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Abstract. Let G beagraph on n vertices that doesnot have odd cycles
of lengths 3;:::;2k — 1. We presert an e cien t distributed algorithm
that nds in O(Iog n) steps (D = D(k)) matching M, such that M| >
1- )M |, whereM is a maximum matching in G, =

k+1 :

1 Intro duction

We study the problem of nding an approximation to a maximum matching by
a distributed algorithm. We considerthe distributed network model intro duced
by Linial in [Li92]. In this model a distributed network is represerted by an
undirected graph. Vertices of the graph correspond to processorsand edgesto
communication links between processors.The network is syncironized and in
a single step eac vertex can send messagedo its neighbors, can receive the
messagesrom its neighbors, and can perform some local computations. We
make no explicit assumptionsabout the amount of local computations and the
lengths of messagesThe generalproblem in this setting is the following. Let G
be a distributed network described above. Can vertices of G compute a global
function of G in arelatively short time? In particular, the global function that we
consideris a "large" matching, which wewant to nd in the poly-logarithmic (in

iV (G)j) number of steps.Recen result of Hanckowiak, Karonski, and Panconesi
[HKP99] provides a breakthrough in this area.In [HKP99], authors preserted an
e cien t distributed algorithm that nds a maximal matching. Note that, when
M is a maximal matching, and M a maximum matching then jM j %jM j-
Using the techniques from [HKP99], Czygrinow, Hanckowiak, and Szymanska
[CHS0Z designedan e cien t distributed algorithm that nds a matching M

such that jM | %jM j. In this paper, we proposea distributed algorithm, that

nds a better approximation of the maximum matching in casethe graph does
not have "short" odd cycles.
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Theorem 1. Let k be an integer larger than one and let G be a graph on n
vertices that does not have odd cyclesof lengths 3;:::;2k 1. Then there is a
constant D = D (k) and distributed algorithm, that nds in log® n stepsmatching
M suchthat K

IM] Kt 1J|\/| B
where M is a maximum matching in G.

If M isamatching in graph G, then a path of length 2| 1is called M -augmerting
if it haslength 2l 1, edgesalternate between M and E(G) nM, and both
endpoints are not M -saturated (seethe next section for necessaryde nitions).
Proof of Theorem 1 is basedon the following fact (see[FGHP93)).

Theorem 2. LetM beamaximum matchingin graphG andlet M be a match-

ing suchthat there are no M -augmenting paths of lengths1; 3;5;:::;2k 1. Then
- k . .
IMj mJM I

In particular, the assumption that there are no M -augmerting paths of length

one meansthat M is maximal. The algorithm from Theorem 1 proceedsas fol-

lows. Fist, we nd a maximal matching M using the algorithm from [HKP99].

mal set of M -augmerting paths of lengths 2l 1. Oncethe maximal set of paths
is found, the edgesin paths that belongto M and those that are not in M are
exchanged. It is easyto seethat after this exchange"new" matching does not
have augmerting paths of lengths at most 2l 1. Consequetly its sizeis at
least ﬁjM j: Finding the maximal set of M -augmerting paths is however not
trivial and in fact it occupiesthe certral part of the paper. The setis found by
consideringan auxiliary, virtual, graph constructed from G and matching M . It
turns out that using, so-calledspanners,a maximal set of M -augmerting paths
can be found in this virtual graph (procedure Maximal-P aths-In-La yered-
Graph ). Oncefound, it is translated to a maximal set of M -augmerting paths
in the original graph G. To be able to claim that paths in the virtual graph cor-
respond to paths (not cycles)in the original graph G the assumption about the
cycle-structure of G is used.Finally, note that although there is a rich literature
on distributed algorithms for matching problems most of the papers are focused
on a di erent computational model than the one consideredin this paper.

The rest of the paper is structured asfollows. In the next section,weintro duce
necessarynotation and auxiliary facts. Section 3 corntains procedurethat nds a
maximal set of augmerting paths in the virtual graph. In Section4, we describe
the translation method and the main algorithm.

2 Denitions and Notation

In this section, we introduce necessaryde nitions and notation. Let M be a
matching in graph G. We say that a vertex v is M -saturated if v is an endpoint



of someedgefrom M. An edgee = fu;vg is M -saturated if either u or v is
M -saturated.

Let P beapath in G andlet M; and M, betwo maximal matchingsin P that
partition the edgesof P, i.e. E(P) = M1[ M2. We sa that P is M -alternating
if eitherM; M orM, M. Path P oflength2k 1,k 1, augmentsM if P
is M -alternating and both endsof P are not M -saturated. TheseM -alternating
paths that augmert M will play a crucial role in our approad.

