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Summary. We analyze the multivariate spatial distribution of plant species

diversity, distributed across three ecologically distinct land uses urban resi-

dential, urban non-residential, and desert. We model these data using a Spa-

tial Generalized Linear Mixed Model(SGLMM). Here plant species counts

are assumed to be correlated within and among the spatial locations. We

implement this model across the Phoenix metropolis and surrounding desert.

Using a Bayesian approach, we utilized the Langevin-Hastings Hybrid algo-

rithm. Under a generalization of a spatial log Gaussian Cox model, the log-

intensities of the species count processes follow Gaussian distributions. The

purely spatial component corresponding to these log-intensities are jointly

modeled using a cross-convolution approach, in order to depict a valid cross-
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correlation structure. We observe that this approach yields non-stationarity

of the model ensuing from different land use types. We obtain predictions

of various measures of plant diversity including plant richness and Shannon-

Weiner diversity at observed locations. We also obtain a prediction frame-

work for plant preferences in urban and desert plots.

Key words: cross convolution; cross covariance matrix; generalized linear

mixed model; Langevin Hastings algorithm; log Gaussian Cox Model; Markov

Chain Monte Carlo; Multivariate Spatial Model.

1. Introduction

In a fast developing landscape as in Phoenix, Arizona, urban ecologists aim to

find associations of plant diversity with other factors like income per capita,

land use, historic agricultural land use, and elevation(Hope, Gries, Zhu, Fa-

gan, Redman, Grimm, Nelson, Martin and Kinzig, 2003). It is important

to map various measures of plant diversity – in our case plant species rich-

ness, the Shannon-Weiner diversity metric and individual species intensities,

and in order to understand the spatial pattern and the spatial variability of

these diversity measures. As part of the Central Arizona-Phoenix Longterm

Ecological Research(CAP LTER) project we conducted in the year 2005 a

large scale, intensive survey of 204 plots. One objective was to compare plant

diversity in the urban area with the surrounding open desert. Another aim

was to investigate whether observations on socio-economic factors such as

income per capita, historical agricultural use of land, land use at the present

time and geophysical factors like elevation could be used for prediction of

various plant diversity measures as well as make statistical inference about

plant preferences at a specific desert/urban location.
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The statistical objectives related to the project mentioned above are the

following: (1) To establish a model for the multivariate plant species inten-

sities. (2) To find diversity metrics – plant richness(total number of plant

species in an observed frame), the Shannon-Weiner diversity metric, and

plant preference(the combination of species likely to occur at a given location)

– given land use, marker of historic agricultural land use, income per capita

and elevation. (3) To predict plant intensity measures mentioned in (1) and

diversity measures mentioned in (2) at newer points using the information ob-

tained from the rest of the points. Whereas traditional geostatistical methods

for prediction of spatial variables (Cressie, 1993) are based on an assumption

of normality or normality under appropriate transformations, this is still in-

adequate for count data (Royle, Link and Sauer, 2002). Using a Bayesian

framework, we analyze the spatial data using generalized linear mixed models

for point processes as in Diggle, Tawn and Moyeed (1998) and Christensen

and Waagepetersen (2002). As in Christensen and Waagepetersen (2002),

we use an efficient Markov Chain Monte Carlo (MCMC) algorithm based on

Langevin-Hastings updates.

The cross-convolution approach (Majumdar and Gelfand, 2007) is ap-

plied for modeling the covariance structure of log-intensities across various

land use - desert, urban residential and urban non-residential for this multi-

variate count data. We prove that this approach can deliver non-stationarity

of the multivariate spatial process of plant counts at the global level to distin-

guish between different land use, and preserve stationarity at the local level

restricted to each land use. The cross-convolution approach is computation-

ally less intensive because of its parsimony(Majumdar and Gelfand, 2007).
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The plant richness intensity predictions and prediction intervals are obtained

from quantiles of the predictive distribution. It turns out that low species in-

tensities can be predicted fairly accurately. This is important for site-specific

prediction on plant-species preference from an ecological perspective.

1.1 Data Description

The Phoenix metropolitan area of Central Arizona developed from a con-

vergence of culture during the westward expansion of the Americas. During

the latter half of the twentieth century, Phoenix has seen an exponential

growth rate driven primarily by climate, cheap housing and water, the avail-

ability of jobs, and especially the commercial success of the air conditioner.

Now harboring over 3.5 million people, Phoenix is the fifth largest and the

second fastest growing metropolitan area in the nation.

