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Abstract. In this paper we construct two distributed algorithms for
computing approximations of a largest matching and a minimu m dom-
inating set in planar graphs on n vertices. The approximation ratio in
both cases approaches one withn tending to in nity and the number of
synchronous communication rounds is poly-logarithmic in n. Our algo-
rithms are purely deterministic.

1 Introduction

The distributed model of computation has gained a lot of attention after the pio-
neering work by Awerbuch et. al. [AGLP89] and many others in the mid eighties
of the last century. The most fundamental challenge in distibuted networks is
how the local structure of a network impacts its global propeties. This leads to
a completely di erent computational paradigm than the sequential model or the
parallel PRAM model. Not surprisingly many problems which admit e cient se-
quential protocols, as maximum matching or maximal indepement set, to name
a few, require a completely new algorithmic approach and vyile interesting open
problems in discrete mathematics.

The model considered in this paper was introduced by Linial n [L92] and
named LOCAL in [P0OQ]. In this model, the network is represented by an und
rected graph, each vertex of which corresponds to a processaand each edge
corresponds to a communication channel between two processs. The network
is synchronized and computations proceed in discrete roursd In a single round
a vertex can send and receive messages to and from its neighlspand per-
form some local computations. Neither the amount of local canputations nor
the lengths of messages are restricted in any way. In additio, we assume that
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vertices have unique identi ers. There are several measuseof e ciency of dis-
tributed protocols but we will concentrate on its time complexity, that is, a
maximum number of rounds needed to nd a solution. An algorithm is called
e cient if its time complexity is poly-logarithmic in  n.

Only for very few classical graph-theoretic problems, e cient, distributed al-
gorithms are known. For example, even the maximal independa set problem,
for which an e cient deterministic PRAM algorithm exists [L 86], still has an un-
known distributed complexity. Another approach towards a better understanding
of a computational model, is to study the approximability of problems in that
model. This has motivated intensive research on approximdbn algorithms in
the distributed model. For the state of the art of distribute d approximation we
refer the reader to an excellent survey by Elkin [EO4].

In this paper we design distributed algorithms for planar graphs and exploit
the fact that planar graphs are minor monotone. In a given grgph G = (V;E)
every set of pairwise disjoint edges constitutes a matchingLet (G) denote the
cardinality of a largest matching in G: The maximum matching problem is to
nd a matching M in graph G of size (G): A dominating setin a graph G
is a subsetD of vertices such that for every vertexv 2 D a neighbor u of v
belongs toD: By (G) we will denote the cardinality of a smallest dominating
set in G; also known as thedomination number . The minimum dominating set
problem is to nd a dominating set D in graph G of size (G): We propose
two purely deterministic distributed algorithms with the p oly-logarithmic time
complexity. For every planar graph on n vertices, our rst algorithm nds a
matching M such that jMj (1 O(ﬁ)) (G) (see Theorem 1). The second
algorithm works for planar graphs that do not contain K:.oqn as a subgraph.
In every such graph onn vertices it nds a dominating set D such that jDj
1+ O(ﬁ)) (G) (see Theorem 2). Although this technical assumption certénly
restricts the applicability of the method, the subclass of K ,;joq n-free planar
graphs is quite large and contains, for example, outer-plaar graphs (they do
not contain K ;.3).

To give an overview of previous research, let us mention thathere exists
no e cient distributed protocol for nding a maximum matchi ng or a minimum
dominating set even when restricted to very particular families of networks. As
shown by Linial in [L92], nding a maximum matching in a cycle on n vertices
requires (n) rounds and the same bound holds for minimum dominating set.
More recently, it has been shown in [KMWO04] that the number of rounds re-
quired to construct a maximal matching or to achieve a constat or even only
a poly-logarithmic approximation ratio for minimum domina ting set is at least

(" logn=loglogn) or (log = loglog ); where denotes the maximum de-
gree of the graph.

The maximal matching problem admits a O(logn) time randomized dis-
tributed algorithm ( see, for example [L86]). Later, in [HKP 99] a deterministic,
poly-logarithmic time algorithm for this problem was given. The techniques from
[HKP99] were applied in [CHS04] and [CHSZz04] to give a=B-approximation for



maximum matching in general graphs. Moreover, based on thesideas, in [CHO3]
a (1 )-approximation (for any xed > 0) for bipartite graphs was derived.

