k then H contains a path on min{4k — 1,2n} vertices.

PROOF. Let P be the longest path in H and assume that the length of P
is less than min {4k — 1,2n}.

Case 1: P = 1y ... x5ys where z; € X,y; € Y. Then d(z,, P) + d(ys, P) >
2k > s. Thus, by Lemma 2, there is a cycle C with V(C) = V(P). Since s < n
there is a vertex v not on C. Since H is connected one can obtain a longer
path starting from v and using all of C.

Case 2: P = 21y ... xsysTs11. First we claim that H contains a cycle on 2s
vertices. Indeed, since P is maximal, z; and z,,.; have all their neighbors on
P. Since deg(x1) + deg(zs+1) > 2k > s + 1, there exists ¢ € [s — 1] such
that x; ~ ;41 and x4, 1 ~ y;. This gives a cycle 1y ... TYiTs i 1YsTs - - - Yir1-
Assume now that C' = z1y; ... x,ys is a cycle. Suppose that v is a vertex not
on C'. Then v is only adjacent to vertices on C, since otherwise there is a path
longer than P. Since s < n, there exist z € X \V(C) and y € Y\ V(C). Since
deg(z) + deg(y) > 2k > s, there exists ¢ € [s] such that z ~ y; and y ~ x;.
This yields a path on 2(s + 1) vertices and a contradiction.

Notice that it now follows that a balanced bipartite graph with n vertices in
each part and minimum degree greater than 7 is hamiltonian: By the degree
condition, it is connected. By Lemma 3 it has a hamiltonian path. So by the
degree condition and Lemma 2, it has a hamiltonian cycle.

2 The Extremal Case

We say that G = (U,V, E) is a-splittable if there exist X C U and Y C V
such that

1
|X| = (5—04)7&: Y| and e(X,Y) < an’



In this case we say that X and Y are an a-splitting of G.

Lemma 4 For a > 0 sufficiently small, in particular o < gpees, of G =

(U,V,E) is a balanced bipartite graph with n vertices in each part that is o
-splittable and 6 (G) > § + 1, then G' contains a spanning ladder.

PROOF. Let X and Y be an a-splitting of G. Our first goal is to partition
the vertices of G into two almost complete, bipartite, spanning subgraphs
with about % vertices in each part. Let X = U\ X and Y = V \ Y. Let

S = {:c € X : deg (x,?) < (% - \/5) n} For each z € S, deg (z,Y) > /an.
Thus |S| < y/an, since
1S|van <Y deg(z,Y) <e(X,Y) < an’.

€S

Counting the edges of the complement G of G from X to Y we get:

e (X,?) =|X| ‘7‘ — (Z deg () —e(X,Y))

reX

<(3-0) (Gro)ri=(5-0) 5 o
_2a2an 2a2om

< an?

N W

Let T = {y €Y :deg(y,X) < (% —a— \/5) n}.Foreachy €T, degg (v, X) >
van. Thus |T| < 3/an, since

T|Van < ¥ degg (4, X) < e (X,7) < San”.

yeT

Thus we can choose X; C X \ S and Y; C Y \ T such that

(1) [X1], V1] = (3 — 2va) n and
(2) deg(x1,Y7),deg (y1,X1) > (% - 4\/5) n, for all z; € X1, y1 € Y.

Similarly, we can choose X, C X and Y, C Y such that

(1) [Xa|,[Y2| = (3 — 2v/a) n and
(2) deg(x,Y3),deg (y, Xo) > (% - 4\/5) n, for all z € X5 and y € Y5.

Let Xo = U\ (X; UXy) and Yy = V' \ (Y; UY,). Then | Xo| = 4/an = [Yp.
Let § = 4y/a. Choose partitions {S1,Se} of Xy and {73, T,} of Y, such that



g =||S1] — |T1|| is as small as possible subject to the condition that

deg (s, Y;) , deg (¢, X;) > 86n

for all s; € Si, t; € ,Ti; and 7 € [2] For 1 € [2], let U, = X; US,', V, = Y;'U’TZ',

G; = G [U;, Vi], the subgraph of G induced by U; UV;, and n; = |U;|. This ac-

complishes our first goal: All but at most Sn vertices of G; have degree at least
1