Denition 1. Let M be a matching and let k be a positive integer. A path is
called an (M;2k 1)-path if it augmentsM and haslength 2k 1.

Paths are called disjoint if they are pairwise vertex-disjoint. Next we de ne the
notion of a substartial matching and a substartial set of paths.

De nition 2. A matchingM is -substantialin graphG = (V; E) if the number
of M -saturated edgesin G is at least JE]j.

Using an algorithm from [HKP99] we can nd a -substartial matching for any
constart

Lemma 1. Let n be the number of vertices of a graph. For any > 0 there is
a distributed algorithm that nds in O(log®n) stepsa -substantial matching.

The notion of a substartial matching extendsin a natural way to a substartial
set of paths.

De nition 3. For matching M and positive integer k let M be the set of all
(M;2k 1)-pathsin graph G. A setP of (M;2k 1)-pathsis -path-substantial
if the number of (M;2k 1)-paths that have at least one common vertex with
somepath from P is at least jM;j .

Next, we de ne the modi cation of G with respectto asetof (M;2k 1)-paths
P. The modi cation is composedof 2 steps:

A) remove all edgesof G that are incident to somepath from P,

B) remove all edgesthat do not belong to some augmerting paths of length
2k 1; ("new" edgesof this sort can appear after step A).

Our algorithm usesthe so called spannersin bipartite graphs. A bipartite graph
H = (A; B;E) is called a D-black if for every vertex a2 A,

%< degy(a) D:
A key ingredient usedin rendering a "substantial" set of disjoint paths will be

a spanner.

Denition 4. An (; )-spanner of a D-block H = (A; B;E) (from A to B) is
a sulgraph S = (A%B;EY of H suchthat the following conditions are satis ed.
1. jAY JAJ:

2. For everyvertexa 2 A° deg(a) = 1.

3. For everyvertexb2 B, degs(b) < gdeg (b) + 1.



In other words, a spanneris a collection of stars suc that degreesof certers of
stars are bounded. Note that spannersplayed an important role in designingan
algorithm for nding a maximal matching in [HKP99]. In particular the following
fact is proved in [HKP99].

Lemma 2. LetH = (A;B;E) be a D-block and let n = jAj + jBj. There is a
distributed algorithm that nds in O(log®n) stepsa (%; 16)-spanner.

One of the main parts of the algorithm will be a procedurethat nds a set of
disjoint paths in an auxiliary graph which has a layered structure. The number
of layersin our auxiliary graphswill always be evenand will always be a constart
independert of n.

De nition 5. Graph G is called a layered graph with 2L -layers if the vertex set

{ 8i = 1::2L : X; is an independent set.
{ 8i =1:2L 1:verticesfrom X; are connected only with verticesfrom X;.; .
{ 8i=1:L 1:jXyj=jXz+]andthe edgesbetween X, and X1 form a

perfect matching.

with layers X1;:::; X2 . Let G be asabove, fori = 1;:::;2L 1, we denote
by Gi = G[Xj; Xj+1] the bipartite graph induced by X;; Xj+1 . In particular, for
eveni, Gj is a perfect matching betweenX; and X;.1 . In addition, let Gt ; be

Gright = GaL 1.

enition 6. Let G = (X1;X5;:::;X,.) be a layered graph and let M =
- "E(Gy) be the matchingin G. Then G is called a (D 1; D)-block if

{ 8v2 Xy 1: dGZL 1(V) 2 [%,Dz]
{ 8v2 Xy :thenumbkerof (M;2L 3)-pathsthat haveone endmint in X
another in v is larger than % and is at most D ;.

3 Maximal set of paths in a layered graph

In this section, we present an algorithm that nds a maximal set of augmerting
paths in a layeredgraph. Layeredgraph will appearin a natural way asa virtual
(auxiliary) graphin the courseof the algorithm. The algorithm for nding a max-
imal set of augmerting paths consistsof two main procedures:Subst antial-
Paths-in-Block and Maximal-P aths-In-La yered-Graph .The rst one nds
a set of disjoint augmerting paths in a (D1;D;)-block. The procedureis recur-
sive and in the recursive step it invokesMaximal-P aths-In-La yered-Graph

