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Abstract. We give efficient deterministic distributed algorithms which
given a graph G from a proper minor-closed family C find an approxi-
mation of a minimum dominating set in G and a minimum connected
dominating set in G. The algorithms are deterministic and run in a poly-
logarithmic number of rounds. The approximation accomplished differs
from an optimal by a multiplicative factor of (1 + o(1)).

1 Introduction

The most fundamertal challengein theory of distributed algorithms is to deter-
mine how the local structure of a network impacts its global properties. This
leads to a completely dierent computational paradigm than the sequettial
model or the massiwely parallel PRAM model. Not surprisingly, many prob-
lemswhich admit e cien t sequettial protocols, such asthe maximum matching
problem or the maximal independert set problem elude e cien t distributed so-
lutions. In this paper, we will study distributed approximations for two classical
graph-theoretic problems assumingthe underlying graph belongsto a proper
minor-closed family. We will consider the distributed model which was intro-
duced by Linial in [L92]. In this model, the network is represeried by an undi-
rected graph with verticescorresponding to processorsand edgescorresponding
to communication links between processors.The network is synchronized and
computations proceedin discrete rounds. In a single round a vertex can send
and receive messagedrom its neighbors, and can perform somelocal computa-
tions. Neither the amount of local computations nor the lengths of messagess
restricted in any way. Importantly, we will also assumethat nodesin the net-

n = poly(|GJ) is globally known and |G| is the order of the graph.



1.1 Results

Although di erent possiblemeasuresof e ciency of a distributed algorithm can
be considered,traditionally a deterministic distributed algorithm is called e -
cient in the model if it runs in a poly-logarithmic (in the order of the graph)
number of rounds. Only very few classicalgraph-theoretic problems are known
to admit an e cien t deterministic distributed algorithm. For example, even the
maximal independert set problem, for which an e cien t deterministic PRAM
algorithm exists [L86], still has an unknown distributed complexity. In this pa-
per, we shall focus on distributed approximation algorithms for two classical
problems, the minimum dominating set problem and the minimum connected
dominating setproblem. Let be a graph-theoretic function to be optimized and
let  denoteits optimal value. An almost exactapproximation for the optimiza-
tion problem is a distributed approximation algorithm which given a positive
integer k, nds in a graph G in a poly-logarithmic number of rounds a solution
with value of at least (1 — O(1=In¥ |G|)) (G), where |G| is the order of G. For
example,Kuhn et. al. in [KMNWO5b ] give almost-exact approximations for the
maximum independert set and minimum dominating set problems in unit-disk
graphs.

In this paper we will give e cien t distributed approximation algorithms for
the minimum dominating set problem and the minimum connecteddominating
set problem for graphs which are from a proper minor-closed family. Let G =
(V;E) be a graph. Graph H is called a minor of G if for somesubgraph G° of

with oneendpoint in V;, another in V;, is isomorphicto H. It is well-known (see
[D97]) that H is a minor of G if and only if it can be obtained from a subgraph
of G be a seriesof edge contractions. An in nite family of graphs C is called
minor-closedwhen for every graph G € C any minor of G is alsoin C. A family C
is called proper if there exists a graph which is not in C , i.e. C is not the family

of all graphs. Certainly, the most important example of a proper minor-closed
family is the classof planar graphs. For C, let ¢ be the inm um of the edge
density of graphs from C. Complexity of algorithms dependson ¢ and we will

often usethe fact that if C is proper then ¢ is nite (see[NMO05]).

Distributed approximation algorithms for planar graphswerestudied in [CHO4]
and [CHSO06].In [CHO04], almost exact approximation are obtained for the maximum-
weight independent set problem provided the underlying graph is planar. In
[CHSO0q, an almost exact approximation for the maximum matching problem
is given in planar graphs and an almost exact approximation for the minimum
dominating set problem is given in planar graphsthat do not contain K, jg;
asa subgraph. In this paper we will not only get rid of the annoying additional
assumption on planar graphs from [CHS06] but alsowe will shav how to solve
the problemsin any minor closedfamily C. Finally, we will prove that the min-
imum connecteddominating set problem can be approached in a very similar
way.