For the minimum dominating set problem, Kutten and Peleg [KP 95] gave an
e cient distributed algorithm which nds a dominating seto f size at mostn=2 in
general graphs. The rst non-trivial approximation ratio, O(log ) was achieved
in [JRS01] by a randomized method. Further, in [KW03] a O(k ?*log )-
approximation in constant time was obtained using LP relaxaion techniques
with randomization. Similar, randomized result for the connected dominating set
can be found in [DPRSO03]. In contrast, our results are purelydeterministic and
are among only few examples of distributed protocols wherefte poly-logarithmic
time complexity with a very good approximation ratio is achieved without the
use of random bits.

Approximations of weighted versions of the maximum matchirg and mini-
mum dominating set problems were recently studied in [CHO4] Our proof tech-
nigues rely on a clustering procedure introduced in [CHO4]We further develop
the method in this work and hope that it might be applied for ot her problems. By
a cluster we mean a subset of the vertex set that induces a coected subgraph.
The clustering procedure partitions the nodes of the input gaph into clusters. If
the diameter of a cluster is poly-logarithmic in n, then, in the LOCAL model, we
can compute every function e ciently. Therefore, having th e vertices grouped
into clusters we nd the maximum matching in every cluster. T he union of the
matchings yields a matching of size approximating (G): The situation is similar
but more complicated in the case of the minimum dominating sé& We rst make
sure that all vertices of large degree are included in the doimating set. Then the
clustering is performed and a set of vertices dominating theremaining vertices
is constructed within the clusters.

In both problems the number of rounds of our algorithms is a pdy-logarithmic
function determined by the diameters of the clusters. At the same time, we con-
trol the number of edges connecting di erent clusters and baed on that value
the approximation ratio is derived. For both algorithms, better approximation
ratios can be achieved at the expense of higher running times

The rest of the paper is organized as follows. In Section 2, wpresent the
clustering algorithm. Sections 3 and 4 contain the descripbn and analysis of
the approximation algorithms for the maximum matching and the minimum
dominating set, respectively.

2 Clustering algorithm

In this section, we give a clustering algorithm which will be applied to nd
matchings as well as dominating sets. We will use the low-dege decomposition
of a planar graph from [CHOA4].

De nition 1. A low-degree decomposition of a planar graplG = (V;E) is a

1. K = O(logjVj).



S
2. Foreveryi=1;:::;K 1,if v2V thendegv; |, Vi) 6.

It is not di cult to prove that every planar graph admits a low -degree decom-
position. In addition, as shown in [CHO04], such a decomposion can be found
e ciently by a distributed algorithm.

Decomposition
Input: Planar graph G, number n such that jV(G)] n.
Output: Low-degree decompositiorVy;:::; Vieg, n Of G with k = 36=35:

1. LetU = V(G),i:=1.
2. lterate l0gsg-35 N times:
(&) Let A be the set of vertices inG[U] of degree at most 6.
(b) Use the Cole-Vishkin algorithm from [CV86] to nd a maxim al indepen-
dent set | in the subgraph of G[U] induced by A.
© Vi=1,i=1i+1, U:=Unl.

Lemma 1. [CHO4] Let G = (V;E) be a planar graph such that the identi ers
of V are in f1;:::;ng. Then the procedure Decomposition nds a low-degree
decomposition of G in O(log nlogn) rounds.

Our approximation algorithms will use a similar clustering strategy as the one
in [CHO4]. We will use procedure Clustering  and an additional procedure
SmallClusters . The latter computes clusters of a constant diameter and in
each cluster nds a set of vertex disjoint stars with specialproperties that can
be used byClustering  to compute "big clusters".

SmallClusters
Input: Planar graph G = (V; E) with weights on edges! : E 7! R* and number
n such thatjVj nandID(v) n.
Output:  Set of vertex-disjoint stars in G.

1. H = G.
2. lterate log 10=log 12 times:
(@) Call Decompog’tion to nd a partition Wiy;:::; Weg,, n Of H. In addi-
tion, let Z; == ., Wi.
(b) For every vertex w; in parallel, if w2 W; and N (w)\ Z; 6 ; then:
{ Let u(w) be a vertex in N(w)\ Z; such that
I (fw; = I (fw;vg):
(fw; u(w)g) e (fw;vg)
{ Add fw;u(w)g to the auxiliary graph F.
(c) Each connected component of is a tree of diameterO(log n). For each

maximum weight.