in a layeredgraph with a smaller number of layers. ProcedureMaximal-P  aths-

In-La yered-Graph iterates over all (D1;D3)-blocks for D; = Dy(i) = ”LZ, 1,

D2 = D2(j) = 4. In ead block it invokes Subst antial-P  aths-in-Block




O(logn) times to nd a maximal set of paths in the block. Since every aug-
mernting path in the layered graph is a path of someblock (and the blocks are
disjoint) the union of the sets of paths will be maximal in the layered graph

partite graph G[X;;X;+1] and that G; is in fact a perfect matching between
Xi and Xj+1 wheni is even. To nd a substartial set of disjoint paths in G,
Subst antial-P  aths-in-Block nds a(%;16)-spannerin Grignt = GaL 1 with
certers of starsin X . Each star (z;y1;:::yk), with z2 Xo. andy; 2 XaL 1
is extended by consideringthe verticesx; 2 Xy » that are matched with y; by
edgesof matching G, 2. In the next step of the procedure new layered graph
GL; , is constructed (in fact asexplained later, G , is a multi-graph) with 2L 2

correspond to stars of the spanner. Then procedure calls Maximal-P  aths-In-
Layered-Graph with GY;, asaninput graph, and the paths obtained in G%; ,
are extended using the stars of the spanner. The resulting set of paths is sub-
stantial in graph G. More precisely we can describe the above procedure as
follows.

Pr ocedure Substantial-P aths-in-Block
Input: a (D1;D>2)-block G = (X1;::: X2 ) with 2L layers,L > 1.
Output: a substartial set of disjoint paths connecting X1 and X, in block G.

1. Find a (3;16)-spannerS in Gyigh -

2. Construct anauxiliary (2L 2)-layeredmulti-graph G2, , = (X1;:::;Xa 3;X9

as follows.

{ Every edgeof G that is presert in G; for somei 2 f1;:::;2L 4gisalso
presen in G,
3. Consider a maximal simple subgraph of G, , (i.e. discard parallel edges).
{ If L > 2 then invoke Maximal-P aths-In-La yered-Graph to nd a
maximal setof (M;2L  3)-paths in the subgraphof G2 ,.
{ If L = 2then nd amaximal matching (maximal setof (M; 1)-paths) in
the subgraph using the procedurefrom [HKP99].
4. Extend paths found in (3) to (M;2L 1)-paths in the block G using the
matching edgesof G, » and spannersS.

There is a small technical point that must be addressedat this momert. In the
third step of the algorithm, parallel edgesare discardedand then a maximal set
of paths is found. Note that parallel edgesonly add the repetitions of (M ;2L 3)-
paths. Consequetly the set of paths found in step 3 is also maximal in G2 ,.



Next we shall shawv that the set of paths obtained from Subst antial-P aths-

in-Block is substartial in G. Let P be the set of paths found by the procedure,
Pt ¢ be the set of paths in G  obtained from P by restricting to Gt ¢, and
Prignt set of paths (of length one) in G,;ign: obtained from P by restricting to
Grig ht -

Lemma 3. For every0< < % either Pt ¢ is (1 4 )=4-path-substantial in
Gief t OF Prignt is = 16-substantial in Gyignt .

Proof of Lemma 3 is rather long and it mimics the proof of a similar fact from
[CHSO0Z. It is an easyconsequenceof Lemma 3 that the set of paths found by
Subst antial-P  aths-in-Block is substartial in G.

Lemma 4. If Per¢ is -path-substantial in Gier ¢ or Prigne is -substantial in
Grignt then P is =2-path-substantialin G.

We omit a routine proof.

Pr ocedure Maximal-P aths-In-La yered-Graph
Input: a layered graph G with 2L-layers (X 1;::: X2 ).
Output: a maximal set of disjoint augmerting paths connecting X1 and X in
G.

(@) Dy:= "5 Dpi= 2

(b) iterate O(log n)-times:
{ invoke Substantial-P aths-in-Block (Dj;D>) in order to nd a
substartial set of paths in the block and modify the graph G with

respect to that set.

Lemma 5. Procedure Maximal-P aths-In-La yered-Graph  nds a maximal
set of disjoint pathsin G in log®) n steps.