A dominating setin a graph G is a subsetD of vertices such that for every
vertex v € D a neighbor u of v belongsto D: By (G) we will denotethe cardi-
nality of a smallestdominating setin G. A dominating setD is called a connected
dominating setin G if in addition, the subgraphof G induced by D is connected.
We will denote by ((G) the cardinality of the smallest connecteddominating
setin a connectedgraph G. For the minimum dominating set problem, we will
prove that there is a distributed algorithm which given positive integer g nds

in graph G € C adominating setD suchthat [D| < 1+ O ﬁ (G). The

algorithm runs in O(In In |G| In |G|In**" |G|) rounds wherer = 6(q+ 1) cIn 3.
(Theorem 1.) For the minimum connecteddominating set problem we will show
that there is a distributed algorithm which nds in a connectedgraph G € C

a connected dominating set D such that [ID| < 1+ O ﬁ c(G): The

algorithm runs in O(In In|G|In |G|In**" |G|) rounds with r = 6(q+ 1) cIn3.
(Theorem 2.)

1.2 Related Work

We brie y indicate how our cortribution compareswith other results refering to
Elkin's survey [EO04], for a more comprehensiw overview. First let us mertion
that e cien t distributed algorithms that nd an exact solution do not exist for
the minimum dominating set problem even when restricted to cycles[L92]. In
addition, recertly, Kuhn et. al. in [KMWO04 ] showed that the number of rounds
required to achieve a polb-logarithmic approximation ratio for minimum dom-
inating setis at least (* log|G|=loglog|G|) or (log = loglog ); where
denotesthe maximum degreeof graph G.

On a more positive note, Kutten and Peleg [KP95] gave an e cien t dis-
tributed algorithm which nds a dominating set of size at most |G|=2 in an
arbitrary graph G. Not surprisingly, if randomization is allowed, then fast ap-
proximations can be obtained. In particular, a nice algorithm from [KWO03] gives
a randomized O(k % log )-approximation in a constart time using an LP
relaxation. As in the caseof the minimum dominating set problem, e cien t
randomized algorithms for the connecteddominating set are known [DPRSO03.

It is also worth merntioning that our algorithms share many similarities
with almost-exact approximations for the above problems in unit-disk graphs
from [KMNWO5b ] and particularly [CHO6]. Speci cally, algorithms for unit-disk
graphsand graphsfrom a minor closedfamilies are both attackedby rst nding
a cluster graph and then perform computations locally. Clustering from [CHO4]
(as well as [KMNWO5b]) exploits the bounded-gravth property of unit-disk
graphs and is basedon the ruling-set technique from [AGLP89]. The clustering
in this paper, generalizesthe clustering proceduresfrom [CHO04] and [CHSO06]
and relies on properties of minor-monotone families.



1.3 Notation and Organization

Wewill usethe standard graph-theoretic notation and terminology. In particular,
following the convertion from [D97], for a graph G, |G| will denote the number
of vertices in G and ||G|| the number of edges.In the rest of the paper we
will rst give an auxiliary distributed O(In |G|)-approximation for the minimum
dominating set problem in a graph G € C (Section 2). Section 2 also contains
a generalization of the clustering from [CHO04] to minor-closed families C. In
Section 3, we give our approximation algorithms and give a speci cation to the
important casewhen C is the classof planar graphs.

2 Tools

Let C be a proper minor-closedfamily of graphs. In this section, we will describe
two auxiliary algorithms. The rst procedure nds a O(In |G|)-approximation

of the minimum dominating setin a graph G € C. This is a very simple dis-
tributed greedyalgorithm which will be usedas an initial procedurethat yields
an auxiliary graph which is further clustered by the main algorithm. The second
procedureis a modi cation of the clustering algorithm from [CHOA4]. This is our
main tool for nding a clustering of a graph from C.

2.1 Distributed O(In |G|)-appro ximation

For a proper minor-closedfamily C let ¢ bethe edgedensity of C, i.e. ¢ isthe
inm um of sud that for every graph G € C, ||G|| < |G|. Then ¢ is nite as
long asC is proper (see[NMO05]) and if G is nontrivial (i.e. contains a nhonempty
graph) then ¢ > 0:5.Let G € C and supposethat Vi;V, is a partition of V. Let

deg(v) = IN(V) NVif; i = maxdeg(v)
where N (v) is a set of neighbours of v. In addition for S C V let N;(S) denote
the set of verticesin V; which have a neighbor in S.