(d) Modify H as follows:
{ In each star, contract vertices to create a new vertex. LetV(H)
consist of new vertices and those vertices which were not ctracted.
{ For every v;w 2 V(H) set the weight of fv;wg to be the sum of
weights of edges between vertices contracted te and vertices con-

tracted to w.
3. IfV(H) = fvy;:::;vm gthen for eachv; let V; be the set of vertices contracted

to v; in all of the above iterations. )

4. In each G[V;], in parallel, compute a set of disjoint starsQ('); 0]
the largest possible weight.

5. Return the set ofstarst('), fori=1;:::;M;j =150, M(i).

Let be the supremum of all real numbers such that every weighted planar
graph G contains a set of vertex-disjoint stars with the total weight of at least
an r fraction of the weight of G: We need the following lemma.

Lemma 2. i

Proof. A star forest is a forest in which every connected componentsi a star
and the star arboricity of a graph G, st(G), is the minimum number of star
forests that partition E(G). Hakimi et al. [HMS96] showed that if G is planar
then st(G) 5 and so therlg is a set of vertex-disjoint stars with weight ofat
least! (G)=5 where! (G)= ¢! (e).

Lemma 3. Let Q1;:::;Q_ be the disjoint stars in G obtained from Small-
Clusters . Then [ 9
! i — 1 (G):
€ ' ©

Proof. Let ; be the maximum diameter of a subgraph ofG which corresponds
to a vertex of H in the ith iteration. Then ; 3 1+2with o =0 which

gives j < 2 3 and so x < 2 3% for k = log 10=log12. Therefore each sub-
graph G[V;] in step 4 has a constant diameter and its optimal set of starsan
be computed in a constant number of rounds. LetP; be the sum of weights

of edges inH in the ith iteration. In the next iteration w(F) is at least P;=6
Consequently, the weight of the graph in the { + 1)st iteration, Pj.;, is at most
P and Po = ! (G). This gives Py 41 (G) for k =log 10=log . By Lemma
2, the weight of stars in G[Vi] is larger then % I (G).

The procedure SmallClusters  is now used inClustering  given below.

Clustering
Input: Planar graph G = (V; E) and number n such that jVj n andID (v)
n. Numberc 1.
Output: Partition of V into L setsVi;:::; VL.



1. H:=Gandlet! (e):=1forany e2 E(H).

2. lterate clog Iogn:Iogl—ll%— times:
(a) Call SmallClusters  to nd set of disjoint stars S;;S;;:::in H.
(b) Modify H as in step 2(d) of SmallClusters

3. IfV(H) = fvy; ;v gthen for eachv; let V; be the set of vertices contracted
to v; in all of the above iterations.

We summarize theClustering  in the next lemma.

Then

1. For everyi; G[Vi] is a subgraph of diameterO(Iogd n), where

d = clog3=log < 5:54c:

1
1 &
2. The number of edges connecting di erent clusters i<O(jE (G)j=log® n).
3. Clustering  can be performed inO(loglognlog n Iogl+d n) rounds.

Proof. Analogously to the proof of Lemma 3 we have ; < 2 3" and so
k < 2Iogd n for k = cloglogn=log 1—15 Then, for the second part, we have
10

Pi+1 1 f’—o)Pi and Py = JE(G)j, and soPx = O(E(G)j=log® n). Finally,
the third part of the lemma follows from the fact that we have O(loglogn) iter-
ations of step 2 and in each iteration we invokeSmallClusters  that calls the
Decomposition a constant number of times. Decomposition , in turn, needs
O(log nlogn) rounds. Since the diameter of each cluster (which correspuls to
a vertex of H) is O(Iogd n), Clustering needsO(log n Iogl+d n) rounds.