As part of the Arizona-Phoenix Long Term Ecological Research project,

ecological surveys were conducted at 204 sites covering 6400 km2 encom-

passing the entire Phoenix metropolitan area. Permanent site locations were

identified and field inventory was conducted between February and May,

2005. The sampling unit at each site was a 30m × 30m plot, in which all

plant taxa were identified, collected, and archived at Arizona State Uni-

versity’s herbarium. All perennials were counted within the plot in order

to obtain density (perennials/900 m2). In the project described in Walker,

Briggs, Dugan, Gries and Grimm (2006), one objective of the project was

to investigate whether perennial occurrence could be predicted from obser-

vations of elevation, income per capita and knowledge of whether the land

had been used for agriculture ever before. In our case, we used only those

species that had non-zero counts in at least 10 or more spatial locations, and
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those spatial locations for which complete covariate-information was avail-

able. Thus we finally had 58 species and 144 spatial locations. The upper

panel of 1 displays the area under the survey with the black points indicat-

ing the points in our survey and the highlighted points(marked by “1”, “73”,

and “120”) indicating the three points where prediction inference was carried

out. The middle panel of Figure 1 displays the elevation surface of the entire

area and the lower panel of Figure 1 displays the annual income per capita

at these locations. The contours of this plot was created using the package

ARC GIS..

Land use at each of the n = 144 sites was classified, and we use 3 main

regional categories: desert (n1 = 71), urban residential (n2 = 48), and urban

non-residential (n3 = 25), n = n1 + n2 + n3. Socio-economic variables

such as income per capita and whether the land had been previously used for

agriculture(1) or not(0) were obtained from the U.S. Census (2001) for the

appropriate block group within which each survey point that was classified

as residential was located and from historic landuse data.

[Figure 1 about here.]

2. Models

Generalized linear mixed models(GLMM) (Breslow and Clayton, 1993 ; Lee

and Nelder, 1996) are extensions of Generalized Linear models(GLM)(McCullagh

and Nelder, 1989). Generalized linear mixed models have been further gener-

alized to the context of point processes to where the random effect is spatially

correlated (Christensen, M/oller and Waagepetersen, 2000). This allows for

additional sources of variability due to unobservable, spatial random effects

and specifically, has been applied quite widely in the context of a Bayesian
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point-process models (for example, Christensen and Waagepetersen, 2002,

Benes, Bodlak, M/oller and Waagepetersen, 2002). Such random effects are

sometimes modeled using a log Gaussian Cox process (M/oller, Syversveen

and Waagepatersen, 1998) for spatio-temporal count data (Brix and M/

oller, 2001) as well as spatio-temporal data where the spatial locations occur

on a latticed grid and the time is sparsely distributed (Rasmussen, M/oller,

Aukema, Raffa and Zhu, 2006). We shall introduce a generalized spatial

linear mixed model for count data, with each kind of land use giving rise

to a different count-process, since plant-preferences in urban sites are dif-

ferent than that of desert sites. Also, within urban sites, it is quite likely

that the plant diversity of the residential sites is different than that of non-

residential sites. In general, we expect to see more variation in the urban

residential sites compared to the other sites. The component count processes

(related to the land use types) are assumed to be spatially correlated among

themselves and are modeled using log Gaussian Cox processes, where the

log-intensities corresponding to these processes have a joint Gaussian spa-

tial distribution. Hence the cross-covariance matrix corresponding to this

spatially non-homogeneous process(based on different kinds of land use) is

modeled using a non-stationary cross-covariance matrix – in our case we use

the model of cross-convolution (Majumdar and Gelfand, 2007) and show that

while providing a valid covariance structure, it maintains stationarity at the

local level – restricted on a specific land use, but ensures non-stationarity at

the global level – to account for different land use types inherent to the data.
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2.1 Spatial Generalized Linear Mixed Models

Our model is a special case of a spatial GLMM, which is the frame-

work proposed by Diggle et al. (1998) for modeling of non-Gaussian spatial

data. For a spatial GLMM, the random variables Yij
(k) are mutually inde-

pendent across ij = 1, . . . , nj; j = 1, 2, 3 given W . For each ij, the distri-

bution [Yij
(k)|W ] has a density f(.; λij

(k)) which depends on the conditional

mean λij
(k) = E[Yij

(k)|W ]. Moreover, λij
(k) is related to the linear predictor

wj(sij ) + Xij(sij )
T βj

(k) by a strictly increasing link function g so that

λij
(k) = g−1(wj(sij ) + Xij (sij)

T βj
(k)) = g−1(µj

(k)(sij)) (1)

The family of Spatial GLMMs are thus a flexible class of models for, e.g.,

spatially correlated count, binary and positive data.