Lemma 1. LetC bea proper nontrivial minor closel family. Let G be a nonempty
graph from C, let V1; V, be a partition of V(G) and let B = {v|degi(v) > 1=2}.
If 1>4 candD is a subsetof V which dominatesall vertices from V; then
B
DI>—1r——:
PI= 6c2c+l)

We will considerthe following greedy algorithm.

GREEDYDS
Input: Graph G = (V; E) from C.
Output: Dominating setD in G.

1) D =0,VL:=V, Vo:=0.



(2) fori:=0to [lg|G|| —[lg4 c] —1do
(@) Let B := {v|deg(v) > |G|=2"1 1.
(b) If veVy and N(v)NB # () then movev from V; to V..

(c) D =D UB. Deleteall verticesin B and all edgesincident to B from
G.
(3) LetD :=D UV;.Return D .

We shall rst make a few preliminary obsenations about GREEDYDS. Let
G be the graph in the ith iteration of the for loop. Similarly let V" (B(),
be the set Vi (B) in the ith iteration andlet () = ;(G). We rst obsene
the following easylemma.

Lemma 2. Let C be a proper nontrivial minor closel family and let G € C.

{ We have (li) < |G|_:2‘.
{FBDZgthen V>4

We can now prove the main property of GREEDYDS.

Lemma 3. Let C be a proper nontrivial minor closel family. Let D be a domi-
nating setin graph G = (V;E) from C. Then

BM| <6 c2 c+ 1)DJ:

In addition, if V; denotesthe set of verticesin Vi in the step (3) of GREEDYDS
then
Vi[<(4 c+ 2)DJ:

Pro of. Let B(1) := BO® u...UB( 1. Verticesfrom V" cannot be dominated
by verticesfrom B (<) asall neighborsof B(<') in G are contained in B(<) Uv,".
Consequetly D N (V" UV") is a setwhich dominates V" in G, By Lemma
2,if BO) # ) then 1(GW) >4 candwehaveB®) C {v|deg(v) > {’=2}. As
G is a subgraph of G, Lemma 1 implies that

BOI<6 ¢ c+ DD NV UV <62 c+ DIDI:

To prove the secondpart, note that after the iterations from step (2), the maxi-
mum degree 1 <4 ¢+ 2. As aresult, to dominate all verticesfrom V, at least
[V, |=(4 ¢+ 2) vertices are needed.

Lemma 4. LetC beaminor closel family with ¢ > Oandlet G € C. GREEDYDS
nds a dominating setD with

D |=O(n[G] (G));
where (G) is the size of the minimum dominating setin G.

Pro of. D is a dominating setasin step (3) all of the remaining vertices from
V, are addedto D . There are lessthan Ig|G| = (In |G]) iteration of step (2)
and so,by Lemma3, |D |= O(In |G| (G)).



2.2 Clustering algorithm

We will modify the clustering method from [CHS0§ (see also [CHO04]) which
was applied there to planar graphs. The basic idea of the method is to nd

appropriate subgraphsof a graph and cortract them. The processis repeated
O(In In |G|) times and the vertices of the graph obtained from contractions in all
of the previous iterations give clusters of G. To nd appropriate subgraphsit is
neccessaryto considerweights on edges.We shall start with the following basic
obsenation.

Lemma 5. Let C be a proper minor closeal family. Let G = (V;E) be a graph
from C and let A = {v|deg(v) <3 c}. Then

|A] > |G|=3:

As mertioned before,wewill assummethat verticeshave unique identi ers which
are positive integers.For v € V(G) the identi er of v will be denotedby | D (v).
Note that if I D(v) < n for every vertex from V (G) then |G| < n.

DECOMPOSITION
Input: G € C, number n such that 1 D(v) < n for v e V(G).
Output:  Partition Vi;:::;Vieg, n Of G with k = O(1).

1. LetU:=V(G),i:=21andk:= (9 ¢+ 3)=9 c+ 2).
2. lterate log, n + 1 times:
(a) Let A bethe set of verticesin G[U] of degreeat most 3 ¢.
(b) Usethe Cole-Vishkin algorithm from [CV86] to nd a maximal indepen-
dent setl in the subgraph of G[U] induced by A.
© Vi=1,i=i+1,U:=U\I.