3 Maximum matching

In this section, we will give a distributed algorithm which approximates a max-
imum matching in a planar graph G. The algorithm consists of two main parts.
First we modify the graph G to obtain a new graph G and then we invoke the
clustering algorithm for G and nd a maximum matching locally in each clus-
ter. Recall that the total number of edges connecting di erent clusters is small
in comparison with the number of vertices in the graph. Howeer, a maximum
matching in a planar graph can be much smaller than the numberof vertices
and so if clustering is invoked in such a graph its result woul not yield a good
approximation. The preprocessing phase addresses this iss. It obtains from a
graph G a subgraphG with the property that (G)= (G)= (jV(G))):

The rst phase of the algorithm, the preprocessing, eliminges (by deleting
some of the vertices) two special subgraphs db: the stars and the double-stars.

for every i, and degs(v;) = 1 for every i. In a similar way, we say that G



fv;vig 2 E(G) for every i, and degs(v;) = 2 for every i. Every such structure

contributes at most two edges to any maximum matching inG. In the next two

lemmas we shall show that ifH contains neither 2-stars nor 3-double-stars then
(H)=(V(H))).

Lemma 5. LetH = (V;E) beaplanar graphandlet = jfv2 V :degv) 3gj.
Then (H) ( +4)=6:

Proof. Let M be a matching in H with jMj = (H). Let Vi be the set ofM -
saturated vertices. Then, sinceM is a maximum matching, V nV; induces the
empty subgraph of H. Let Vo .= (V nVy)\f v2 V :deglv) 3g: Consider the
bipartite graph F = H[V1;V2]. As F is planar, JE(F)j 2(GVij + jV2j) 4. 0n
the other hand, 3jVoj j E(F)j. Thus jVoj+4  2jV4j: However,jVij =2 (H)
and jVaj 2 (H)yields (H) ( +4)=6.

Lemma 6. Let G = (V;E) be a planar graph withn = jVj and no isolated
vertices. If G contains neither 2-stars nor 3-double-stars then (G)= (n):

Proof (Sketch). By Lemma 5 we may concentrate only on the seW = fv 2

V(G) : degv) = 2g and the case when, sayWj 14n=15. Then, for a subset
WO° W such that if w 2 W°then degw; W) 1; using planarity and the as-
sumption about the absence of 2-stars and 3-double-stars,ahavejWq j Wj=2
and (G) j W9=3 =7n=45.

Preprocess
Input: Planar graph G.
Output: Planar graph G with no 2-stars and no 3-double stars.

3. Return the new graph G.

Clearly G contains neither 2-stars nor 3-double-stars, as in the seoal step we
did not create any vertices of degree one. Thus, by Lemma 6,(G) = (jV(G))).
In addition, it is easy to see that

(6)= (G): 1)

We can now describe our approximation algorithm.

ApproxMaxMatching
Input:  Planar graph G.
Output: Matching M in G.



1. Call Preprocess to obtain G.

2. Call Clustering  with c=1 to partition V(G) into clusters Vy;:::; VL.
3. For everyi, in parallel, nd a maximum matching M; in G[V;]:

4. Return M .= M1 [ Mo[ [ M_.

Theorem 1. ApproxMaxMatching nds in a planar graph G on n vertices
a matching M with
iMj (1 O(=logn)) (G):

1+d

The algorithm runs in O(loglognlog nlog™™ “ n) rounds, whered = 5:54.

Proof. Consider a maximum matchingM in G and let M; be the subset of
M which contains all edges with both endpoints inV,. In addition, let C be the
set of edges that connect di erent clusters. We have

. . . . X_ . . . . X- . . . . . .
M jCj+ iMij j Cj+ Mij=JCj+ [Mj:
i=1 i=1
By Lemma 4 (part 2), jCj | V(G)j=logn which in view of Lemma 6 gives
iCj  O( (G))=logn. Consequently,

iMj (G) jCj= (G)1 O(1=logn))
which by (1) givesjMj (1 O(l1=logn)) (G):

4  Minimum dominating set

We will now turn our attention to the minimum dominating set p roblem. We

assume thatG = (V;E) is a planar graph onn vertices such that for any two

verticesu;v 2 V jN(u)\ N(v)j logn: Again the algorithm has two phases.
In the rst phase we add to a dominating set vertices with degrees of at least
log> n. Then we consider two sets of vertices. LeMsy be the set of vertices of
degree smaller than log n which do not have neighbors of degree at least Idtn,

that is

Vsn = fv2 V1 8,nvdegu) < log” ng:

Let Van  V nVsy be the set of vertices which have degree smaller than I8g
but have a neighbor in Vsy , that is
Ven = fv2 V nVsy : degv) < log”n; 9u2ve, fu;vg 2 Eg:

In the second phase of the algorithm we shall nd a clusteringusing Clustering
in the graph induced by Vsn [ Vesn and locally, in each clusterV;, we will nd
a set of the smallest size which dominate¥; \ Vsy .