The Gaussian field is assumed to be characterized by the covariance func-

tion {Cjj′, j, j
′ = 1, 2, 3} given by

Cjj′(u) = E[wj(s)wj′(s
′)]

depends only on the distance u = ||s − s′|| between locations s, s′ ∈ S. The

cross covariance function is modeled using a cross-convolution approach:

Cjj′(s) = Cj ⋆ Cj′(s) =

∫

ℜ2

Cj(s − v)Cj′(v)dv (2)

where the above defines a valid positive semi-definite function(Theorem 1

below), as in traditional geostatistics Cressie (1993), and the Cj(.), j =

1, 2, 3 are distinct and valid isotropic, stationary covariance functions defined

on ℜ2,

Cj(||s||) = σjρ(φj ||s||), s ∈ S. (3)
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where ρ(.) is a known correlation function and the parameter (σ1, σ2, σ3, φ1,

φ2, φ3) ∈ [0,∞]6 is unknown; here φj is a correlation scale parameter, and

σj is the standard deviation corresponding to the j-th Gaussian process.

As in Diggle et al. (1998), we use a Bayesian approach to inference, where

priors are imposed on the unknown regression parameters and the covariance

parameters of the unknown random field.

2.2 Model for Plant Richness

Let S ∈ ℜ2 denote the field where the plants are observed. One could

view the unobserved locations of the plant positions as a point process, and a

key summary of the species occurence is the species intensity λ(.). For species

k and ij-th location sij ∈ S ij = 1, . . . , nj corresponding to the j-th land

use type, and some small area δ around sij , λj
(k)(sij)δ is the approximate

expected number of plant species in the region. For each sij ∈ S, we model

λj
(k)(sij) as

λj
(k)(sij ) = exp(wj(sij ) + Xij (sij)

T βj
(k)) = exp(µj

(k)(sij )) (4)

where Xij (sij ) is the covariate vector associated with sij , βj
(k) ∈ ℜp is a

vector of regression parameters, and wj(sij ) is a random effect that serves

to model sources of variation not included in Xij (sij)
T βj

(k), pertaining to

the j-th land use type. The random effects W = {wj(sij) : sij ∈ S; ij =

1, . . . , nj ; j = 1, 2, 3.} are assumed to form a correlated zero-mean

Gaussian field, so that it is possible to model correlation in the plant species

intensities due to e.g., the reproduction mechanism of the plant species(in

the desert area), or unobserved spatial covariates such as plant-preferences(in

the urban area).
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Let Yij
(k) denote the plant species count centered at location sij . We

model Yij
(k) conditionally on W , as independent Poisson distributed random

variables with conditional mean λij
(k) ≈ Aλj

(k)(sij). Here A = 900 m2 is the

area of each individual plot where the survey was carried out. The resulting

Poisson log-normal model is an example of a spatial GLMM with Poisson

error distribution and a log link function(as discussed in Section 2.1).

The log-normal model can also be seen as an approximation to the distri-

bution of counts under a log Gaussian Cox process (M/oller et al., 1998 and

Brix and M/oller, 2001) with log-normal intensity surface {λj
(k)(sij )} given in

(4). Under a log Gaussian Cox process and given λj
(k)(.), the counts Yij

(k)

are independent Poisson distributed with mean
∫

CA
λj

(k)(s− v)dv, where CA

denotes a circle with center zero and area A.

2.3 Non-stationarity Using the Model of Cross-convolution

The following result is the underlying result we shall use to show the

non-negative-definiteness and hence validity of the “cross-covariance ” matrix

defined in 2 and 3.

Theorem 1: Consider any finite set of points s1, . . . , sn in Rd. Let C̃ be

an nk × nk matrix with k × k blocks C̃ij = C(si − sj) where for the (l, k)-

th term in the sub-,matrixC̃ij is a cross-convolved function Cl ⋆ Ck(si − sj)

evaluated at (si − sj). Here Cl and Ck are isotropic functions on Rd. Then

C̃ is non-negative definite and hence a valid cross-covariance structure on

s1, . . . , sn. (Majumdar and Gelfand, 2007).

Corollary 1: Let P = {set of all possible subsets of rows of C̃} and let

P ′ = { set of all possible subsets of columns of C̃}. Let Mπ, π′ denote the

matrix obtained from deleting the set π ∈ P of rows and the set π′ ∈ P ′
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of columns of the matrix C̃. It follows from Theorem 1 that Mπ π is non-

negative definite for every π.

Corollary 2: The “cross-covariance” matrix defined in 2 and 3 has pre-

cisely the form of Mπ π for some π and is hence non-negative definite.

Now since for each land use type the spatial variance and spatial depen-

dence are different, so the model we get is a non-stationary model at the

global level, and stationary, when restricted to any land use, at the local

level.