(5 — ﬂ) n in G;; moreover each exceptional vertex has at least 8n nonexcep-

tional neighbors. Without loss of generality, max {|S1],|Ss|, 11|, |T2|} = |Sa|.
So g = |T1| — |S1| = |S2| — |T»|- Since

\Us| > [Vi| = n — |V3
n_n
‘Uz‘—§Z§—|V2‘

it follows that

n_o9g
-2

So every vertex in V) has at least I + 1 neighbors in Us . Also if x € X; and
u € U;, then = and u have at least 78n common neighbors in Y;. Similarly, if
y € Y; and v € V;, then y and v have at least 78n common neighbors in X;.

Our next goal is to construct two disjoint ladders L and L* (L* might be
empty) and possibly move some vertices from G to G5 such that:

(1) The first rung of L is in G; and the last rung of L is in Gs.
(2) The first rung of L* is in Gs.

(3) G;\ (LU L*) is balanced for i € {1,2}.

(4) |L| <6 and |L*| < 6g +4

A 2-ladder is called a crossing L, if it has one vertex in each of Uy, Us,, Vi,
and V5.

Case 1: ¢ = 0 and G contains a crossing Ly. Let L = Ly and L* = ().

Case 2: g = 0, but G does not contain a crossing Ly. Then for every u; € U,
and uy € U,, there exists ¢ € [2] such that all common neighbors of u; and wuy
are in V;. Since 6 (G)) > 5+ 1, u; and uy have at least two common neighbors
in V;. Similarly, for every v; € V; and vy € V5, there exists 7 € [2] such that
all (at least two) common neighbors of v; and v are in V.

Fix z,2' € X; and y € Y] with x ~ y ~ 2’ . Since n; < no, there exists u € Uy
such that y ~ w. Since y € V; is a common neighbor of x € U; and u € Uy,
there exists another common neighbor v € V; of  and u. Let 3y’ € Y5 be a



neighbor of u. Since u € U, is a common neighbor of v € V; and y' € V5, there
exists another common neighbor u' of v and 4’ in Us. So L = (z,y,u, v, v, y")
is a 3-ladder.

Now removing L leaves G; and (G unbalanced, since L has an extra vertex
from each of U, and V;. We correct this problem by constructing another
crossing ladder L*. Choose, in order, distinct v' € V,, 2" € X, \ {u,u'}, and
v" € Va such that 2/ ~ v ~ 2" ~ v" ~ 2. Note that ¢ ¢ {v',v"}, since
otherwise {2',y,u,y'} is a crossing Ls. So L* = (2",v",2',v") is a 2-ladder
disjoint from L and (1) - (3) are satisfied.

Case 3: g > 0. Since we could not move any vertices from U, to U; to decrease
the gap g, deg (u, Y1) < 80n, and so deg (u, Ys) > (% — 96) n, for every vertex
u € Us. It follows that any two vertices in U, have lots of common neighbors
in Y5. Since *‘21 > (, every vertex in Y; has at least two neighbors in U, . Since
|Us| < 2|Y1|, some vertex ay € Us has two neighbors by, by € Y. Let a3 € Us be
another neighbor of by. Finally let a; € X; be a common neighbor of b; and b
and b3 € Y, be a common neighbor of ay and ag. Then L = (ay, by, as, by, as, bs)
is a 3-ladder with first rung a;b; and last rung asbs.

Case 3a: g = 1. Letting L* be empty, we are done.

Case 3b: g = 2 Since |Y1| > 168n > e ({as, a3}, Y) there exists b5 € Y; with
two neighbors ay4, a5 € Us \ {ag,a3}. Let by € V5 be a common neighbor of a4
and as. Then L* = (a4, by, a5, b5) is a 2 -ladder disjoint from L and (1) - (3)
are satisfied.