ApproxMinDS
Input:  Planar graph G = (V; E).
Output: A dominating set D in G.



1. LetD :=;.

2. For every vertex v, in parallel, if deg(v) log?n then add v to D.

3. Let G°= G[Van [ Vsn]. Call Clustering  with constant ¢ =5 to partition
V(GY into clusters Vq;:::; VL. Let V.% be the set of verticesv in V(G9 nV,
such that for someu 2 V;, fv;ug 2 E and let V;be the set of verticesv 2 V;
such that for someu 2 V%, fv;ug 2 E.

4. For everyi =1;:::;L, in parallel, nd a smallest set D? V;, which domi-
nates (Vsn \ Vi) nV,% Let D; := D?[ V°

5. Foreveryi =1;:::;L, in parallel, add all vertices from D; to D.

6. Return D.

In the lemma below we analyze the rst phase of the algorithm where vertices
of degree at least logn are added toD.

Lemma 7. Let G = (V;E) be a planar graph such that for any two distinct
verticesu;v 2 V, jN(u)\ N(v)j logn andletB = fv2V :degVv) Iog2 ng:
If D is a dominating set in G thenjB nD j= O(jD j=logn):

Proof. We will show that jD j= (jB nD jlogn). For that we rst prove that

there is a subsetfw;;:::;wxg B nD of atleastk = jB nD j=10 vertices
2

such that eachw; has a setS; (N (w;) nfwg;:::;wgg) of mng neighbors and

Si\ § =, wheneveri 6 . Indeed, note that asG[B nD ] is planar there is an

independent setl in G[B nD ] of at least 2k vertices. Takew; 2 | arbitrarily

been selected withl < k . Consider the bipartite subgraph of G with bipartition

W = I nfwg;:;wigand S= |, Si. Then G[W; S] is a planar graph and so
2 o
EW: ) 20Wi+isi) 4=2 jwj+ 109N 4o jo+JWJI:1)g no,
Consequently,
. . 2
[E(W:V nS)j > log?njWwj 2 jWij+ JWJ'# =
. log®n jWijlog?n
JWj > 2 +4 —

and we can selectv; from W which is connected with at least logf n=4 vertices
from V nS.

which dominates S = :‘:1 Si in G. We claim that jDj = (klogn). Consider
D%= D\ S.If jDY klogn then we are done. Otherwise, letS°= S; nD. Since

iSj j DY k 0 jogn atleastk=2 ofwi's havejS§ 9N Otherwise

X k log’n log®n
is< 3 gT+g— <jsj j DY

i=1
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which is not possible. Without Iosssof generality, we can assme that for i =
1:::;k=2, jSY = 2" Note that ~, ,_,S°\ D = ;. Consider the auxiliary
bipartite graph H = (V1;V,) obtained by setting V; = D and contracting each
SP to one vertex and adding it to V,. Put an edge betweenv 2 V; and S°2 V,
if v dominates at least one vertex fromS?in G. First observe that H is planar
as all edges correspond to edges i and so a subdivision ofK 3.3 or K5 in H
will yield the subdivision of K3.3 or Ks in G. Thus JE(H)]  2(jVij + jV2j)

4 =2 §+ iDj 4. Degree of eachS? in H is at least mng as if for somei,

there are less than"’gT” vertices dominating S? then one of them has more than
8jSY=logn = log n neighbors in S? and so more than logh common neighbors

with w;. Thus,

klogn - ey k+2jpj 4
and so
iDj jDj 'O% 1 g+2: (klogn)= (jB nD jlogn):

In the next lemma, we analyze the second phase.