Lemma 6. [CHO4] Let G = (V;E) be a graph from C such that the identi ers

V1;:: Viog, n §f V(G) suchthat each V; is an independent set and for every
VeV, deqv; i Vj) <3 c. The algorithm runs in O(In ninn) rounds.

We will now describe our clustering algorithm. This is essetially the algo-
rithm from [CHO4] which is here adopted to minor-closedfamilies. Main idea of
the algorithm isto nd appropriate subgraphsof G and contract the subgraphs
sothat the number of corntracted edgesis a constart fraction of ||G||. The pro-
cessis iterated O(In In n) times where|G| < n. We will identify graphswith their
edgesetsand if ! isa weilght function de ned on the edgeset of graph H then
for F C E(H), ' (F) = g ! (€. In addition, N (w) will denote the set of
neighbors of vertex w.

CLUSTERING

Input: Graph G = (V;E) € C, number n such that 1D (v) < n for everyv eV,
positive integer c.

Output:  Partition of V.



1.H:=Gandlet! (e):= 1foreveryec H. Let|:= 6c clninn.
2. lterate | times:
(a) Call DECOMPOSITION to nd apartitign Wi Wk of H with K =
O(Inn). SetW+1 = D andlet Zj := ; Wj.
(b) For every vertex w:
(c) If i is such that w € W; and N (w) N Z; # () then:
{ Let u(w) beavertexin N (w) NnZ; suc that
L(wsuw)}) = max E({wiv):
{ Add {w;u(w)} to the auxiliary graph F.
(d) Each connectedcomponert of F is a tree of diameter O(K) = O(In n).
For eadh tree T in F, in parallel, nd a set of disjoint stars S; ::: S in
T sudhthat ! (S;U---US) > (T —(S1U---US)).
(e) Modify H asfollows:
{ Contract eat star S; to a new vertex x(S;).
{ For every vertex x(S;) andy € V(H) NN (S;) setthe weight of

X
FX(Si):y}) = P({uy})
u2V (Si)\ N(y)

S S
andsetV(H) := {x(S)}UNVH) - V(S)).
3. If V(H) = {vq;:;;vL } then for ead v; let Vi be the set of vertices of G

Note that graph H obtained in ead iteration of CLUSTERING belongsto C
and so its edgedensity is at most ¢. We can summarize the performance of
CLUSTERING as follows.

Then
1. For everyi; G[Vi]is a sulgraph of diameter O(Ind n), wherwe
d=6c cIn3:

2. The numker of edgesconnecting di er ent clustersis O(||G||=In®n).
3. CLUSTERING runs in O(InInnin nin** %n) rounds.

3 Domination Problems

Let C be a proper minor-closed family of graphs. In this section, we will give
almost exact approximations for the minimum dominating set problem and for
the connected minimum dominating set problem in graphs G sud that G €
C. Instead of nding a clustering directly in graph G, it is very corveniert to
work in an auxiliary graph that arisesfrom the O(In n)-approximation of the
dominating setand perform the clustering in this graph. By virtue of the minor-
closedproperty of C, the auxiliary graph will alsobe a member of C.



3.1 Minim um Dominating Set

We will start with an almost exact approximation for the minimum dominating
set problem.

De nition 1. LetG = (V;E) beagraphandlet D = {vy;:::;vi} CV bea
dominating setin G. Then let A(D; G) be the graph (V ; E) obtained as follows.

{ Partition V = V;UV,U---UV, sothat (1) v; € Vi and (2) for everyv € V\D,
veV if {vivi} e E andif {v;v;} € E forj Z i thenID(v;) > ID(v).

is an edgein G between a vertex from V; and a vertex from V.

In addition, we will call v; the center of V;. Let U be a subsetof V then U
correspondsin a natural way to subsetU of V(G) by
[
U= W:
W2UuU

arisesfrom U 1;U»;---;U,. Finally, foragraphH = (X;F)if Y C X thenbdY)
will denote the set of all verticesin Y which have a neighbor in X \ Y.
For a dominating set D obtained by GREEDYDS in G let A := A(D;G).
From Lemma 4
|Al=0O( (G)In[G]): 1)

Since A is obtained from G be contracting Vi's, A € C. In addition, identi ers
of verticesfrom A are bounded from above by n = poly(|G|).

