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Abstract. Let G be a graph on n vertices that does not have odd cycles
of lengths 3,...,2k — 1. We present an efficient distributed algorithm
that finds in O(log? n) steps (D = D(k)) matching M, such that |M| >

(1 — a)|M™|, where M* is a maximum matching in G, o = k%rl

1 Introduction

We study the problem of finding an approximation to a maximum matching by
a distributed algorithm. We consider the distributed network model introduced
by Linial in [Li92]. In this model a distributed network is represented by an
undirected graph. Vertices of the graph correspond to processors and edges to
communication links between processors. The network is synchronized and in
a single step each vertex can send messages to its neighbors, can receive the
messages from its neighbors, and can perform some local computations. We
make no explicit assumptions about the amount of local computations and the
lengths of messages. The general problem in this setting is the following. Let G
be a distributed network described above. Can vertices of G compute a global
function of G in a relatively short time? In particular, the global function that we
consider is a ”large” matching, which we want to find in the poly-logarithmic (in
|V (G)]) number of steps. Recent result of Hari¢kowiak, Karoriski, and Panconesi
[HKP99] provides a breakthrough in this area. In [HKP99], authors presented an
efficient distributed algorithm that finds a maximal matching. Note that, when
M is a maximal matching, and M* a maximum matching then [M| > 1[M*|.
Using the techniques from [HKP99], Czygrinow, Harickowiak, and Szymariska
[CHS02] designed an efficient distributed algorithm that finds a matching M
such that |M| > §|M*| In this paper, we propose a distributed algorithm, that
finds a better approximation of the maximum matching in case the graph does
not have ”short” odd cycles.
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Theorem 1. Let k be an integer larger than one and let G be a graph on n
vertices that does not have odd cycles of lengths 3,...,2k — 1. Then there is a
constant D = D(k) and distributed algorithm, that finds in 1ogD n steps matching
M such that

k
k+1

where M* is a mazimum matching in G.

| M| > M7,

If M is a matching in graph G, then a path of length 2[—1 is called M-augmenting
if it has length 2] — 1, edges alternate between M and E(G) \ M, and both
endpoints are not M-saturated (see the next section for necessary definitions).
Proof of Theorem 1 is based on the following fact (see [FGHP93]).

Theorem 2. Let M* be a maximum matching in graph G and let M be a match-
ing such that there are no M -augmenting paths of lengths 1,3,5,...,2k—1. Then

k *
|M| > k—+1|M |

In particular, the assumption that there are no M-augmenting paths of length
one means that M is maximal. The algorithm from Theorem 1 proceeds as fol-
lows. Fist, we find a maximal matching M using the algorithm from [HKP99].
Then we iterate with [ = 2, ...,k and ”improve” matching M by finding a maxi-
mal set of M-augmenting paths of lengths 2/ — 1. Once the maximal set of paths
is found, the edges in paths that belong to M and those that are not in M are
exchanged. It is easy to see that after this exchange "new” matching does not
have augmenting paths of lengths at most 2/ — 1. Consequently its size is at
least, HLI|M *|. Finding the maximal set of M-augmenting paths is however not
trivial and in fact it occupies the central part of the paper. The set is found by
considering an auxiliary, virtual, graph constructed from G and matching M. It
turns out that using, so-called spanners, a maximal set of M-augmenting paths
can be found in this virtual graph (procedure MAXIMAL-PATHS-IN-LAYERED-
GRAPH). Once found, it is translated to a maximal set of M-augmenting paths
in the original graph G. To be able to claim that paths in the virtual graph cor-
respond to paths (not cycles) in the original graph G the assumption about the
cycle-structure of G is used. Finally, note that although there is a rich literature
on distributed algorithms for matching problems most of the papers are focused
on a different computational model than the one considered in this paper.

The rest of the paper is structured as follows. In the next section, we introduce
necessary notation and auxiliary facts. Section 3 contains procedure that finds a
maximal set of augmenting paths in the virtual graph. In Section 4, we describe
the translation method and the main algorithm.

