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Abstract

Mathematical population models are constructed basedon plausible explicit and
implicit biological assumptions. While it is easyto incorporate explicit assumptions
correctly in the models, those implicit onesare often ill treated or forgotten. Indeed,
this happensto somewell known modelsin the literature and examplesof such will
be mentioned and discussed. For a model to be logically credible, we must do our
best to ensurethat all assumptionsare incorporated correctly and consisterily. To
this end, we exam a simple set of criteria proposedby Arditi and Michalski in 1996.
For patchy models, we add an additional criterion to their list. We also add some
important criteria in other speci ¢ situations and commert on modelling of single
speciesgrowths. Following criteria of Arditi and Michalski and other well accepted
biological assumptions, we introduce some interesting three dimensional predator-
dependent (ratio-dependert) population models. We also discussvarious aspects of
modelling population °uctuations.

Key words: Logical consistence,predator-prey models, ratio-dependen predator-prey
model, logistic equation, time delay, patchy model.

AMS(MOS) Subject Classi cation(2000) : 92D25,92DA40.

Running head: Properties of population models

"Work is partially supported by NSF grant DMS-0077790



1 Intro duction

The most important aspect of model designis to make sure that the perspective models
can exhibit well known properties of the system. These properties may be explicit or
implicit. The mathematical analysisof early stage models can reveal hidden properties of
such modelsthat may or may not agreewith thesewell known properties. A discrepancy
can often point out ways for the modi cation of suc models. In other word, modelling
is frequertly an ewlving process. Systematic mathematical analysis can often lead to
better understanding of the plausible models. The exposed discrepanciesin turn lead
to the necessarymodi cations. The nal model should, ideally, free of any signi cant
discrepancies. The analysisof the nal model can thus be expectedto reveal important
and nortrivial insights of the system.

In the last few decadesjnterest hasbeengrowing steadily in the designingand studying
of mathematical modelsof population interactions. There is a tendencyamongmathemati-
cians to rush into the analysis of a existing model without knowing the badground or
motivation of such model, or rush into the nal modelsand indulge in the analysisof cer-
tain mathematical properties of sudh models. On the other hand, biologists may take pain
to designand justify their models but give no or very limited analysisof their models. In
the former case,if the motivation of the model is not appreciated, the analysismay not
cortribute to the understanding of the desiredaspects of the model. If the model is not
well posed,then analysismay not gain any real understandingof the system,indeedit can
often lead to misleading ndings. In the casethat not enoughanalysisis carried out for a
well motivated and plausible model, the resultsis no or minimum insights gained. This can
leave readerswonder what is the purposeof introducing those modelsin the rst place.

Mathematical population models can take many forms. Depending on the time scale
and spacestructure of the problem, it can be modeled by di®erenceequations, ordinary
di®erenial equations,delay di®erenial equations,or partial di®erenial equations,or the
conbination of these equations. When necessaryrandom e®ectscan be consideredin all
those equations. A hallmark of mathematical modelling processis that for ead speci ¢
motivation, there can often be se\eral plausible modelsto chose. The nal selectionoften
dependson the nature of the problemto be modeledand the researbers'sexpertise of the
various forms of di®erenial equation models, computational skills and other badgrounds.
In situations when no obvious choicescan be made, it is important to consideras many
plausiblemodelsaspossibleto distinguish model speci ¢ propertiesfrom model independeri
ones.

Clearly, to gain a deepunderstandingof the mathematical aspectsof the problemand to
yield nontrivial biological insights, we must take pain to construct biologically meaningful
and mathematically tractable models. Clearly, this requiresthe expertise of both mathe-
matics and biology. Ideally, this should be carried out as collaboration of mathematicians
and biologists. Howewer, this is not always the case. Often mathematicians are working
alone or working with mathematicians. Ditto for biologists.