3. Posterior Simulation and Prediction

In this section, we discuss Bayesian inference and prediction for spatial

GLMM’s. We focus on the Poisson log-normal model, but the techniques

are readily applicable to other spatial GLMM’s. For the n = 144 observa-

tions in the plant richness data set, we let s1, s2, . . . , sn ∈ S be the centers

of the observation frames. We further let Wj = (wj(si1), . . . , wj(sinj
)) be the

purely spatial gaussian vector corresponding to the j-th land use type and

denote W = (W1, W2, W3) the n×1 unobserved purely spatial gaussian vector

corresoponding to the observed n locations. Denote the n × 1 observed re-

alization of Y = (Y1(s1), . . . , Y1(sn1), Y2(sn1+1) , . . . , Y2(sn1+n2), Y3(sn1+n2+1),

. . . , Y3(sn))
T by y = (y1, y2, . . . , yn1, yn1+1, . . . , yn1+n2 , yn1+n2+1, . . . , yn)

T . For

locations sn+1, . . . , sn+q, q ≥ 0 of interest for prediction, we let W ∗ = (wjsn+1

(sn+1), . . . , wjsn+q
(sn+q))

T where jsn+l
is the land use type corresponding to

the location sn+l, l = 1, . . . , q. Now W ∗ and Y are conditionally indepen-

dent given (W, β, φ1, φ2, φ3, σ1
2, σ2

2, σ3
2). Our Bayesian inference is thus sep-

arated into, first, the posterior simulation of (W, β, φ1, φ2, φ3, σ1
2, σ2

2, σ3
2)

given Y = y, and second, the prediction of Y .
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3.1 Posterior Simulation for Spatial GLMMs

Briefly, a Metropolis-Hastings iteratively generates an ergodic Markov

chain that yields the posterior sample. In each step, a proposal is generated

for an update of the current state of the chain. The update is then accepted or

rejected according to a certain acceptance probability. The most commonly

used algorithm is Gaussian random walk Metropolis, where the proposal

distribution is Normal with mean equal to the present state. For details on

Markov Chain Monte Carlo, we refer to Roberts and Rosenthal (1998).

Christensen and Waagepetersen (2002) use a so-called fixed scan hybrid

alogrithm, where transformed random effects corresponding to the W are up-

dated simultaneously using truncated Langevin-Hastings updates. The trun-

cated Langevin-Hastings update utilizes the gradient of the log posterior

and can, as exemplified in Christensen and Waagepetersen (2002), lead to

much reduced Monte Carlo errors compared with the standard alternative

of a random walk Metropolis update. Furthermore, it is easy to implement

the Langevin-Hastings update for any spatial GLMM with a canonical link

function. We use a similar method in our analysis for updating each of the

spatial components in the model.

3.1.1 Reparameterization Let C̃ = C(φ1, φ2, φ3, σ1
2, σ2

2, σ3
2) denote the

covariance matrix of W , and let C̃
1
2 be the square root so that C̃ = C̃

1
2 (C̃

1
2 )T ,

where the square root, e.g., may be obtained by Cholesky factorization. We

can then assume that W = C̃
1
2 Γ, where Γ follows an n-dimensional standard

multivariate Normal distribution. Posterior simulations of W can be obtained

by transforming MCMC samples of the conditional distribution of Γ given
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Y = y. It is demonstrated in M/oller et al. (1998) that this reparameterization

of the random effect can lead to better mixing proporties of the MCMC

algorithm. In Section 4, β is a priori Normal with mean µb and covariance

matrix Σb, so that a reparameterization β = µb + Σb

1
2 ǫ, ǫ ∼ N3×p×K(0, I),

can be applied to β also.

3.1.2 The hybrid Metropolis algorithm In our MCMC algorithm, γ, ǫ,

log(φj), log(σj
2), j = 1, 2, 3 are updated in turn, in each scan using either

truncated Langevin-Hastings or random walk Metropolis updates as dis-

cussed below.

As in Section 4, suppose the priors for φj, σj
2, β are independent with

prior densities πφj
, πσj

2 , πβ , respectively, where πβ is the Normal density

described in section 3.1.1. The log posterior density of (Γ, ǫ, β, {σj
2, φj, j =

1, 2, 3}) given Y = y is

f(γ, ǫ, β, {σj
2, φj, j = 1, 2, 3}) = const(y) +

3
∑

j=1

(log(πφj
) + log(πσj

2)) +
1

2
||ǫ||2

+
1

2
||γ||2 +

K
∑

k=1

3
∑

j=1

nj
∑

ij=0

yij
(k)log(λij

(k)) − λij
(k)

with λij
(k) = exp(wj(sij ) + Xij (sij)βj

(k)) where (w1(s1), . . . , w1(sn1), . . . ,

w3(sn1+n2+1), . . . , w3(sn)) = W = C̃
1
2 γ and β = µb + Σb

1
2 ǫ. Let µij

(k) =

log(λij
(k)) = wj(sij ) + Xij (sij)βj

(k). The truncated Langevin-Hastings pro-

posal distribution for γ is N(γ + (d/2)▽(γ)trunc, dI), where dI is the user-

specified proposal variance,
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▽(γ)trunc = −γ + C̃T 1
2{yij