2 Definitions and Notation

In this section, we introduce necessary definitions and notation. Let M be a
matching in graph G. We say that a vertex v is M -saturated if v is an endpoint



of some edge from M. An edge e = {u,v} is M-saturated if either u or v is
M-saturated.

Let P be a path in G and let M7 and M5 be two maximal matchings in P that
partition the edges of P, i.e. E(P) = M; U M. We say that P is M -alternating
if either M7 C M or My C M. Path P of length 2k —1, k > 1, augments M if P
is M-alternating and both ends of P are not M-saturated. These M-alternating
paths that augment M will play a crucial role in our approach.

Definition 1. Let M be a matching and let k be a positive integer. A path is
called an (M, 2k — 1)-path if it augments M and has length 2k — 1.

Paths are called disjoint if they are pairwise vertex-disjoint. Next we define the
notion of a substantial matching and a substantial set of paths.

Definition 2. A matching M is y-substantial in graph G = (V, E) if the number
of M-saturated edges in G is at least y|E|.

Using an algorithm from [HKP99] we can find a -substantial matching for any
constant .

Lemma 1. Let n be the number of vertices of a graph. For any v > 0 there is
a distributed algorithm that finds in O(log3 n) steps a y-substantial matching.

The notion of a substantial matching extends in a natural way to a substantial
set of paths.

Definition 3. For matching M and positive integer k let M be the set of all
(M, 2k — 1)-paths in graph G. A set P of (M, 2k — 1)-paths is y-path-substantial
if the number of (M,2k — 1)-paths that have at least one common vertex with
some path from P is at least y|M|.

Next, we define the modification of G with respect to a set of (M, 2k —1)-paths
P. The modification is composed of 2 steps:

A) remove all edges of G that are incident to some path from P,

B) remove all edges that do not belong to some augmenting paths of length
2k — 1; ("new” edges of this sort can appear after step A).

Our algorithm uses the so called spanners in bipartite graphs. A bipartite graph
H = (A, B, E) is called a D-block if for every vertex a € A,

D
5 < degp(a) < D.

A key ingredient used in rendering a ”substantial” set of disjoint paths will be
a spanner.

Definition 4. An («, 3)-spanner of a D-block H = (A, B, E) (from A to B) is
a subgraph S = (A', B, E’) of H such that the following conditions are satisfied.

1. |4 > oAl
2. For every vertex a € A’, degs(a) =1 .
3. For every vertex b € B, degg(b) < %degH(b) +1.



In other words, a spanner is a collection of stars such that degrees of centers of
stars are bounded. Note that spanners played an important role in designing an
algorithm for finding a maximal matching in [HKP99]. In particular the following
fact is proved in [HKP99).

Lemma 2. Let H = (A, B, E) be a D-block and let n = |A| + |B|. There is a
distributed algorithm that finds in O(log®n) steps a (%, 16)-spanner.

One of the main parts of the algorithm will be a procedure that finds a set of
disjoint paths in an auxiliary graph which has a layered structure. The number
of layers in our auxiliary graphs will always be even and will always be a constant
independent of n.

Definition 5. Graph G is called a layered graph with 2L-layers if the vertex set
of G can be partitioned into sets X1, ..., Xor so that

— Vi=1..2L: X; is an independent set.

— Vi =1.2L—1: vertices from X; are connected only with vertices from X;y1.

—Vi=1..L—1:|Xg| =|X2i11| and the edges between Xo; and X2;11 form a
perfect matching.

We will often write G = (X1, Xs,...,Xor) to denote a 2L-layered graph
with layers Xi,..., Xor. Let G be as above, for i = 1,...,2L — 1, we denote
by G; = G[X;, X;+1] the bipartite graph induced by X;, X; 1. In particular, for
even i, G; is a perfect matching between X; and X;;;. In addition, let Gjcs: be
the graph induced by (X7i,...,X2r_2) and, to make the notation uniform, let
Gright = Gap—1.