Case 3c: g > 2. We still have the link L from G to G5. To obtain two balanced
bipartite graphs, we will construct a ladder L* that contains g—1 more vertices
from Vi than V5. A triple matching is a set of vertex disjoint 3-stars ); =
(v, u, ull, ul") with root v € V3 \{b1, b2} and leaves ul, u!, u’ € Us\ {az, as}.
We claim that there exists a triple matching of size g — 1. Otherwise let
M = {Q,...Qr} be a maximum triple matching of size £ with roots R =
{v! i € [k]} and leaves Z = {u},u},u" : i € [k]}. Since M is maximum, each
vertex v € V1 \ (RU {by, bo}) has at most two neighbors in Us \ (Z U {az, az}).
Thus deg (v, Z U {az,as}) > % —1 and by the pigeon hole principle there exists
a vertex u € Z U {ag, ag} such that

E-1)vl-k-1) 2 (3-5)n
> 2 > 2 2
deg (u, V1) = 3k + 2 = 3(g—2)+2 10

> 96n

which is a contradiction. Next we construct the ladder L* that contains each
Qi as follows. Choose distinct v}, )", ..., v;_;,v;"; € V2 \ {b3} such that v is

g—1
o " is adjacent to

adjacent to u} and uf, v} is adjacent to u;_,, u;’, , and u;, v
1- This is possible since

n m ! " 3 s n "
u;, u;', and i, and vy’ is adjacent to uy_; and uy_



3g < 3fn < (5 — 278) n. Then

* ! !/ " n " n ! ! n " n 12
L* = (ul,vl,ul,vl,ul , Uy ,...,ugfl,vgfl,ugfl,vgfl,ugfl,vrl)

and the conditions (1) - (4) are satisfied.

Finally we finish our construction of a spanning ladder by constructing, for
i € {1,2}, ladders L’ in G;\ (L U L*) such that the last rung of L' and the first
rung of L form a 2-ladder, the last rung of L and the first rung of L? form a
2-ladder, and the last rung of L? and the first rung of L* form a 2-ladder. Since
the construction of L! is similar, but easier, we will only give the construction
of L2

Note that G' = G2 \ (L U L*) has between (% - BB) n and (% + ﬁ) n vertices

in each part. Of the vertices in one part, at most Sn are not adjacent to at
1

least (5 - 46) n vertices, and even these vertices have degree at least 58n
in G'. Call these the exceptional vertices. Write G’ as G' = (U', V', E'), let
S" c U and T'" € V' be the small subsets of exceptional vertices, and let
X'=U"\S" and V' \ T' be the large subsets of normal vertices. With less
effort than above we can find a triple matching whose roots are the vertices of
S"UT" and whose leaves come from X' U Y’. Each 3-star from this matching
can be extended to a 3-ladder by adding vertices from X' U Y'. Label these

3-ladders by N!,..., N*. Since

(3o

the remaining vertices from X'UY” can be matched, say by M = {z1y1, ..., 2 }-
Moreover we can specify the first and last edge of this matching so that the last
rung of L forms a 2-ladder with x,y; and the first rung of L* forms a 2-ladder
with z;1;. Define an auxiliary graph A on the vertex set {N',... N*} U M.
We treat the edges of M as 1-ladders. Two vertices of A are adjacent if the
first and last rungs of one form 2-ladders with the first and last rungs of the
second. The degree of this graph is at least (% — 165) n > 57“ + 1, so it has
a hamiltonian path from z,y; to x;y;. Clearly this path corresponds to the
desired ladder.

3 The Regularity and Blow-Up Lemmas

In this section we review the Regularity and Blow-Up Lemmas. Let H = (V] E)
be a simple graph on n vertices. For two disjoint, nonempty subsets U and W



of V, define the density of the pair (U, W) as

e(U,W)

diUW)= ———~,
CW) = Tomw

Definition 5 A pair (U, W) is called e-regular if for every U' C U with |U’'| >
e|U| and every W' C W with |W'| > e|W|, |[d(U',W')—d(U,W)| < €. The pair
(U, W) is (g, 6)-super-regular if it is e-reqular and for allu € U, deg (u, W) >
S |[W| and for all w € W, deg (w,U) > § |U]|.

First we note the following three facts that we will need.

Lemma 6 If (U, W) is an e-regular pair with density d, then for any Y C W
with |Y| > e |W| there are at most e|U| vertices u € U such that deg(u,Y) <
(d—e)|Y].