(k) − λij
(k) ∧ H}ij ,k

is obtained by truncating the gradient (with respect to γ) of the log-

target density, and 0 < H < ∞ is a truncation constant. A similar simple

form is available for any GLMM with g equal to the canonical link func-

tion (see McCullagh and Nelder (1989)). A theoretical study on MCMC

algorithms with truncated Langevin-Hastings updates for conditional sim-

ulations in GLMMs for fixed model parameters is given in Christensen,

M/oller and Waagepetersen (2001). For ǫ, we similarly use a truncated

Langevin-Hastings update, where the truncated gradient for ǫ takes the form

−ǫ+Σb
1/2XT{yij

(k) −λij
(k) ∧H}. The derivative of logf(γ, ǫ, β, {σj

2, φj, j =

1, 2, 3}) with respect to φj is complicated, since it involved differentiating

the matrix C̃
1
2 . In addittion, Langevin-Hastings updates are most useful for

updating high-dimensional quantities Roberts and Rosenthal (1998). There-

fore, for the one-dimensional parameters log(φj) and log(σj
2), we use stan-

dard Normal random-walk Metropolis updates. An R implementation of the

MCMC algorithm described above can be downloaded from http://spatio-

temporal.asu.edu/PlantDiversity-Rcodes.html.

3.2 Bayesian Prediction

Here we consider prediction of functionals of (λn+1
(1)(xn+1), . . . , λjn+1

(k)

(xn+1), . . . , λjn+q

(1)(xn+q), . . . , λjn+q

(K)(xn+q))
T
, where λi

(k), i = n+1, , . . . , n+

q, k = 1, . . . , K are given by (4). The predictive distribution of λ⋆ =

(λn+1
(1)(xn+1), . . . , λjn+1

(k)(xn+1), . . . , λjn+q

(1)(xn+q), . . . , λjn+q

(K)(xn+q))
T

is

given by

[λ⋆|y] = E
{

[g−1(W ⋆ + X⋆β)]|y
}

, (5)
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where X⋆ = (xn+1, . . . , xn+q)
T , W ⋆ = (wn+1, . . . , wn+q)

T , and g−1 is applied

coordinatewise in (5). The observed data are conditionally independent of

W ⋆ given (W, β, {φj, σj
2; j = 1, 2, 3}). An algorithm to obtain a sample

(λ⋆(m))
l
from the predictive distribution of [λ⋆|y] is obtained follows:

1. Sample (W l, βl, {φj
l, σj

2l
; j = 1, 2, 3.}) from the posterior distribution

[W, β, {φj, σj
2; j = 1, 2, 3}|y] using the MCMC algorithm in Section 3.

2. For each l = 1, . . . , L, and for the m-th species, m = 1, . . . , M

λ⋆(m)l = g−1(Wm
⋆l + X⋆βl) , where Wm

⋆l are sampled independently from

the multivariate Normal distribution [Wm
⋆|W l, βl, {φj

l, σj
2l

; j = 1, 2, 3}].

Consider for the moment just one location, say, xn+1. Common practice in

traditional spatial MCMC methods is to use E[λjn+1

(k)(xn+1)|y] as a predictor

for λjn+1

(k)(xn+1) and E[λjn+1

(k)(xn+1)|y] ±1.96(var[λjn+1

(k)(xn+1)|y])
1/2

as

an approximate 95% prediction interval. However, when g(λ) = log(λ) and

a vague prior is used for the variance parameters σj
2, then the mean and

variance of [λjn+1

(k)(xn+1)|W ] may become infinite (De Oliveira, Kedem and

Short, 1997), whereby also E[λjn+1

(k)(xn+1)|y] becomes infinite. Further,

when the predictive distribution is skewed, the use of E[λjn+1

(k)(xn+1)|y] ±

1.96(var[λjn+1

(k)(xn+1) |y])1/2 as a prediction interval is not appropriate. Here

we use the median med[λjn+1

(k) (xn+1)|y] as predictor for λjn+1

(k)(xn+1) and

[ζ2.5%(xn+1), ζ97.5%(xn+1)] as the prediction interval, where ζp(xn+1) is the

p quantile of [λjn+1

(k)(xn+1)|y]. Also, prediction of the observations Y ⋆ =

(Yjn+1

(k) (xn+1), . . . , Yjn+q

(k)(xn+q))
T

may be of interest (See Section 4.5).