Proof. First note that due to the modi cation done in ead step of the pro-
cedure the resulting paths are disjoint. We shall show that the set of paths is
also maximal. First, x a (D1;D7)-block. By Lemma 4, Subst antial-P  aths-

in-Block (D1;D») nds, for some xed constart > 0, an -path-substartial
setof disjoint pathsin a (D1; D32)-block. Thusin the modi cation step, at least

fraction of all pathsin the block will be deletedfrom it. However the total number
of the paths in whole G is at most n°(-) and soafter O(log n) iterations all the
paths will be deleted from the block. In other words, set of paths obtained after
iterations in (b) will be maximal in the block. Note that there are O(log? n) dis-
joint blocks, de ned by parametersD 4, D, in (a), and eact path of G belongsto
exactly oneof them. Thusafter iterations in step 1 the setfound by the procedure
will be maximal in every block and consequetly maximal in G. Finally let us es-
timate the running time of the procedure.First note that the order of the virtual

graph is O(n) and ead stepin the virtual graph canbe simulated in graph G in



O(1) steps.Fori > 1, let R; bethe running time of the procedureinvokedin the
layered graph with 2i blocks and let R; = O(log* n) be the time neededto nd
the maximal matching using the algorithm from [HKP99]. To estimate R; no-
tice that there are O(log? n) iterations over all possibleblocks and in each block
O(log n) iterations are needed.In ead iteration in a block Subst antial-P  aths-
in-Block (D1;D>) is invoked. This procedure nds a spannerin O(log® n) steps
(Lemma 2) and then invokesMaximal-P aths-In-La yered-Graph in alayered
graphwith 2i 2layers(or nds a maximal matching in the bipartite graph when
i = 2). Thus, Rj = O(log®n(log®n + R; 1)). Consequetly, R, = log°") n.

4 Graphs without odd cycles of length less than or equal
to c.

In this section, we shall presert our main procedure for computing a matching
M from Theorem 1. As explainedin the introduction our approac is basedon
nding M -augmerting paths. Finding a substartial setof disjoint M -augmerting
paths in the input graph G seemsto be di cult. Howewer, aswe saw in the last
section, if a graph has a layered structure, augmerting paths can be found by
Maximal-P aths-In-La yered-Graph . The main problem that we must ad-
dressis how to reduce graph G to a layered graph (Procedure Reduce ) and
how to translate disjoint paths in the layered graph to the original graph G pre-
servingthe property that the setof pathsis substartial (ProcedureTransla te).
Next procedure constructs a virtual, layeredgraph from G.

Pr ocedure Reduce
Input: a graph G, a matching M in G, a number L.

1. Lets denote by l\gvertices of G not saturated by M.

X1 =N; Xi= ,yefori=2::2L 1; X = N.

2. Fork=1;:::;2L 1dene Gk = Lay(G)[Xk; Xk+1] as follows.
Fori= 1;:::;L: e2 Gy 1 if and only if there exist an augmerting path in
G that hasan edgee onthe 2i 1 position (counting from whatever end).
Fori=1;:::;L 1l:e2 Gy ifandonlyif e2 M.

Notice, that layers X,;::: X3 1 in Lay(G) contain all vertices that are con-
tained in edgesof M. Thus every edgefa;;a,g 2 M appearstwice in Gy (see
Figure 1). Oneimportant property of Lay (G) isthat every (M;2L 1)-path in G
is present (hasa corresponding (M ;2L  1)-path) in Lay (G). Using assumptions
about G, we canshaw that the opposite direction is alsotrue. Namely that every
(M;2L 1)-path in Lay(G) correspondsto a (M;2L 1)-path in G.

Lemma 6. Let G be a graphwithout odd cyclesof lengths3;5;:::;2L 1and let
M be suchthat there are no augmenting paths in G of lengths 1;3;5;:::;2L

3. Then every augmenting path connecting X1 with X, in the layered graph
correspnds to an augmenting path in graph G of length2L 1.
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Fig. 1. The reduction (augmenting paths of length 5).

We omit the proof. Note that assumptionsin Lemma 6 will be satis ed during
the execution of our algorithm. First, G doesnot have odd cyclesof lengths at
most 2L 1 by the assumption. Second,G will not have shorter augmerting
paths as we will iterate with k = 3;5;:::;2L 1 and in the kth iteration,

we shall eliminate all (M;k)-augmerting paths. Finally, the initial matching
M will be maximal and so no (M;1)-augmerting paths will be preser. Let
P be a set of disjoint (M;2L  1)-paths in Lay(G). By Lemma 6 P is also a
setof (M;2L 1)-paths in G. However the paths do not needto be disjoint
in G. De ne the path graph Gp by V(Gp) = P and put an edge between
two vertices of Gp when the corresponding paths intersect in G. In addition,
we de ne the identi ers of vertices of V(Gp). Let 1d(v) denote the identi er

of vertex v in G. If p = vi;Vp;:::;vo is a path in G which is a vertex in
V(Gp) and if 1d(vy) < Id(vo) then the identier of p in Gp is the vector
[1d(vy); 1d(v2);:::;1d(vzL)]. Although paths from P don't needto be disjoint in
G the maximum degreeof Gp will be a constart that dependsonly on L.