S
Lemma 8. Let G =(V;E) be a planar graph and leD°= :‘:l D; be the union
of sets obtained byApproxMinDS in step four. Let Dg, be a set of the smallest
size which dominatesVsy in G . Then jDg (1 + O(1=logn)) jDgy

Proof. First note that Dgy  Vsn [ Ven . Since every vertex inVsy [ Ven
has degree of at most logn we have

iDsni § Vsnij=log?n andjVen | j Vsnjlog®n:

On the other hand, by Lemma 4, the number of edges connectingierent clus-
ters equsters 1S at most

JE(G[Vsn [ Ven Di=log®n < 3(log® n + 1) jVsy j=log® n

3log? n(log?n +1)jDgy j=log® n = O(jD gy j=logn):
Thus
€clusters = O(jDSNj:IOQ n): (2)

We claim that
jD(i J DSNj + 2 €lusters (3)

Indeed, vertices fromDgy \ Vi dominate all vertices from (Vsy \ Vi) n\/iooas
any vertex in the latter set has all of its neighbors inV;. Thus

IDj] jDsny \ Vij = jDgn s
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and so
DY (D% + V) j Dsni*+ M | Dsni*2ecusters
i=1 i=1
which veri es (3). Finally, by (3) and (2),
jbY  (1+ O(L=logn))jDsyj:
We can now summarize the performance oRpproxMinDS

Theorem 2. Let G =(V;E) be a planar graph onn vertices such that for any
two distinct vertices u;v, JN(u)\ N(v)j logn. Then ApproxMinDS nds a
dominating setD in G with

iDj (1 + O(1=logn)) (G):

Procedure ApproxMinDS  runs in O(log lognlog nlog** @

277.

n) rounds, whered =

Proof. To see thatD is a dominating set note that after the second step ofAp-
proxMinDS  all vertices with degree of at least log n or which have a neighbor
of such a degree are dominated byp. Therefore, only vertices fromVsy are not
dominated at this moment. However D; := D?[ V,° dominates all vertices in
Vsn \ Vi and soD is a dominating set in G. Now let D be a dominating set
in G of the minimum size and, as.in Lemma 7, letB = fv : deg(v) log’ ng.
We haveD = B [ D°whereD®= " _, D; and sojDj j Bj+ jDY: By virtue of
Lemma 7,

R - . . iD j

iBj=jB\' D j+jBnD j=jD \ Bj+ O —

logn

In addition, [Dgyj j D \ Sj as every vertex inVsy can be dominated only by
vertices of degree less than Io’gn. Consequently, be Lemma 8,

jD‘i (1+ O(1=logn)) jDgyj (1+ O(1=logn))jD \ Sj:
Thus

iDj j D \ Bj+O % +(1+ O(1=logn))jD \ Sj=(1+ O(l=logn))jD j:

Finally, by Lemma 4, the number of rounds is O(log logn log nlog'* 9 n).
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Appendix: Proofs and Figures

Here we provide details of proofs not included in the extendé abstract above.
Below we also enclose a gure to help the reader in understaridg the pro-
cedure ApproxMinDS

Vsn Ven B

-

Proof of Lemma 6:

Let U = fv 2 V(G): degv) = 1g. By the assumption about the stars we can
assume that jUj < n=30 as, otherwise, there is a matching on at leash=60
edges. LetW = fv2 V(G):degv)=2gand Q = fv2 V(G): degv) 3g.By
Lemma 5 we may assume thajQj <n=30. ThenjWj=n j Uj | Qj 14n=15.
Let W° W be such that if w 2 WO then degw; W) 1. We claim that
W9 j Wj=2. Indeed, suppose thatjW9 < jwj=2 and consider the bipartite
graph G[W nW®%V nW]. Let H be the auxiliary graph on V n W obtained
from the bipartite graph G[W nW%V nW] as follows. If there is a pathvwv® in
GIW nW2%V nW] with v;v®2 V nW and w 2 W nW? then we add the edge
v;v2to H. In addition, we delete the multiple edges so that the graph $ simple.
Since GIW nW?%V nW] is planar so isH. Consequently,jE (H)j < 3jV nWj|,
but JE(H)j j W nWY=2 as by the assumption about the double-stars, for two
verticesv;v° 2 V nW there are at most two paths as above connecting them.
Thereforejwj = jw9 + jw nW9 < 1jwj+6jV nWj and

- : .12 4
< —__NnN= —
JWj < 12V nWj 15n 5n

which is a contradiction. Thus jWY j Wj=2 and consequently (G) j W4=3 =
n=45.