The predictive distribution for Yjn+1

(k)(xn+1) is given by the probabilities

pjn+1

(k)(z|y) = P (Yjn+1

(k)(xn+1) = z|y)

= E(E[f(z; λjn+1

(k)(xn+1)|W, β, {φj, σj
2; j = 1, 2, 3})]|y)
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where f(.; λ) is the Poisson probability mass function parameterized by the

mean λ. As an approximate 1 − p predictive set for Yjn+1

(k)(xn+1), we use

{z : p/2 ≤
∑z−1

l=0 pjn+1
(k)(l|y) + pjn+1

(k)(z|y)/2 ≤ 1 − p/2}, 0 < p < 1.

4. The plant diversity data application

For the perennial species data, we use the elevation(in meters), indicator

function (0-1) measuring whether or not the land was ever used for agri-

culture , annual income per capita as the explanatory variables. All these

variables are standardized by first subtracting the mean and then dividing

by the standard deviation to reduce collinearity among the covariates. This

standardizing also improves the mixing of the MCMC algorithm. Thereby 3

explanatory variables x1(s), x2(s) and x3(s) are obtained for each s ∈ S. We

further include an intercept parameter βj0
(k) corresponding to the j-th land

use and k-th species. βj
(k) = (βj0

(k), . . . , βj3
(k))

T
is the regression coefficient

vector for a spatial point corresponding to the j-th land use and k-th species

so that x(s) = (1, x1(s), x2(s), x3(s))
T .

The perennial species data is modeled using Poisson log-Normal model

specified in Section 2.1, with the exponential correlation function ρ(u) =

exp(−u) as “building blocks” of the non-stationary matrix C̃ mentioned in 3.

We do not believe that much information concerning the type of correlation

function is available from our data set, as very close observations do not

occur, and the Gaussian field is not observed. For the sake of parsimony,

we therefore do not include uncertainty concerning the choice of correlation

model in our inference.
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4.1 Priors for the plants diversity data

We use a Normal prior i.e., a N(µb, σb
2I) prior for the 3× p×K vector β

of regressors. We anticipate the values of the posterior distribution to be in

a certain range of the empirical estimate µb of β and hence by picking a large

σb
2 = 10, we ensure that this prior does not overtly influence the mixing

of the MCMC. The µb is also used as starting value for the β value in the

MCMC. For the σj
2, we use Inverse Gamma priors, which is commonly used

for variance parameters. We employ the Inverse Gamma(ασ, cσ) distribution,

with shape and scale parameters ασ = 2, cσ = 1 respectively, so that the

prior mean is set to 1 and the variance is set to infinity. Likewise, we employ

the Inverse Gamma(ατ , cτ ) distribution for the error variances τj
2, with shape

and scale parameters τσ = 2, cσ = 1 respectively, so that the prior mean is set

to 1 and the variance is set to infinity. For the correlation parameters φj, we

use the conventional Gamma priors with shape and scale parameters αφ, cφ

respectively, where αφ = 1, cφ = 1. This choice sets the prior mean and

variance both to be 1, and hence matches with the range of our anticipated

value of φj , since we know that the range of the data and the φj parameter

are related in an approximate relationship φj ≈ 4.5/range (Majumdar and

Gelfand, 2007).

4.2 Model Choice

Model choice is investigated with respect to the specification of µij
(k) in

(2). All the species attributes, i.e. βj
(k) were significant and so the regression

coefficients were retained in all the models.

For model selection we adopt the computationally convenient Deviance

Information Criterion(DIC) (Speigelhalter, Best, Carlin and Van Der Linde,
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2002). This criterion is sensitive to choice of parameterization(Section 8,

Speigelhalter et al. (2002)). We considered two parameterizations. One

treats θ = {λij
(k)} as the natural set of parameters, and the other treats the

θ = {µij
(k)} as the set of parameters. Other choices are possible, including

treating {βj
(k)} as the set of parameters. These different procedures give

different answers for pD, the effective degrees of freedom, but, atleast, for the

two choices we tried, the DIC’s were similar and the ordering of the models

the same(smaller is better).

Table 1 provides a summary of the model comparison using DIC. Com-

parison of the full model (1) with the model (2)(in which the regression

coefficients for non residential and residential urban points are the same for

each species), model (3)(in which the regression coefficients for urban, non

resdiential and residential points are the same for each species) and model (4)

(where spatial variance, error variance and decay parameters are the same

for all land-use – thus giving rise to a Stationary setting) shows that under

each criterion, the full model is the best. We confine ourselves to analyses

under this model for the remainder of the paper.