APPROXDS

Input: Graph G = (V;E) from C with ID(v) < n for any v € V(G), a positive
integer q.

Output: Dominating setD in G.

1. Call GREEDYDS to nd a dominating set D and considerA = (V;E).
2. Call CLUSTERING with c= 1+ qin A.
3. Let U;:::; U, bea partition of V andlet Us;:::; U bea partition of V(G)

4. In each U; in parallel:
(@) Find locally in U; asetD; C U; of the smallestsizesuch that D; domi-
nates U; \ bd(U;) in G.
(b) Let C; be the set of certers of vertices from bdU;).
(c) Let Dj ::éji uG;.

5. Return D = ::1 Dj.




Theorem 1. Let C be a proper minor-closed family of graphs. Algorithm Ap-
PROXDS nds in a graph G € C a dominating set D suchthat

1
In9 |G|

in O(InIn|G|In |G|In**" |G|) roundswher r = 6(q+ 1) cIn3.

Pro of. We will rst note that set D returned in step v e of APPROXDS is a
dominating set. Indeed let v € V(G) and supposethat v € D. If for somei,
v € U; \ bdU;) then v is dominated by a vertex from D;. Otherwise for somei,
v € bdU;) and so,by de nition of A, v € W for someW < bdU;). Consequetly,
v is dominated by the certer of W and the certer isin C;. To establishthe bound
for [D| let us rst recall that A € C and sod|A|[ = O(|A[). In addition the
géaph induced by bor%er verticesof A, i.e. A[ ; bdU;)], hasdenisty ¢ andso
|gibdUi)[ = O(||A [ ;bdU;)][[) and by Lemma?part 2 appliedwith n = |G|,

| i bdUi)| = Q[|A]]= in%1 |G|) as|A| < |G|. Consequety, as [|A|| = O(A|)
and (1) holds, | ~; bdU;)| = O( (G)=In|G|): Sincebd(U;) are pairwise disjoint
and |bdU;)| = |Ci |, we have

X

Dl< 1+0 (G)

ICi| = O( (G)=In"|G]): 2
i=1

Let D beadominating setin Gwith |D | = (G). Then|D NU;| > |D;|asevery
vertex in U; \bchU) must be domjnated by a vertex fro D NnUy;. Canequelﬂy
(G)=|D |= I1|D nuU;| > I1|D|andso|D|< -, [Dil+ I1|C.|<
(G)+ ::1 |Ci| which in view of (2) gives|D|= 1+ O m (G): Toesti-
mate the running time, note that CLUSTRING runsin O(In In |G|In |G|In**" |G|)
rounds in A and ewery vertex in A has diameter of at most two in G. In ad-
dition for every i, A[U;] has diameter O(In" |G|) by Lemma 7 part 1 and so
the diameter of each G[U;] is also O(In" |G|). Therefore, nding D; and C;

can be done in O(In" |G|) rounds and the time complexity of APPROXDS is
o(nIn|G|In |G|In* " |G|).

3.2 Minim um Connected Dominating Set

An algorithm for the minimum connecteddominating setproblem is very similar.
In fact the rst three stepsare identical and only a very small change must be
made in stepsfour and v e. First note that the auxiliary graph A satis es

IA]=0( c(G)In|G|) ®3)

where ¢(G) is the sizeif the smallest connected dominating set as (G) <
<(G) < 3 (G) in any connectedgraph G.

APPROXCDS
Input: A connectedgraph G = (V;E) € C, a positive integer q.
Output: A connecteddominating setD in G.
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1. Call GREEDYDS to nd a dominating setD and considerA = (V;E).
. Call CLUSTERING with c= 1+ gin A.

N

4. In each U; in parallel:
(a) Let C; bethe set of certers of vertices from bdU;).
(b) Find locally in U; asetD; C U; of the smallestsize such that D; domi-
natesU; in G, G[D;] is a connectedsubgraph of G, and C; C D;.
(c) For every cluster U; sud that there is an edgein A betweenU; and U;
nd the shortest path P; betweena vertex from D; and a vertex from

Dj and let P; :=  V(P; ) where the union is taken over all of these
paths.
(d) Let D; Zzéji UP;.
5. Return D := ::1 D;.