Lemma 7. Let P be a setof paths obtained by Maximal-P aths-In-La yered-
Graph . The maximum degree of Gp is a constant independent of n.

Before we describe the procedure that translates disjoint paths in Lay(G) to
disjoint paths in G we needto introduce the notion of a heavy Maximal Inde-



pendent Set (MIS). Let H = (W;F) be a graph with weights on vertices, i.e.
w 2 W has a weight Weight(w). The weight of a set of vertices A is then de-
ned asweight(A) := . weight(w). Similarly the weight of a subgraphQ is
de ned as weight(Q) := weight(V(Q)). The -heavy MIS in H is a maximal
independert setA of verticessucd that weight(A) weight(H). We note here,
that for a constart d a W-hea/y MIS can be found by a distributed algo-

rithm in a graph G with  (G) = d, in time O(log? n). Details of this procedure
will appear in the journal version of the paper.
Now we can describe procedure Transla te :

Pr ocedure Transla te
Input: a set P of disjoint, augmerting paths connectingsetsX; and X, in the
layered graph; P is maximal in the layered graph.
Output: a set P? of disjoint, augmerting paths of lengths 2L 1 in the input
graph G; PYis path-substartial in G.

1. For eadh vertex v of the path graph Gp assignthe value weight(v) equalto
the number of augmerting paths of length 2L 1in G that are incident to
v (or in other words "touch" v).

2. Compute a heavy MIS, X in Gp.

3. The set PP contains paths that correspond to vertices of X .

Theorem 3. Let G be asin Lemma 6 and let Lay(G) be the layered graph
with 2L layers obtained from G by procedure Reduce . Let P be the set of paths
in Lay (G) obtained by Maximal-P aths-In-La yered-Graph . Then the setP°
obtained from P by Transla te is a -path-substantial set of disjoint paths in
G for certain constant . In addition, Transla te runs O(L log?n) steps.

We omit the proof. Next, we describe the procedureMaximal-P aths that nds
a maximal, setof (M ; shortest)-paths in G for an odd, positive integer, shortest.
Note that G and M are asin Lemma 6 with shortest = 2L 1. In the nal
procedure Main we iterate with shortest = 3;5;:::;c to obtain a maximal set
of (M; c)-paths in G.

Pr ocedure Maximal-P aths
Input: an input graph G; a matching M ; a number shortest.
Output: a maximal, set of (M ; shortest)-paths in G.

{ Let P :=;.
{ Repeat O(logn) times:

1. Call procedureReduce to build alayeredgraphwith 2L -layers(Xq;:::;X2),

whereL := (shortest + 1)=2.

2. Call Maximal-P aths-In-La yered-Graph on layered graph to nd
maximal set of disjoint, augmening paths connectingsetsX; and X, .

3. Call Transla te to geta path-substantial setP °of disjoint, augmerting
paths in G.

4. Modify the current graph with respectto P% Let P := P[ P°



{ The setP is the result of that procedure.

and let M be suchthat there are no M -augmentingpathsin G of lengthsat most
shortest 2. Then procedure Maximal-P aths nds a maximal set of disjoint
(M ; shortest)-paths in G. In addition, Maximal-P aths runs in log®(shor est)
steps.

Pr ocedure Main
Input: an odd number ¢ 3; graph G without odd cyclesof length lessthan or
equalto c.
Output: a matching in G sud that there is no augmerting path of length less
than or equalto c.

1. Compute a maximal matching in G using the procedurefrom [HKP99].
2. For shortest := 3to ¢ step 2 do:
(@) Call Maximal-P aths to nd a maximal set of disjoint, augmerting
paths of length shortest.
(b) Augment all augmerting paths.

Note that during the execution of the algorithm we try to “impro ve" the match-
ing computed in step 1: someof the edgesof the matching will be deleted, and
somewill be addedto it aswe augmert paths in 2(b). We can summarize the
discussionin the following theorem.

Theorem 5. Let ¢ be an integer larger than two and let G be a graph on n
vertices that does not have odd cycles of lengths lessthan or equal to c. Then
procedure Main nds a matching M in G suchthat there are no M -augmenting
pathsin G of lengthslessthan or equalto c. In addition, Main runs in |090(c) n
steps.

Proof of Theorem 1. By Theorem 5, Pr ocedure Main nds a matching M so

Thus, by Theorem2, jMj XM .
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