The purpose of this paper is to provide some practical and important criteria (new



and old) that should be met by any plausible population models. Thesecriteria can guide
model designersaway from many commonpitfalls. Howewer, it should be stressecherethat
ultimately, it is the deepappreciation of the badkground and motivation of the systemthat
yield good mathematical modelsand provide guidanceto good mathematical questionsand
solutions.

This paper is organizedas follows. In the next section, we provide somesimple and
e®ectiwe criteria to ensurelogical consistencan the models (with explicit and implicit as-
sumptions). The third section provides a set of criteria to be obsened by most models
involving predator-preytype interactions. The fourth sectionpreseris somenew and plau-
sible three dimensionalpopulation modelsthat satisfy the criteria cortained in the previous
sections. These models are expected to provide rich dynamics of population interactions
that often obsened in the eld. In the last section,we brie°y discussthe various aspects
of modelling population °uctuations. Speci cally, we provide a heuristic ordering of impor-
tance of the many deterministic factors whosepresencemay causepopulation to °uctuate.

2 Logical Consistence

Considerthe problem of modelling the interaction of two competing preysand onecommon
predator. The following model is introducedin Leon and Tumpson (1975) appearsto be
plausible:
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The initial valuesare assumedto be nonnegative. The above model has appearedalsoin
Vandermeer(1993).

If N; and N, are idertical species,thenr; = r, = r;cp = ¢ = Cja; = a, = a;K; =
K, =K:b=b =be =6 =e:Let N = N;+ Ny, then the model that consisten with
(1.1) should take the form
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If model (1.1) is a logically sound one, it should reduceitself to (1.2) in this situation.
Howe\er, this is not the case,instead, it becomes
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Arditi and Michalski (1996) thus point out that internal consistenceof a theory of
trophic interactions requiresthat model equationsof sud systemsobey somebasiclogical
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conditions.

2 Criterion 1. The equations must be invariant under identi cation of iden-
tical species.

2 Criterion 2. The system of equations for a food web must separate into

indep endent subsystems if the community splits into disconnected sub-
webs.

While thesetwo criteria seemto easyto be satis ed, many models in the literature
failed to do so. The previousmodel is just one of many sucd models. A logically consisten
model of the two prey-onepredator interaction may take the form
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Well, is this a good model now? It appearsto be soif model (2.2) is sound. So, the
guestion becomes:is model (2.2) a good predator-prey model? Unfortunately, there is no
de nite answer to this question. Indeed, such question brought a somewhatemotionally
charged debate among theoretical biologists in the last seweral years and the debate is
still lingering (seeAbrams and Ginzburg (2000), Berryman et al.(1995) and the references
cited). We will return to this in the next section.

We now turn our attention to patchy models. The following predator-prey systemin a
two-patch environment was introducedand investigatedby Kuang and Takeudi (1993):

8

3 X} = xi0u(X2) i ypu(X1) + "(X2i X1)

5 X8 = XaGe(x2) i YPa(X2) + "(X1i X2) (2.5)
©y0 =yl s(y) + cpa(X1) + Copa(X2)]:

whereg;(X;); pi(x;) and s(y) are cortinuously di®erettiable functions. Herex;(t) represeis
the prey population in the i-th patch, i = 1, 2 at time t ;, 0. We think of patcheswith a
barrier only as far asthe prey population is concerned,whereasthe predator population
has no barriers between patches. Thus y(t) stands for the total predator population for
both patches. The following are assumptionsfor the involved functions.

(H1): g(0) > 0; gXx;) < 0;thereis aK; > O suc that g(K;) = 0;i = 1; 2.

(H2): pi(0) = O; p(x;) > 0; i = 1; 2:

" is a positive constart that can be viewed as the dispersal rate or inverse barrier
strength. It is assumedhere that the net excdhangefrom the j-th patch to i-th patch is
proportional to the di®erencex; i X; of population densitiesin ead patch.