The argumert is slightly dierent than the onegiven for Theorem 1 asthis time
the main part of the argumert is to show that that G cortains a connected
dominating set D® such that |DY < (1 + O(1=In%|G))) (G), GID°N U] is a
connectedsubgraph, D°N U; dominates U;, and C; C D°N U;.

Lemma 8. Let G € C be a connected graph. Then G contains a connected domi-

1. G[D°N U] is a connected sulgraph of G,
2. D°NU; dominates U;,
3. G C DN Ui.

Theorem 2. Let C be a minor-closed family. Algorithm ApprOXDS nds in a
connected graph G € C a connected dominating set D suchthat

D] < 1+0 c(G)

L
In%|G|
in O(InIn |G|In |G| In**" |G|) roundswher r = 6(q+ 1) cIn3.

Pro of. First note that the running time can be proved in the sameway asin
the caseof Theorem 1. Also, clearly, D is a dominating setin G. We claim that
G[D] is a connectedsubgraphin G. Clearly G[D;] is a connectedsubgraph and
since G is connectedso is A. Consider the graph C(A) obtained from A by
contracting eac U; to a singlevertex. C(A) is clearly a connectedgraph. Since
Ci C Dy, it is enoughto note that whene\er there is an edge{U;;U; } in C(A)
then there is a path P;j in G[D] connecting a vertex from C; with a vertex from
Cj. To estimate |D| let us rst show that

X
IPi| = O( ¢(G)=In?|G|): “4)

i=1
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By Lemma 7 part 2, the sum of degreesof verticesin C(A) is O(|E|=In®*! |G|) =

O(] ¢(G)|=In%|G|). Consequetiy, the number of P; 's is O(| ¢(G)|=In9|G]). In

addition, |V(Pj )| < 4 asif there is an edge {W;W?% < E with W € U; and

W€ U; then there exist w € W and w® € WO sudh that {w;w°} is the edgein

G. Smcethe certer of W isin D; and the certer of W%isin D;, the slgortest path
etweenD; and D; contains at most four vertices. Consequetly, -, |Di| =
-1 IDi| + O( o(G)=In"G]):

Finally from Lemma 8, there exists a connected dominating set D% in G
such that DY < (1+ O(1=In%|G|)) <(G), G[D°N U] inducesa connectedsub-
graph, D°N U; dominates U;, and C; € D°n U; for ewery i. Since D;, found
in the step 4(b), is a set of the smallest size such that G[D;] is a connected
subgraph, D; dg,mlnates Ui ?l_md Ci C Dj, we must have |D;j |P§ ID°NUi|: As
aresult, [D| = |1|D|_ |1|D|+O( ¢«(G)=In|G|) < |1|D°ﬂU,|+
O( ¢(G)=In%|G|) = |IDY+O( (G)=In*|G|)andso|D| < 1+ O W (G):

3.3 Planar graphs

Class of planar graphs P has p = 3 and so by Theorem 1 and Theorem 2 we
have almost exact approximations for the minimum dominating set problem and
the minimum connecteddominating set problem in planar graphsthat achieve
the approximation error of O(1=In%|G|) and run in O(In In |G|In |G|In**" |G])
rounds wherer = 18(g+ 1)In 3. In [CHS0§ an approximation algorithm for the
minimum dominating set problem with g= 1 is given for the special subclassof
planar graphs. The algorithm from [CHSO0§ runs in O(InIn |G|In |G|In**" |G|)
rounds wherer = 277 and so it is slightly faster than the algorithms from
Theorem 1 and Theorem 2 which run O(In In |G| In |G| In**" |G|) rounds where
r = 36In 3. We can however apply techniquesfrom [CHS06]and reducethe time
complexity signi cantly. Using the SMALLCLUSTER procedurefrom [CHS0§ and
the fact that star arboricity of a planar graph is at most v e, we can adhieve
the approximation error of O(1=In%|G|) in O(InIn |G|In |G|In**" |G|) rounds
where r < 5:54(q+ 1). In fact, using Tutte's Theorem on the tree arboricity
of a graph with a bounded density of any subgraph (see[D97]), we can apply
SMALLCLUSTER procedureand reducethe time complexity of our algorithms for
minor-closed families. Due to spacelimitations, we will not give this re nement
here.
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