Lemma 7 (Slicing Lemma) Let (U, W) be an e-regular pair with density d,
and for some v > ¢ let U' C U, W' C W, with |U'| > v|U|, |W'| > v|W|.
Then (U',W') is an €'-regular pair of density d' where e' = max{%,2¢} and
d>d-—e.

Lemma 8 Let (U, W) be an e-regular pair. Suppose that U' = U U S and
W'=WUT, where |S| < p|U|, |T| < u|W|, SNW' =0 =TnU", and
0<pu<e. Then (U, W') is an € -reqular pair, where ¢’ = max {g, 66}.

Definition 9 Partition Vo U Vi U ... UV, of the vertex set of G = (V, E) is
called e-regular if the following conditions are satisfied.

(1) Vol < €[V
(2) Foralll <i,j <t, |V;| =1V}l
(3) All but at most et* of pairs (V;, V;), 1 < 14,5 <, are e-reqular.

The parts of the partition are called clusters. Note that the cluster V; plays a
distinguished role in the above definitions and is usually called the exceptional
cluster (or class). Our main tool in the proof will be the regularity lemma of
Szemerédi [7] which asserts that for every € > 0 every graph which is large
enough admits an ¢ -regular partition into a bounded number of clusters.

Lemma 10 (Regularity Lemma) For every € > 0 and every positive inte-
ger 1 there exist N = N(e,l) and L = L(e,l) such that every graph with at
least N wertices admits an e-reqular partition Vo UV U ...V, with | <t < L.

In addition, we shall use the Blow-up Lemma of Komlés, Sarkozy, and Sze-
merédi [5].

Lemma 11 (Blow-Up Lemma) Given 6 > 0 and A > 0 there ezxists an
e > 0 such that the following holds. Let P = (Wy,W3) be an (g,0)-super-



reqular pair with |Wi| = ny and |Wa| = ng. If a graph H = (Aq, As) with
mazimum degree A(H) < A is embeddable into the complete bipartite graph
K, n, then it is also embeddable into P. Moreover, given in addition 3 > 0,
there exist v and € such that the following stronger statement is true. For
all yn;-subsets A, C A; and functions f; : A, — (EZZ), i = 1,2, H can be
embedded into P so that the image of each a; € A} is in the set f; (a;).

4 The Non-Extremal Case

In this section we complete the proof of our main theorem by proving the
following lemma.

Lemma 12 For any o > 0 and sufficiently large n, if G = (U,V,E) is a
balanced bipartite graph with n vertices in each part that is not a-splittable
and 6 (G) > %, then G contains a spanning ladder.

PROOF. Fix a. Let 6, < ¢ 51_64,(5§51 ﬁzQ,andA—4 Now, for
this choice of §, 8, and A, choose v and € < (5 so that the strong conclusion
of the Blow-Up Lemma holds. Let ¢; < (%) and | > % By the Regularity
Lemma (applied to the graph G with 2n vertices) there exists N and L such
that if 2n > N, then there exists an &-regular partition of G' = (U, V, E) with
between [ and L clusters. We will also require that n > 18&. Note that since in
the proof of the Regularity Lemma a given partition is refined to yield a regular
partition, we can start initially with the partition U UV and end up with a
partition of the form {Vy, Vi, ... Vi, , Uy, Us, ..., Uy, }, where {Vi, Vi, ...V, } is
a partition of V', {Uy, Uy, ..., U, } is a partition of U, and the exceptional class
has the form VoUUy. If k1 > ko then we add ki — ko clusters to the exceptional
cluster V{ so that we can assume that & = k; = k. Then V| < §in. Define the
cluster graph Cgq as follows: V(Cg) = {V4, ...V, Uy, ..., U} and V; is adjacent
o U; iff (V;,Uj) is an £l-regular pair and d(V;,U;) > 6;. For a cluster W, let
irrdeg(WV) denote the number of clusters W’ such that (W W') is &L-irregular.
By the £l-regularity of the partition, there are at most £ (2k) = &,k? pairs
of clusters that are % -irregular. Thus there are at most \/_ k clusters W for
which irrdeg (W) is at least \/e1k. Since we can add these clusters to Vi U U,
we may assume that for every cluster W,

irrdeg(W) < +/e1k,
Vol, [Uo| £2+/E1n, and

(1—81)%5|W|§9



Claim 1. Set p = 6; +4,/z1. Then 6 (Cg) > (5 — p)k.

