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1. INTRODUCTION

The dynamic relationship between predators and their prey has long been and will
continue to be one of the dominant themes in both ecology and mathematical ecology due
to its universal existence and importance [1]. These problems may appear to be simple
mathematically at first sight, they are, in fact, often very challenging and complicated.
Although the predator-prey theory has seen much progress in the last 40 years, many long
standing mathematical and ecological problems remain open (Berryman {1}, Kuang and
Freedman [2], Kuang [3-6], Beretta and Kuang [7]).

A milestone progress in the study of predator-prey interactions was the discovery of the
now well known ‘‘paradox of enrichment’’ by Hairston et a/. [8] and by Rosenzweig [9],
which states that according to the Lotka-Volterra type predator-prey theory (with
Michaelis-Menten-Holling type functional response) enriching a predator-prey system
will cause an increase in the equilibrium density of the predator but not in that of the prey,
and will destablize the community equilibrium. Another similar paradox is the so-called
‘‘biological control paradox’’, which was recently brought into discussion by Luck [10],
stating that according to the classic predator-prey theory, you can not have both a low
and stable prey equilibrium density. Both these two paradoxes can be easily illustrated
by a standard local stability analysis for the following well studied Lotka-Volterra
type predator-prey model with Michaelis—-Menten (or Michaelis~Menten-Holling) type
functional response (Freedman [11])

dx
prie x'"=ax(1 — x/K) — cxy/(m + x)

(1.1)

% =y = y(-d + fx/(m + x))

where x, y stands for prey and predator density, respectively. a, K, ¢, m, f, d are positive
constants that stand for prey intrinsic growth rate, carrying capacity, capturing rate, half
capturing saturation constant, conversion rate, predator death rate, respectively. While
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many of the mathematicians working in mathematical biology may regard these as
important contributions that mathematics had for ecology, they are very controversial
among ecologists up to this day. Indeed, some ecologist may simply view it as a problem
(Berryman {1], Arditi and Ginzburg [12], Arditi and Berryman [13], Arditi and Saiah [14],
Getz [15], Hanski [16]). Indeed, the above predictions are simply not in line with
many field observations (Arditi and Ginzburg [12], Arditi ef al. {17, 18], Ginzburg and
Akcakaya [19]).

The controversial part is, of course, not the mathematical analyses of the model, rather,
it is the model itself. After all, the classical models are mostly variations of the Lotka
(a physical chemist)-Volterra (a mathematician) model which is the product of chemistry,
physics and mathematics. Specifically, it is the product of the (chemistry) principle of
mass action, (physics) laws of conservation, and (mathematics) elemental differential
equations. The missing link is, obviously, the biology content. We simply should not
equal or approximate all biological interactions by chemical reactions. Recently, there is a
growing explicit biological and physiological evidences (Arditi and Saiah [14], Arditi ef al.
[17,18]) that a more suitable general predator-prey theory should be based on the so-called
ratio-dependent theory, which can be roughly stated as that the per capita predator
growth rate should be a function of the ratio of prey to predator abundance, and so
should be the so-called predator functional responses (see below). This is strongly
supported by numerous field and laboratory experiments and observations (Arditi and
Ginzburg [12], Arditi et al. [17, 18], Hanski [16]).

Specifically, the standard Lotka-Volterra type models, on which nearly all existing
theory is built, assumes that the per capita rate predation depends on the prey numbers
only. An alternative assumption is that, as the numbers of predators change slowly
(relative to prey change), there is often competition among the predators, and the per
capita rate of predation depends on the numbers of both prey and predator, most likely
and simply on their ratio. Generally, a ratio-dependent predator-prey model takes
the form

x' = xf(x) — ypx/y)
1.2
y' = cyq(x/y) — dy
while the traditional (or prey-dependent) model takes the form
x' = xf(x) — yp(x)
(1.3)
y' = cyp(x) — dy.

Here p(x) is the so-called predator functional responses. Often, g(x) is replaced by p(x),
in which case ¢ becomes the conversion rate. p(x), g(x) satisfy the usual properties such as
being nonnegative and increasing, and equal to zero at zero.

A hybrid type of predator-prey model is the so-called Holling-Tanner (May [20],
Tanner [21]) predator-prey model which takes the form of

Il

{x’ ax(1 — x/K) - cxy/(m + x)
(1.4)

y' =dy(l - fy/x).
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