4.3 Computation

For the posterior simulations, we use 100,000 scans of the hybrid algo-

rithm, where C̃
1
2 is computed using Cholesky factorization, the truncation

constant in the gradients of γ and ǫ is H = 50, and we obtain a Monte-Carlo

sample of size 10, 000 by subsampling every 10-th scan.

Theoretical results in Roberts, Gelman and Gilks (1997) and Roberts

and Rosenthal (1998) suggest that one should tune the proposal variances to

obtain acceptance rates around 0.23 for random-walk updates and 0.57 for
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Langevin-Hastings updates. The overall acceptance rates for the updates of

γ, ǫ and σ1
2, σ2

2, σ3
2, τ1

2, τ2
2, τ3

2, φ1, φ2 , φ3 were 0.70, 0.67, 0.34, 0.34, 0.34,

0.40, 0.39, 0.39, 0.43, 0.42, 0.42, respectively.

4.4 Posterior distribution

Posterior 95% credibility intervals for the {φj, σj
2, τj

2, j = 1, 2, 3} are in

Table 2. The regression coefficient parameters β1, β2, β3 corresponding to

standardized values of log(elevation), log(income), and an indicator function

showing whether a land was ever used in agriculture respectively for the 38

perennial species used in this study, are shown in Figure 2. This figure

has three rows for each of three land use-types and three columns, each

for the three covariates. Each panel in this fugure displays the regression

coefficient from the first through the 38th species. We note that the regression

coefficients have very small posterior variance(thereby yielding almost a dot-

like representation with respect to the scale of the Figure) and are somewhat

varied over the 38 species. The regression coefficient for elevation varies

over the 38 species most of all for the nonresidential points(Panel (c)). The

regression coefficient for the indicator function (whether a land was ever used

for agriculture) also varies over the 38 species most of all for the nonresidential

points (Panel (c)).

[Figure 2 about here.]

4.5 Prediction of Species Intensity and Species Preference

We are interested in mapping the intensity λij
(k)of two perennial species,

Larrea tridentata(one of the most common sonoran desert species) and Pen-

nisetum setaceum(one of the few introduced urban species that also thrives

in the desert). The log of the median and the standard deviation spatial

18



surfaces are given in the 1st and the 2nd columns of Figure 3 respectively,

for Larrea tridentata in the upper panel and for Pennisetum setaceum in

the lower panel. Note that lighter means lower value. In Figure 3, the

highest intensity of Larrea tridentata is seen to be in the desert area, as ex-

pected. Also, Larrea tridentata is clearly a more abundant species in all land

use when compared to Pennisetum setaceum, which occurs rarely(indicated

by very low log intensities). The prediction errors Yij − med[λij
(k)] versus

log(med[λij
(k)]) of Larrea tridentata are displayed in the upper panel and

3rd column of Figure 3 and for Pennisetum setaceum in the lower panel and

3rd column of Figure 3. We observe that the prediction uncertainty is large

whenever med[λij
(k)] is large – as expected for Poisson likelihood.

[Figure 3 about here.]

For testing model prediction, we choose three spatial locations from each

of the three land use types. The observed values and the 95% prediction

intervals are presented for these locations, sji
, i = 1, . . . , 3 – one from the

desert(spatial location 1), one from urban residential(spatial location 73) and

another from a non-residential urban location(spatial location 120). The ob-

served count is denoted with a circle. The predicted interval is denoted with

a line that joins the upper and lower bound of the interval. For the desert

location in the upper panel of Figure 4, the first two species clearly highly

dominate in count. Although the actual values are smaller than the lower

bounds of the predicted intervals, the prediction intervals indicate a high

value of those two species. Since we are more interested in predicting the

non-zero counts in terms of species preference, these two prediction intervals
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point towards the two species that highly dominate over others at this loca-

tion. Note that all the rest of the species have very short prediction intervals

and most of the observed counts are covered by these intervals(most of the

counts being equal to zero). From the same point of view, we fail to see such

precision of inference for the residential point (Figure 4, middle panel) and

the non-residential point (Figure 4, lower panel) , since many of the predic-

tion intervals are wide, even when the actual count is actually zero(though

the observed count is covered by most of these prediction intervals as well).

The loss of precision follows from the larger variation and hence less “pre-

dictability” in the urban area. However, many of these observed zero counts

are predicted using prediction intervals restricted to zero only. In terms of

precision, we see that prediction at the non-residential point yields more pre-

cision than the residential point. Hence these prediction intervals rule out

quite a few species from the most likely set of species that could dominate at

a given point in the range of our study-area. We thus note that these predic-

tion intervals are more “conservative” for inference about species-preference

when the non-zero counts are of interest.

[Figure 4 about here.]