(H3): s(0) > 0;sYy) ., O:

G > Ois the corversionratio of prey into predator.
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Imagine that thesetwo are idertical patches,then x; = X5;C; = G;p1 = P2; 01 = Q!
Letting X = X1;0= @1;Pp = P1;C= C;; then the above model is reduceto

8
< 0 — .
><0 xg(x) i yp(X) (2.6)
y" = yli s(y) + 2cp(x)]
Howevwer, this is not what we expected. The expected model in suc caseis
8
< 0 — .
0= xg00i ye(9 27)
Sy? = ylios(y) + epx)l:
A more plausible model may take sud form:
8
3 X = xaOu(X2) i yXapa(X1;X2) + (X2 i X1)
5 X0 = XaQa(X2) i yXaPa(X1iX2) + "(Xvi X2) (2.8)
©y? =yl s(y) + caxapi(X1; X2) + CoXaPa(X1; X2)];

where pi(X1;X2) = P(Xy + ¢X,) for somefunction P and someconstart ¢;: For example,

Pi(X1;X2) = @=(1+ X1+ X2):
The above examplelead us to proposethe following criterion:

2 Criterion 3. The equations must be invariant under identi cation of iden-
tical patc hes.

There are many situations where one needto subdivide a population into classessud
asjuvenile and adult classesinfective and susceptibleclassesnormal cellsand tumor cells,
plasmid-bearing and plasmid-free classesor microorganism, etc. For sud kind models,
it is often assumedthat these classessharea commongrowth limiting resource. In sud
situation, it is often necessaryfor the model equationsto satisfy the following criterion.

2 Criterion 4. When a species is divided into classes, the crowding e®ect
should be a function of the total species population density or weighted
sum of these classes.

Simpleasit appears,the above criterion is often violated in the modelsappearedin the
literature.

For example,the following model of a host-phagesystemis proposedby H.J. Bremer-
mann (Bremermann (1983)).

M f
PO = e 11 20 kswpw

dl (t)
Cdt
dP(t)
Cdt
Here S is the density of healthy bacteria and | is the density of infected bacteria and P
the density of viruses. One can seethat sincethe infected bacteria are competing with the

KS({t)P(t)i ,I (t) (2.9

bI(t)i P (t):
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healthy bacteriafor resourcethe growth function for S shouldbe ®S(t)(1; (S(t)+1(t))=C);
insteadof ®S(t)(1j S(t))=C): A similar but more plausiblemodel is introducedand studied
in Beretta and Kuang (1998a). An even more realistic model of suc systemis proposed
and investigatedin Beretta and Kuang(2001).

To endthis section,we want to point out that caution needto be exercisedwhen using
logistic equationto model a resourceor a single speciesgrowth. The logistic equation, in
its commonform

x°=rx(li x=K)=rxj (r=K)x? (2.10)
can be highly misleading (Ginzburg (1992)). For example,someresearbers mistake r as
the birth rate (for a example, seethe deterministic parasite-hostmodel in Ebert et al.
(2000)). In reality, it is the birth rate minus natural death rate. In order to avoid suc
error, a prudent way to formulate the growth of a population is to idertify its birth and
death medanisms(seeTurchin (2001)). Simply put, the model in generaltakesthe form

x°= B(x)i D(X); (2.11)

where B (x) describesthe birth term and D (x) descritesthe death term. In general,this
(birth and death) approad should be adopted when formulating multi-speciesmodels.

3 Predator-Dep endence vs. Prey-Dep endence

Predator-preyinteraction and competition are often viewed asthe two main building blocks
in mathematical population models. When speciescompete, they often compete for growth
limited resources. When these resourcesare explicitly modelled (this is often necessary
if we are to understand the more delicate dynamics of population interactions), a simple
competition interaction maybe expandedas a multiple speciespredator-prey interactions.
This suggestdhat predator-preyinteraction is in fact almostthe only and thusthe dominart
interaction in population dynamics. Naturally, the modelling of predator-prey interaction
ertails much careand indeedenduredmuch debates(Abrams and Ginzburg (2000), Skalski
and Gilliam (2001)).