Definition 6. Let G = (X1, Xo,...,Xor) be a layered graph and let M =
UiL:_ll E(Gq;) be the matching in G. Then G is called a (D1, D2)-block if

— Y e Xor_1: dG2L71(’l}) S [%,DQ].
— Yo € Xap,_o : the number of (M, 2L — 3)-paths that have one endpoint in X,
D,

another in v is larger than - and is at most Dy .

3 Maximal set of paths in a layered graph

In this section, we present an algorithm that finds a maximal set of augmenting
paths in a layered graph. Layered graph will appear in a natural way as a virtual
(auxiliary) graph in the course of the algorithm. The algorithm for finding a max-
imal set of augmenting paths consists of two main procedures: SUBSTANTIAL-
PATHS-IN-BLOCK and MAXIMAL-PATHS-IN-LAYERED-GRAPH. The first one finds
a set of disjoint augmenting paths in a (Dy, D3)-block. The procedure is recur-
sive and in the recursive step it invokes MAXIMAL-PATHS-IN-LAYERED-GRAPH
in a layered graph with a smaller number of layers. Procedure MAXIMAL-PATHS-
IN-LAYERED-GRAPH iterates over all (D1, Ds)-blocks for D1 = D4(i) = %,
Dy = Dy(j) = 5. In each block it invokes SUBSTANTIAL-PATHS-IN-BLOCK



O(logn) times to find a maximal set of paths in the block. Since every aug-
menting path in the layered graph is a path of some block (and the blocks are
disjoint) the union of the sets of paths will be maximal in the layered graph
G. Let G = (Xy,...,Xor) be a (D1, D2)-block. Recall that G; denotes the bi-
partite graph G[X;, X;11] and that G; is in fact a perfect matching between
X, and X;;1 when ¢ is even. To find a substantial set of disjoint paths in G,
SUBSTANTIAL-PATHS-IN-BLOCK finds a (%, 16)-spanner in Gright = Gar—1 with
centers of stars in Xor. Each star (z,y1,...yx), with z € Xop and y; € Xor—1
is extended by considering the vertices z; € Xor,_» that are matched with y; by
edges of matching Gor,_2. In the next step of the procedure new layered graph
G fy is constructed (in fact as explained later, G, ;, is a multi-graph) with 2L —2
layers (X1, Xo, ..., Xor—3, X’) where X’ contains so-called ”super-vertices” that
correspond to stars of the spanner. Then procedure calls MAXIMAL-PATHS-IN-
LAYERED-GRAPH with G}, as an input graph, and the paths obtained in G,
are extended using the stars of the spanner. The resulting set of paths is sub-
stantial in graph G. More precisely we can describe the above procedure as
follows.

PROCEDURE SUBSTANTIAL-PATHS-IN-BLOCK
Input: a (D1, Ds)-block G = (X1, ... X)) with 2L layers, L > 1.
Output: a substantial set of disjoint paths connecting X; and Xy, in block G.

1. Find a (%, 16)-spanner S in Grighs.
2. Construct an auxiliary (2L—2)-layered multi-graph G7, ¢, = (X1, ..., Xop—3, X’)
as follows.

— For every star in the spanner S let x(1),...,z(l) be the vertices in
Xor,—1 that have degree one in S and let ’(1),...,2'(l) be the vertices
in Xor_o that are matched with x(1),...,z(l) by the matching M be-
tween Xor,_o and Xoy 1. Create a super-verter s = s(a’(1),...,2'(l)) =
{z/(1),...,2'(1)}. The vertex set X’ contains all super-vertices.

— For every vertex x € Xor,_3 and every 2/(j) € s(¢/(1),...,2'(l)) put an
edge between x and the super-vertex s = s(2'(1),...,2'(1)) in G}, if @
and z/(j) are connected in Gar,_s.

— Every edge of G that is present in G; for some i € {1,...,2L —4} is also
present in G, ¢,

3. Consider a maximal simple subgraph of G, 1t (i.e. discard parallel edges).

— If L > 2 then invoke MAXIMAL-PATHS-IN-LAYERED-GRAPH to find a
maximal set of (M, 2L — 3)-paths in the subgraph of Ggeft.

— If L = 2 then find a maximal matching (maximal set of (M, 1)-paths) in
the subgraph using the procedure from [HKP99].