PROOF. Assume that there is a cluster W € V(Cg) such that deg(V;) <
(1/2 — p)k. Then W has at most (1/2 — p)k |IW|* edges to vertices in adjacent
clusters, \/e1k \W\Z edges to vertices in clusters forming irregular pairs with W,
61k |W > edges to clusters forming low density pairs with W, and 2,/1n |W|
edges to the exceptional cluster. So

n2

e(W,V(G)) < (%—p+3\/a+51)%2 < (%—@) = (1)

On the other hand, using the fact that the minimum degree of G is at least
5, we have

S (1 —¢1)n? . (} B %€1> n’ 2)

e(W,V(G)) = W] ok 5 =

|3

Clearly (1) and (2) are not possible at the same time. Therefore, the minimum
degree of C¢ is at least (1/2 — p)k.

Claim 2. The cluster graph has a path of length at least 4 (% — p) k—1.

PROOF. Let p' = p+e;. We first show that Cg is connected. Suppose to the
contrary, that Cg is disconnected. Since § (C) > (5 — p)k, each component of
Cg has at least (3 — p)k clusters in each part. Thus the union of the clusters

in one part of a component has at least

G-Mk-e) "> (2 —p=se)n

vertices. Let X be a set of (% — ,0’) n vertices from one part of one component

of Cg and let Y be a set of (% — ) n vertices from the other part of another

component of Cg. There are only two kinds of edges between X and Y: (1)

Edges between clusters that form irregular pairs and (2) edges between clusters
2

that form low density pairs. There are at most £;k? (%) = g.n? of the first

kind and at most d;n? of the second kind. Thus e (X,Y) < p'n? and G is p'-
splittable. Since p' < o and G is not a-splittable, this is a contradiction. We
conclude that C¢ is connected. By Lemma 3 there exists a path on 2k —4pk—1
clusters in Cg.

10



Let P =U,V;...U,V, be a path in Cg of length 2r = 2k — 4pk — 2. Then con-
secutive clusters in P form e;-regular pairs with density at least ;. Reassign
one vertex from U; to U,. Add the vertices in the clusters that are not on P
to the exceptional classes V, and U,. Now

‘%‘ ; |U0| S 3517’&

This is a major change in the size of |Vj U Up|.

Our next goal is to reassign the exceptional vertices to regular clusters in P.
This is a process that we will need to use again with different parameters, so
we introduce general parameters o; and oy. (In our first application of the
process we will set o7 = 36; and 09 = d5.) We would like to do this so that
\Ui| — |Vi| remains constant, there are only a small number, at most /017,
of vertices reassigned to any one cluster, and so that any vertex reassigned
to a cluster U; (V;) has a relatively large degree, at least o2, 10 V; (U).
During this process we may also reassign some vertices from one cluster in P
to another cluster in P. More formally, for each i € [r], let U? (V) denote
the elements of U; (V;) at the start of this process, U] (V) denote the set of
vertices reassigned to U; (V;) and U} (V;* ) denote the set of vertices of U; (V;)
that have not been reassigned. So UL \ U} is the set of vertices reassigned from
U;. We will preserve the following conditions:

(1) If v is reassigned to V; then deg(v,U) > 03} and if u is reassigned to Uj
then deg(u, V) > 0,%.

(2) Forevery 2 <i<r—1,|UrUU|=|VUV/|, |UFUU]|+1=|V;UV/|,
and |[UFUU]| =|VyUV/!|+1.

(3) For each i € [r], |V/|,|Uj| < \/o17%.

(4) For each i € [r], [VP\ V', [UP\ U] < o1}

We group the exceptional vertices into pairs (v,u) € Vi x Uy and order the
pairs arbitrarily. We then reassign these vertices one pair at a time as follows.
Call a cluster W full if there are \/o,% vertices reassigned to W. Consider the
next pair (v, u). Try to choose 7, j € [r] such that

a. neither V;, U;, nor Uj is full,
b. deg (v, U) > 0,7} and deg (u, Vjo) > oy}, and

2
c. if i # j then e (U?, V) > 205 (2).