Accordingto Berryman et al.(1995), credibleand simple predator-preyshouldin general
possessomeminimum biological and ecologicalproperties. In brief terms, they are:

2 A: there is negativ e e®ect of predators on prey;
2 B: there is positiv e e®ect of prey on predators;

2 C: predators must have nite appetites and nite per-capita repro ductiv e
rates;

2 D: when resources are low RELA TIVE to population density, the predator
per-capita growth rate should decline with its density.

We may also add the following obvious property (positivity and dissipativity) to the
above list.



2 E: solutions of positiv e initial conditions should stay positiv e and eventu-
ally uniformly bounded.

Property B, while intuitiv e, fails if we also model the physiology make ups of the prey
and predator and keeptrack of nutrient elemens (sudh asPhosphorousand Nitrogen). Sud
stoichiometry basedpredator-prey model (Loladze, Kuang and Elser (2000)) can exhibit
negative e®ectof prey on predators when a sharedelemen is in short supply. For sud
models, seweral predator can coexist on a single prey (Loladze, Kuang, Elser and Fagan
(2002)) in the form of stable steady state. Property B alsofails when prey can form group
defense(Freedmanand Wolkowicz (1986)).

It is easyto seethat model (2.2) satis es properties A-C, and E. Howeer, it fails to
satisfy property D. This is becausehat the predator per-capita growth rate takesthe form
of eaN=(1 + bN) j d; which is independer of the density of P: Hence,the predator per-
capita growth rate will NOT declinewith its density even if resourceis low RELATIVE to
the predator population density.

Arditi and Ginzburg (1989) have suggestedhat, in situations characterizedby strong
spaceand time heterogeneitiesthe functional responsecan be appraximated by a function
of the prey (x)-to-predator (y) ratio (x=y). This function canbe approximated by Michaelis-
Menten-Holling form(so-calledratio-dependen form)

as _  ax
b+s by+x’

Howeer, through formal medanistic derivations, one often arrive at the more general
and realistic Beddington functional responseof the form (Beddington (1975), Huismanand
De Boer (1997), Cosneret al. (1998))

ax ax=y

by+ x+c b+ x=y+ c=y

or the so-calledHassell-\arley functional responseof the form (Cosneret al. (1998), Skalski
and Gilliam (2001))

aX
bx+ym; ;m 2 (0; 1]

Following Huisman and De Boer (1997), | shall call models employing predator-depending
predator functional response(s)as predator-dependert models.

Generally a predator-dep endent predator-prey model takesthe form of

8
< x%= xg(x=K) i yP(x;y);x(0) > 0;

3.1
yo=cyP(x;y) i dy;y(0) > O: &
When P (x;y) = p(x=y); we call model (1.4) (strictly) ratio-dep endent.
The traditional (or prey-dep endent) model takesthe form
8
< 0— — . . .
X°= xg(x=K) i yp(x);X(0) > O, (3.2)

y°= cyp(x) i dy;y(0)> O:
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One can seethat predator-dependert modelsdo possesproperties A-E while the prey-
dependen oneslack property D.

Mathematically, we may think both the traditional prey-dependert and ratio-dependert
modelsaslimiting casefthe generalpredator-dependert ones(Beddingtontype or Hassell-
Varley type functional responses).

It turns out that, in many aspects,the ratio-dependert modelsactually provide the rich-
estdynamics,while the prey-dependern onesprovide the leastin dynamical behavior. Since
the ratio-dependert form use one lessparameter than the generalBeddington or Hassell-
Varley type functional responsesit is viewed by many biologistsasa viable and sometimes
preferredalternative to the traditional Holling type Il functional response. Howewer, asto
be expected,when confrorted with real data sets,both Holling type Il and ratio-dependert
functional responsesdo not fare well compareto those more generalfunctional responses
(Skalski and Gilliam (2001)).