4. Extend paths found in (3) to (M,2L — 1)-paths in the block G using the
matching edges of G2 and spanner S.

There is a small technical point that must be addressed at this moment. In the
third step of the algorithm, parallel edges are discarded and then a maximal set
of paths is found. Note that parallel edges only add the repetitions of (M, 2L—3)-
paths. Consequently the set of paths found in step 3 is also maximal in G7, -



Next we shall show that the set of paths obtained from SUBSTANTIAL-PATHS-
IN-BLOCK is substantial in G. Let P be the set of paths found by the procedure,
Piest be the set of paths in Giey; obtained from P by restricting to Giess, and
Pright set of paths (of length one) in Gigne obtained from P by restricting to
Gright-

Lemma 3. For every 0 < k < % either Piesi is (1 — 4k)/4-path-substantial in
Gleft o7 Pright is k/16-substantial in Grighs.

Proof of Lemma 3 is rather long and it mimics the proof of a similar fact from
[CHS02]. Tt is an easy consequence of Lemma 3 that the set of paths found by
SUBSTANTIAL-PATHS-IN-BLOCK is substantial in G.

Lemma 4. If Piess s y-path-substantial in Giepr or Prigne is y-substantial in
Gright then P is v/2-path-substantial in G.

We omit a routine proof.

PROCEDURE MAXIMAL-PATHS-IN-LAYERED-GRAPH
Input: a layered graph G with 2L-layers (X1, ... Xop).
Output: a maximal set of disjoint augmenting paths connecting X; and Xoy, in

G.

1. fori:=1,...,(L—1)[logn] do:
for j:=1,...,[logn] do:
(a) Dy := %; Dy := 355
(b) iterate O(log n)-times:
— invoke SUBSTANTIAL-PATHS-IN-BLOCK(D1, D3) in order to find a
substantial set of paths in the block and modify the graph G with
respect to that set.

Lemma 5. Procedure MAXIMAL-PATHS-IN-LAYERED-GRAPH finds a mazimal
set of disjoint paths in G in logO(L) n steps.

Proof. First note that due to the modification done in each step of the pro-
cedure the resulting paths are disjoint. We shall show that the set of paths is
also maximal. First, fix a (D1, D2)-block. By Lemma 4, SUBSTANTIAL-PATHS-
IN-BLOCK (D1, D3) finds, for some fixed constant a > 0, an a-path-substantial
set of disjoint paths in a (D1, D3)-block. Thus in the modification step, at least «
fraction of all paths in the block will be deleted from it. However the total number
of the paths in whole G is at most n®) and so after O(logn) iterations all the
paths will be deleted from the block. In other words, set of paths obtained after
iterations in (b) will be maximal in the block. Note that there are O(log® n) dis-
joint blocks , defined by parameters D1, D5 in (a), and each path of G belongs to
exactly one of them. Thus after iterations in step 1 the set found by the procedure
will be maximal in every block and consequently maximal in G. Finally let us es-
timate the running time of the procedure. First note that the order of the virtual
graph is O(n) and each step in the virtual graph can be simulated in graph G in



O(1) steps. For i > 1, let R; be the running time of the procedure invoked in the
layered graph with 2i blocks and let R; = O(log* n) be the time needed to find
the maximal matching using the algorithm from [HKP99]. To estimate R; no-
tice that there are O(log? n) iterations over all possible blocks and in each block
O(logn) iterations are needed. In each iteration in a block SUBSTANTIAL-PATHS-
IN-BLOCK(D1, D3) is invoked. This procedure finds a spanner in O(log® n) steps
(Lemma 2) and then invokes MAXIMAL-PATHS-IN-LAYERED-GRAPH in a layered
graph with 2i—2 layers (or finds a maximal matching in the bipartite graph when
i =2). Thus, R; = O(log®n(log® n + R;_1)). Consequently, Ry, = log®®) n.