Then reassign u to U, v to V;, and if i # j, then pick v’ € U with deg (u',V}?) >

02%, and reassign v’ to U;. If we can perform this operation for each pair, then

we will succeed in reassigning the exceptional vertices while maintaining (1)-
(4). Notice in particular that since a vertex is only reassigned from a regular
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cluster if another vertex is reassigned to that cluster, (4) follows from (3).
Claim 3. If
|U()|,|%| <om and g <o < 4o SO’Q<40’2§C¥,

then for each pair (v, u) we can choose i, j € [r] satisfying (1) - (3) above.

PROOF. Consider the next pair (v,u). Let N'(v) = {i : deg(v,U}) > 20,%}
and N'(u) = {i : deg(u, V") > 205%}. Since v is adjacent to at most 2 vertices
in each U with i € N’ (v), at most oyn vertices in Uy, and at most 209n other
vertices,

\N’(v)\% + o1n + 209n > deg (v) > g

This yields

IN'(v)] > (1 — 01 — 209) k > (1/2 — 309)k.

Similarly |N'(u)| > (1/2 — 303)k.
Let

Y= J VW and X= |J U.

i€N'(u) 1EN'(v)

Recalling that o > 409,

> (1/2 - 3o)k (1 —e) 7 > (1 - a) n.

Y= [N ()| (1—e) 5

>3

Similarly, |X| > (% — a) n. Since G is not a-splittable, e(Y, X) > an? >

4o9n?.

At most o1n pairs of exceptional elements have been reassigned. Each time a
pair is reassigned there are at most two indices ¢ such that |V;'| or |U]| increases
and for all indices j neither ‘V]’ nor ‘U]'
we have created at most

2./G1k =

ever increases by more than one. Thus

20’177,

Voi;

pairs (V,2, U?) such that either V; is full or U; is full. The number of edges of
G incident to vertices of these pairs is at most 4,/01n? and there are less than
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209n” edges of G between the pairs (U, V}) for which e(U?, V) < 205 (%)2
Since

(209 + 4y/01)n* < 3o9n? < an® < e(Y, X),

there must exist i € N’ (v) and j € N’ (u) such that neither U;, V;, nor U; are
2
full and e (U](-), V;O) > 209 (%) .

Notice that the hypothesis of Claim 3 is satisfied with o; = 3; and gy = 9,.
After reassigning the exceptional vertices, the path clusters are partitioned by
V; = V/UV;* and U; = U] UU}. For each i € [r], U is a large subset of U? and
V.* is a large subset of V,? and so by the Slicing Lemma the pairs (U}, V;*) and

5 ;_“H) maintain most of their regularity. The same cannot be said for U/

and V}, but to compensate, U; and V; are small subsets (< 1/36,%) such that
deg (u, V;) > 027 and deg (v, U;) > 0,7 are extra large for u € U] and v € V..
Our next goal is to hide the exceptional vertices in a small ladder.

Claim 4. For each i € [r] there exists a ladder L' C V; U U; such that:
(1) V!uU! c V(LY.
(2) [V (L")] < 32V/61%.
(3) Each of the ends of L' has at least % neighbors in (V; UU;) \ L.

PROOF. Let wy,w,,...,w; be an ordering of V;/UU,. Then ¢t < 4 oy = ‘15%—2.
Suppose that we have constructed a ladder L C V; U U; on 8s vertices (0 <
s < t) that contains exactly the first s vertices of V/ U U], satisfies (3), and
has first rung u'v’ and last rung u”v"”. Without loss of generality, assume that
wsy1 € Ul. We first extend L to L' by attaching a 3-ladder (a, b, a’, b, ws1,v),
with a,a’ € U \ L and b,b',v € V;*\ L, to the end of L. Using the regularity
of the pair (U, V), Lemma 6 , and the fact that
52”

n
S\ L) > 5t — g > 28
deg (wsi1, Vi*\ )_52k 8t > T

there exists v € V;* N N (wg41) such that

deg (v,U\ L) > (01 —&1) U \ L| > 621—: + 5.