4.6 Inference on Species Diversity and Species Richness

There is a considerable literature on diversity measures. See the summary

discussion in Kempton (2002). For illustration, we work with the Shannon-

Weiner form of index which in our case takes the form

exp

{

−

K
∑

k=1

(

λj(sij)
(k)

∑

k λj(sij)
(k)

log
λj(sij )

(k)

∑

k λj(sij )
(k)

)}

(6)
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where K is the number of species. Note that (6) is maximized at
λj(sij

)(k)

P

k λj(sij
)(k) =

1
K

and equals K in this case. It is minimized if
λj(sij

)(k)

P

k λj(sij
)(k) → 1 for some k

and tends to 1 in this case. Hence (6) is scaled to the number of species.

The interpretation which is attached to (6) is that it will be large if

many species are equally likely to co-occur in location sij . In our case the

Shannon-Weiner diversity metric is given in the posterior median and pos-

terior standard deviation surfaces (Figure 5, 1st row, 1st and 2nd columns,

respectively). We note that higher diversity is noticed in the urban area.

[Figure 5 about here.]

Another important aspect of inference on species diversity is species rich-

ness. The observed species richness in location sij is
∑K

k=1 1(Yij
(k) > 0).

Again, this is purely a descriptive summary. Regression models have been

used to explain these observed richness values using environmental features

and enable interpolation to unobserved sites. See Guisan and Zimmerman

(2000) in this regard. Under our model, the analogue at location sij is the

posterior distribution of E
(

∑K
k=1 1(Yij

(k) > 0)|y
)

=
∑K

k=1 P (Yij
(k) > 0|y)

=
∑K

k=1 E(1 − e−λij
(k)

|y) = K −
∑K

k=1 E(e−λij
(k)

|y).

Using the posterior mean across spatial location we can create a posterior

potential richness surface by plotting K −
∑K

k=1 E(e−λij
(k)

|y) versus sij and

the posterior median richness and the posterior standard deviation of richness

are given in the 2nd row of Figure 5, in the 1st and 2nd columns, respectively.

Under our modeling, species richness can only be inferred within the domain

of the study and is only relative to the set of species which have been modeled.
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Appendix

Proof of Corollary 2

To see this, observe that with the notations of Theorem 1, k = p, the number

of land use categories, and the “cross-covariance” matrix defined in 2 and 3

is the matrix Mπ π where π correspond to those set of rows/columns corre-

sponding to all possible Cl ⋆Cl(si−sj) where {si, sj} is not contained in land

use type l.

[Table 1 about here.]

[Table 2 about here.]
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Figure 1. Map of landuse and spatial locations (upper panel), log(elevation)
measured in meters(mid panel) and log(income per capita) measured in dol-
lars(lower panel)
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Figure 2. Posterior 95% credibility intervals for regression coefficients
βelevation (left), βincome (middle) and βever in ag. (right) for (a) desert (b) resi-
dential (c) nonresidential land use across 38 plant species.
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Figure 3. From top to bottom, posterior median med[λij
(k)] and prediction

errors (Yij − med[λij
(k)]) versus log(med[λij

(k)]) for Larrea tridentata (left
panel) and Pennisetum setaceum(right panel)
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Figure 4. 95% posterior predictive intervals for the counts of each of 38
species in 3 hold-out locations: (a) Desert (b) Residential (c) Nonresidential
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Figure 5. Posterior predicted median of Shannon Weiner Diversity met-
ric(SWDM)(top left); posterior predicted standard deviation of SWDM(top
right); posterior predicted median of species richness(top left); Posterior pre-
dicted standard deviation of species richness(top right);
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Table 1

Model Comparison with DIC

# independent θ = {λj
(k)} θ = {log(λj

(k))}
models parameters pD DIC pD DIC

(1) Full 465 -63591.4 -125559.8 -638748.7 -700717.0

(2) βresidential
(k)

= βnonresidential
(k) 313 0.0053 -61590.16 0.0057 -61590.16

k = 1, . . . ,K

(3) βdesert
(k)

= βresidential
(k)

= βnonresidential
(k) 161 0.0252 -46159.14 0.0370 -46159.12

k = 1, . . . ,K

(4) Stationary 459 -63512.8 -125460.2 -638727.5 -700648.3
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Table 2

Posterior median and 95% credibility intervals for variance and spatial

correlation.

Quantiles
Parameters 2.5% 50% 97.5%

Decay parameter

φdesert 0.026 0.635 3.897
φresidential 0.022 0.688 3.722

φnonresidential 0.028 0.724 3.798

Spatial variance

σdesert
2 0.173 0.590 4.099

σresidential
2 0.180 0.614 4.145

σnonresidential
2 0.178 0.595 4.562

Error variance

τdesert
2 0.178 0.567 3.907

τresidential
2 0.191 0.585 3.043

τnonresidential
2 0.189 0.579 3.518
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