4 Graphs without odd cycles of length less than or equal
to c.

In this section, we shall present our main procedure for computing a matching
M from Theorem 1. As explained in the introduction our approach is based on
finding M-augmenting paths. Finding a substantial set of disjoint M-augmenting
paths in the input graph G seems to be difficult. However, as we saw in the last
section, if a graph has a layered structure, augmenting paths can be found by
MAXIMAL-PATHS-IN-LAYERED-GRAPH. The main problem that we must ad-
dress is how to reduce graph G to a layered graph (Procedure REDUCE) and
how to translate disjoint paths in the layered graph to the original graph G pre-
serving the property that the set of paths is substantial (Procedure TRANSLATE).
Next procedure constructs a virtual, layered graph from G.

PROCEDURE REDUCE
Input: a graph G, a matching M in G, a number L.
Output: a layered graph Lay(G) = (X1,..., Xa2r).

1. Lets denote by N vertices of G not saturated by M.
X1:=N; Xi:=eepr 6 fori=2,...,2L - 1; Xop := N.

2. For k=1,...,2L — 1 define Gy, = Lay(G)[Xk, Xi+1] as follows.
Fori=1,...,L: e € Ga;_1 if and only if there exist an augmenting path in
G that has an edge e on the 2i — 1 position (counting from whatever end).
Fori=1,...,L—1: e € Gy; if and only if e € M.

Notice, that layers Xo,...Xor,_1 in Lay(G) contain all vertices that are con-
tained in edges of M. Thus every edge {a1,a2} € M appears twice in Ga; (see
Figure 1). One important property of Lay(G) is that every (M, 2L —1)-pathin G
is present (has a corresponding (M, 2L —1)-path) in Lay(G). Using assumptions
about G, we can show that the opposite direction is also true. Namely that every
(M,2L — 1)-path in Lay(G) corresponds to a (M,2L — 1)-path in G.

Lemma 6. Let G be a graph without odd cycles of lengths 3,5, ...,2L—1 and let
M be such that there are no augmenting paths in G of lengths 1,3,5,...,2L —
3. Then every augmenting path connecting X1 with Xor in the layered graph
corresponds to an augmenting path in graph G of length 2L — 1.



,e M
Ul an input graph G

U2

v3 a layered graph (X1,..., Xor)

Vg

Fig. 1. The reduction (augmenting paths of length 5).

We omit the proof. Note that assumptions in Lemma 6 will be satisfied during
the execution of our algorithm. First, G does not have odd cycles of lengths at
most 2L — 1 by the assumption. Second, G will not have shorter augmenting
paths as we will iterate with £ = 3,5,...,2L — 1 and in the kth iteration,
we shall eliminate all (M, k)-augmenting paths. Finally, the initial matching
M will be maximal and so no (M, 1)-augmenting paths will be present. Let
P be a set of disjoint (M,2L — 1)-paths in Lay(G). By Lemma 6 P is also a
set of (M,2L — 1)-paths in G. However the paths do not need to be disjoint
in G. Define the path graph Gp by V(Gp) = P and put an edge between
two vertices of Gp when the corresponding paths intersect in G. In addition,
we define the identifiers of vertices of V(Gp). Let Id(v) denote the identifier
of vertex v in G. If p = wvy,v9,...,v9r, is a path in G which is a vertex in
V(Gp) and if Id(vy) < Id(var) then the identifier of p in Gp is the vector
[Id(vy),Id(v2),...,Id(var)]. Although paths from P don’t need to be disjoint in
G the maximum degree of Gp will be a constant that depends only on L.

Lemma 7. Let P be a set of paths obtained by MAXIMAL-PATHS-IN-LAYERED-
GRAPH. The mazimum degree of Gp is a constant independent of n.