Until very recenly, both ecologistsand mathematicians choseto ignore the rich dy-
namicsprovided by the strict ratio-dependent models, especially that on the boundary and
closeto the origin (the origin is a singular equilibrium, which rendersdirect local stability
analysisimpossible). Someresearbers regard sud interesting dynamics as \pathological
behavior". This is, howewer, a seriousmistake. Emergingempirical and theoretical evidence
(e.qg., Akcalkaya et al.(1995)) suggestghat sud \pathological behavior" is not only realis-
tic, but the lack of suchdynamicsin prey-predator madelsactually makesthem patholagical
in a biolagical sense’ Recen e®orts( Kuang and Beretta(1998), Kuang(1999),Hsu et al.
(2001), (2001a),Xiao and Ruan (2001)) shaw that the presuppsed\pathological behavior”
of solutionsare not pathologicalat all. To seethis point more clearly, considerthe following
exampleof \pathological behavior". For ratio-dependert model, even if there is a positive
steady state, both prey and predator can still go extinct (Kuang (1999)). The extinction
(i.e., the collapseof the system)may occur in two distinct ways. In oneway, both species
becomeextinct regardlesof the initial densities. In the other case,both specieswill die out
only if the initial prey/predator ratio is too low. In the rst case,extinction often occursas
a result of high predator exciency in catching and/or corverting prey biomass. The second
way has many subtle and interesting applications. For example,it indicatesthat altering
the ratio of prey to predatorsthrough over-harvesting of prey species,or over-stocking of
predators may lead to the collapseof the whole systemand the extinction of both species.

According to Arditi and Michalski(1996), a possiblegeneralizationof this responseto
an arbitrary food web is

P r (i) r)
& k2R(i) &iXg . X j Xi i) .
X0 = f1(Xpasa)Xi + por®) i I-’a1 : ,(j)XjC(') i tixir (3.3)
X+ kar() KiXg i2c) Xi t k2r() i Xk
Here, two set of interrelated auxiliary variablesare used:
c(i) ri)
Xif(J) = p i mOReE Xjf:(l) = 5 ij A ok (3.4)
k2c (i) Mik Xy k2R(j) Mkj Xy



whereR(i) is the set of all resourcesof speciesi; C(i) is the set of all consumersof species
I:X pasal 1S the vector of abundancesof all basalspecies(thosethat have no resources).n is
the relative preferenceof consumerx; for resourcex; (among other resourcespecies),and
mj is the relative competition exciency of consumerx; (among other predator species)
for resourcex;. Roughly speaking, xir(” is the part of speciesx; that is currently being
accesseds a resourceby speciesx;, and xf(i) is the part of speciesx; that is currertly

acting asa consumeron speciesx;. Note that x|’ andx™" are dened in a nestedmanner.
Thesenesting equationsactually descrike the competition relations of predators compete
by sharing their prey inter- and intraspeci cally. The precisevalues of xir(” and ch(i) can

not, usually, be written as simple explicit functions of densities.

4 Some Ratio-Dep endent Multiple-Sp ecies Population
Mo dels

It canbe seenthat the generalmodel proposedby Arditi and Michalski(1996)is complicated
in nature, and may not admit explicit expressionwhen there are more than four species
involved. Howewer, in the caseof simple food chain, this is straightforward. It takesthe
following generalform.

8
< xP o= xilfi(xi a3x) i G(Xi=Xie)]; 4.1)
Xﬁ = ann(xni 1:Xn);
wheei=1;::nj L,n> 2,x0 = K:
More speci cally, we can considerthe speci ¢ case
8 M 1
X 1 myxy
t)y = 1i — | — ;
%XO() o K ' '1?1)/"')(
My Xy m,yz
gy°() T ATy (4.2)
) = D gz,
pZtYy