Let A= N (v")N(U;\ L), A" = N (v)n(U;\ L,), B=N (u")NV;*\ (LU{v})),
and B' = N (w,11) NU; \ L. Each of these sets has size at least 2. Using
the regularity of the pair (U?, V%) and Lemma 6, almost all (all but at most

2
2¢17) of the vertices of A, are adjacent to at least '11—: vertices in each of B
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and B'. Let a be one of these normal vertices, and set By = BN N (a) and
Bj = B'N N (a). Similarly, almost all of the vertices of A’, are adjacent to at

least ‘?—; vertices in each of By and Bj{. Let a’ be one of these normal vertices
and let b and b’ be any vertices in By and B, respectively. In extending L to L'
we may have violated condition (3) for the first rung «'v’ by using up some of
its neighbors. So now, in a similar way, we choose a” € U\ L' and b" € U\ L'
such that u' ~ b" ~ a” ~ o' and deg (a”,V;* \ L'), deg (", U7 \ L') > %1 + 1.
We then add a"b” to L' as a first rung to obtain L” satisfying (3) Continuing
in this fashion we finally obtain the desired ladder L*.

For each i € [r], set U} = Uy \ L* and V;'! = V;* \ L'. Then

n n
vl vl > (1—51—32\/E)E2(1—52)E.

By the slicing lemma each of the pairs (U}, V;!) and (Vil, U}H) are 2¢;-regular
with density at least d; — £;. However they may not be super-regular. Our
next task is to reassign some vertices so that each of the pairs (U}, V;!) is
(e, 6)-super-regular. By Lemma 6 there are at most 1% vertices u € U} with
deg (u,V;') < (61 — 1) |U}|. Similarly, there are at most 1% vertices v €
V! with deg (v,U}!) < (6, —&1)|V;'|. Move these to the (currently empty)
exceptional clusters Uy and Vj. So |Uy|, |Vo| < e1m. We shall redistribute these
exceptional vertices to get new clusters U? and V2, for all ¢ € [r]. Using Claim
3 with o4y = ¢; and 09 = §; we can do this so that

(1) If v is reassigned to V;? then deg(v,U}) > ;% and if u is reassigned to
U? then deg(u,V;') > 6,%.

(2) For every i € [r], [V? — [U?| = [Vi'| — |U}|.

(3) For each i € [r], at most /g, % vertices were reassigned to V;> (U7).

(4) For each i € [r], at most /g1 vertices were reassigned from V;? (U7?).

Recall that § = %1 and ¢ = 65}/ *. Now the minimum degree of each pair

(V2,U?) is at least

U?| > 6|U?

(61 &1 = VED) T > (61— 3VE)

By Lemma 8 each pair (U2, V;?) is e-regular. Thus each pair (U2, V?) is (e, 6)-
super-regular. Similarly, each pair (1/;2, UZ-ZH) is e-regular with density at least

§. For each i € [r — 1] choose v; € V;? such that deg (Ui,UfH) > & and
let A;+1 = U24 N N (v;). Using Lemma 6, choose u;41 € A;y1 such that
deg (uj41, V) > 2. Let UP = U2 \ {u;} and V? = V2\ {v;}, where {u;} =

0 = {v.}. Then (U?,V;?) is still an (g, d)-super-regular pair and |U?| = |V}?|,

2
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for all i € [r]. Let B} = V2NN (uit1), A)y = UL, NN (v;), Al = UPNN (v;) ,

and B, = V2, NN (u;+1). Let z;y; be the first rung of L*, where z; € U and
y; € V, and let w;2; be the last rung of L?, where w; € U and z; € V. Finally
let X; = UNN (y;), Yi = V2NN (x;), W; = UPNN (2;), and Z; = V2NN (w;).

Note that each of X2, Y3, W2, and Z? has size at least 2 > 52,

We now apply the Blow-Up Lemma to each pair (U?,V;?) to find a spanning
ladder K* whose first rung is contained in AY x B, whose second rung is
contained in X; X Y;, whose third rung is contained in W; x Z;, and whose
last rung is contained in A; x Bj. This is possible since v > 8. Clearly we
can insert L’ between the second and third rungs of K* to obtain a ladder M*
spanning U2 UV;3. Finally, M'viuaM? ... v,_ju, M" is a spanning ladder of G.
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