Before we describe the procedure that translates disjoint paths in Lay(G) to
disjoint paths in G we need to introduce the notion of a heavy Maximal Inde-



pendent Set (MIS). Let H = (W, F) be a graph with weights on vertices, i.e.
w € W has a weight weight(w). The weight of a set of vertices A is then de-
fined as weight(A) := ) . 4 weight(w). Similarly the weight of a subgraph @ is
defined as weight(Q) := weight(V(Q)). The a-heavy MIS in H is a maximal
independent set A of vertices such that weight(A) > o weight(H). We note here,
that for a constant d a m—hea\/y MIS can be found by a distributed algo-
rithm in a graph G with A(G) = d, in time O(log® n). Details of this procedure
will appear in the journal version of the paper.
Now we can describe procedure TRANSLATE:

PROCEDURE TRANSLATE
Input: a set P of disjoint, augmenting paths connecting sets X; and Xoy, in the
layered graph; P is maximal in the layered graph.
Output: a set P’ of disjoint, augmenting paths of lengths 2L — 1 in the input
graph G; P’ is path-substantial in G.

1. For each vertex v of the path graph Gp assign the value weight(v) equal to
the number of augmenting paths of length 2L — 1 in G that are incident to
v (or in other words ”touch” v).

2. Compute a heavy MIS, X in Gp.

3. The set P’ contains paths that correspond to vertices of X.

Theorem 3. Let G be as in Lemma 6 and let Lay(G) be the layered graph
with 2L layers obtained from G by procedure REDUCE. Let P be the set of paths
in Lay(G) obtained by MAXIMAL-PATHS-IN-LAYERED-GRAPH. Then the set P’
obtained from P by TRANSLATE is a (3-path-substantial set of disjoint paths in
G for certain constant 3. In addition, TRANSLATE runs O(L log? n) steps.

We omit the proof. Next, we describe the procedure MAXIMAL-PATHS that finds
a maximal, set of (M, shortest)-paths in G for an odd, positive integer, shortest.
Note that G and M are as in Lemma 6 with shortest = 2L — 1. In the final
procedure MAIN we iterate with shortest = 3,5, ..., c to obtain a maximal set
of (M, ¢)-paths in G.

PROCEDURE MAXIMAL-PATHS
Input: an input graph G; a matching M; a number shortest.
Output: a maximal, set of (M, shortest)-paths in G.

— Let P :=0.
— Repeat O(logn) times:
1. Call procedure REDUCE to build a layered graph with 2L-layers (X1, ..., Xa1,),
where L := (shortest + 1)/2.
2. Call MAXIMAL-PATHS-IN-LAYERED-GRAPH on layered graph to find
maximal set of disjoint, augmenting paths connecting sets X; and Xoy..
3. Call TRANSLATE to get a path-substantial set P’ of disjoint, augmenting
paths in G.
4. Modify the current graph with respect to P’. Let P := P U P’



— The set P is the result of that procedure.

Theorem 4. Let G be a graph without odd cycles of lengths 3,5, ..., shortest
and let M be such that there are no M -augmenting paths in G of lengths at most
shortest — 2. Then procedure MAXIMAL-PATHS finds a mazimal set of disjoint
(M, shortest)-paths in G. In addition, MAXIMAL-PATHS runs in log®hortest)
steps.

PROCEDURE MAIN
Input: an odd number ¢ > 3; graph G without odd cycles of length less than or
equal to c.
Output: a matching in G such that there is no augmenting path of length less
than or equal to c.

1. Compute a maximal matching in G using the procedure from [HKP99].
2. For shortest := 3 to c step 2 do:
(a) Call MAXIMAL-PATHS to find a maximal set of disjoint, augmenting
paths of length shortest.
(b) Augment all augmenting paths.

Note that during the execution of the algorithm we try to ”improve” the match-
ing computed in step 1: some of the edges of the matching will be deleted, and
some will be added to it as we augment paths in 2(b). We can summarize the
discussion in the following theorem.

Theorem 5. Let ¢ be an integer larger than two and let G be a graph on n
vertices that does not have odd cycles of lengths less than or equal to c. Then
procedure MAIN finds a matching M in G such that there are no M -augmenting
paths in G of lengths less than or equal to c. In addition, MAIN runs in logo(c) n
steps.

Proof of Theorem 1. By Theorem 5, PROCEDURE MAIN finds a matching M so
that there are no M-augmenting paths of lengths 1,3,5, ..., ¢, where ¢ = 2k —1.
Thus, by Theorem 2, [M| > £ [M*|.
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