where x; y; z stand for the population density of prey, predator and top predator, respec-
tively. Fori = 1;2;";;m;;a;d are the yield constarts, maximal predator growth rates,
half-saturation constarts and predator's death rates respectively. r and K, as before, are
the prey intrinsic growth rate and carrying capaciy respectively. Obsene that the simple
relation of thesethree species:z prey ony and only ony, andy prey on x and nutrient re-
cycling is not accourted for. This simplerelation producesthe so-calledsimple food chain.
A distinct feature of simple food chain is the so-calleddomino e®ect: if one speciesdies
out, all the speciesat higher trophic levelsdie out aswell. This model hasbeenstudied by
Hsu et al. (2002). In turns out ratio-dependen food chain indeedpossessesch and novel
dynamics. For example,it can have three coexistert attractors.

Other manageablecaseqrequire careful computations) include two preys-onepredator
and one prey-two predators models.



One prey species shared by two predator species: The ratio-dependert model
takesthe form

8 H x 1 C1Xu CoXmv
X0 = rx 1i — ! ' 2
u K éa)((:-)k(uwmv bx+ u+ mv’
W= ujd+—2 (4.3)
m ax+ u+ mVﬂ
0 €,CX
VO = v jdt ———
bx+ u+ mv

Herethe meaningsof r; K are obvious and ¢;; ¢, are catching exciency constarts. m is the
relative exciency of v with respect to u. c;=a;c,m=b descrikesthe maximum per-capita
catching rate for u;v respectively. e;; e, are corversionrates and d;;d, are death rates.
This model hasbeenstudied by Hsu et al. (2001a).

In the processof deriving the above model, we made use of the obvious fact that

c(x)
us®) = y:ve®) = vy, This leadsto x"(W = U X = PaUx and x'V) =
PLUc) + pove®  piu+ pzv

PV X _ pavX

PLUC) + pve®) T piu+ pov _ _
If we are opt to use Beddington type functional response,than the above model may

take the following more generalform

for somepositive constans py; p:

8 WO = rxuli Xﬂi C1XU _ CoXmv
% u K a>é+CI)J(+ mv¢® bx+ u+ mv+
PEouidit o (4.4)
g H ax+ u+ mv+ @’
VO = v | dt 20X ;

bx+ u+ mv+

The analysison the ratio-dependert one prey-two predator model revealssomevery inter-
estingdynamics. While competitiv e exclusionprinciple still hold for most parametervalues
for the competing predators, it is very often that we seeboth can go extinct as either the
result of the parametervaluesor the selectionof initial data. For someparameter values,
coexistenceis indeed possible. Many other interesting dynamics can be shovn through
carefully designedcomputer simulations. Theseresults are reported in Hsu et al. (2001a).

Tw o prey species comp eting for the same resource (implicitly) predated by
one predator species: The strict ratio-dependent model takesthe form

8
0 Hou+ vﬂ c u?
u’ = rqu 1j
% " K ." (ax+ u+ mv)(u + mv)
u+v com2v?
V0 = rpv 1 i X : (4.5)
% " K (ax+ u+ mv)(u+ mv) q
cLu? c,m?v?

(ax + u+ mv)(u+ mv) ¥ (ax+ u+ mv)(u+ mv)

Herethe meaningsof ry;r,; K; ¢; ¢;; €1; €; d are obvious from the previousmodel. m is the
relative preferenceof the predator on v with respectto u. This model is yet to be studied
in detail. But it is expected that the predator may mediate the coexistenceof the two
competing prey species.
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One can also usethe Beddington functional responsein the above model. This should
result

8
0 - Hoou % : iU’ .
u> = riuly — j X )
K q (b+ ax+ u+ mv)(u+ mv)
0 o u+v com?v?
VO o= rv 1 —— X ; (4.6)
% " K (b+ ax+ u+ mv)(u+ mv) q
e1c U2 comA2v2
550 = x id 1C1 €2C2

+ + .
(b+ ax+ u+ mv)(u+ mv) (b+ ax+ u+ mv)(u+ mv)

One of the underlying fundamertal biological questionfor the above models((4.3)-(4.6))
is, how the invasion of a competing prey speciesor a predator speciesa®ectan existing
predator-prey interaction? This is, of course,a very general question that can only be
answered under more speci ¢ conditions. Mathematical analysisof proper models should
enableusto pin down someof theseconditions.

5 Mo delling Population Fluctuations

Although about 90% population in nature do not exhibit sustainableoscillation (Kruk onis
and Sda®er(1991), Kendall et all (1998)), we tend to pay more attention to thosedo and
often try to model such a behavior. There are four typical approadiesfor modelling such
behavior: (i) introduce more speciesinto the model, and considerthe higher dimensional
systemg(lik e predator-preyinteractions, May(1974)); (i) assumethat the per capita growth
function is time dependen and periodic in time; (iii) take into accoun the time delay e®ect
in the population dynamics(Smith and Kuang (1992), Zhao et al. (1997)); (iv) taking
into accournt the random e®ectin the nature. Generally speaking, approad (i) is rather
arti cial, while (ii), (iii) and (iv) emphasizeonly oneaspect of reality. Although all of them
are good medanismsof generatingperiodic solutions(and thereforeo®ersomeexplanations
to the often obsened oscillatory behavior in population densities),it doesnot give us much
insight aswhich is the real generatingor dominating force behind the oscillatory behavior if
only one of sudh medanismis considered.Naturally, more realistic and interesting models
of single speciesgrowth should take into account both the seasonaly of the changing
ervironment and the e®ectsof time delays.

Existing results on the existenceof periodic solutionsin periodic di®erenial equation
population models suggests(Gopalsany et al. (1990), Li (1999), Li and Kuang (2001),
Kuang (1993), Tang and Kuang (1997) Zhang and Gopalsany (1990)) that when strong
seasonaforceis in action, regardlessthe length of time delay and many other factors, it
is often the primary factor causingnotable population °uctuations. In addition, in sud
casesthe °uctuation is often quite robust and syndronizeswith the season.When seasonal
e®ectis weak or absert (this is often the caseif the unit of time is long), but delay length
is signi cant, then delay may be the primary sourceof destabilization. Indeed, signi cant
delay can often lead to chaotic population behavior. In sud cases,the stability of any
°uctuation is often not clear. Indeed, there are often numerousperiodic solution coexist.
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If both the seasonak®ectand time delay are signi cant, then seasonabehavior can still
be obsened (Li (1999),Li and Kuang (2001)). In this case,an important issueis whether
or not cyclesof multiple seasonsexist and if they exist, what causesthat. Time delay
can well be a suspect. In casesboth seasonalke®ectand time delay are insigni cant, the
causeof °uctuation may well be the result of predator-prey interactions of the system. Of
course,to produce periodic solutionsin sud models, it is often necessaryto assumethat
the predator functional responsesare of Holling type Il or III forms, or other more general
predator-dependent forms. In thesecasesthe °uctuations are frequertly robust.

In the caseof discrete population models (modelled by di®erencesquations),sud kind
of ordering of the causeof °uctuation is nonexistert. The reasonis that in discretemodels,
both time delay and seasonak®ectare often automatically built into the equations. This
can explain why discretemodels are sorich in dynamics (Kot (2001)).

To summarizethesediscussionwe may suggesthe following statemens assimpleguide-
linesin selectingthe more suitable model equationsfor oscillatory population dynamics.

Criteria for modelling population °uctuation

2 Criterion 1. When population °uctuation synchronizes with the season, a
perio dic di®erential equation model should be considered.

2 Criterion 2. When the period of population ‘uctuation di®ers from the
season period, and time delay is not negligible, then a delay di®erential
equation model or di®erence equation model should be considered.

2 Criterion 3. When seasonal e®ect and time delay e®ect are both negligible,
then predator-prey interaction may be the catalyst of population °uctua-
tion. In such cases, predation pro cessesshould be explicity modelled.
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