
Lectures 22, Th., Nov. 1, 2007

Reading homework: Sections 2.5-2.7 of the book of Waltman (A Second Course in
Elementary Differential Equations, Dover, 2004, $11.82 at walmart.com)

1. Limit point, set and Poincare-Bendixson Theorem. Omega (ω(x))
limit set.

Let x(t) = Φ(t, x) (x(0) = x) be the flow of the differential equation x′ = f(x),
where f ∈ C1(M,Rn), with M an open subset of Rn. Consider x ∈ M . The omega
limit set of x, denoted by ω(x), is the set of points y ∈ M such that there exists a
sequence tn→∞ with Φ(tn, x)→y. Similarly, the alpha limit set of x, denoted by α(x),
is the set of points y ∈ M such that there exists a sequence tn→−∞ with Φ(tn, x)→y.

Poincare-Bendixson theorem: Let M be an open subset of R2, and f ∈
C1(M,R2). Consider the planar differential equation x′ = f(x). Consider a fixed
x ∈ M . Suppose that the omega limit set ω(x) 6= ∅ is compact, connected, and con-
tains only finitely many equilibria. Then one of the following holds:

1. ω(x) is an equilibrium.
2. ω(x) is a periodic orbit.
3. ω(x) consists of (finitely many) equilibria {xj} and non-closed heteroclinic

orbits γ(y) such that ω(y) ∈ {xj} and α(y) ∈ {xj}.
The same result holds when replacing omega limit sets by alpha limit sets.

Since f was chosen such that existence and uniqueness hold, and that the system
is planar, the Jordan curve theorem implies that it is not possible for orbits of the
system satisfying the hypotheses to have complicated behaviors. Typical use of this
theorem is to prove that an equilibrium is globally asymptotically stable after using
a Dulac type result or an ad hoc argument (like the function Z = N + α1C for the
chmostat model) to rule out periodic orbits.

2. Dulac’s Criterion. Consider a system of ordinary differential equations
{

dx
dt = F (x, y), x(0) = x0,
dy
dt = G(x, y), y(0) = y0,

(2.1)

where F, G are C1 in a domain D. A non-constant solution to such a system, (x(t), y(t))
is periodic if there exists a constant T > 0 such that x(t) = x(t + T ), y(t) = y(t + T )
for all t. The period of this solution is the minimum of such T . A periodic orbit Γ
on a plane is called a limit cycle if it is the α-limit set or ω-limit set of some point
p not on the periodic orbit. Asymptotically stable and unstable periodic orbits are
examples of limit cycles. Periodic orbits can be asymptotically stable or unstable on
one side only.

The following system is a classical model for illustrating the existence of a limit
cycle.

{
dx
dt = αx− y − αx(x2 + y2), x(0) = x0,
dy
dt = x + αy − αy(x2 + y2), y(0) = y0,

(2.2)

where α > 0 is a parameter. Transforming to radial coordinates, we see that the
periodic orbit lies on a circle with unit radius for any α > 0.

dr

dt
= αr(1− r2),

dθ

dt
= 1.
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This periodic orbit is a stable limit cycle for α > 0 and unstable limit cycle for α < 0.
When α = 0, the system above has infinite number of periodic orbits and no limit
cycles.

Dulac’s Criterion: Let b(x, y) be a scalar function defined on a simply connected
region (implying that D has no holes in it) D ⊂ R2 . If ∂(bF )

∂x + ∂(bG)
∂y is not identically

zero and does not change sign in D, then (2.1) has no periodic orbits lying entirely in
D.

Proof. Assume there is a periodic solution Γ = {(x(t), y(t) : t ∈ [0, T ]} with
period T in D. Let S denotes the interior of Γ. Then

0 =
∫ T

0

(bFG− bFG)dt =
∮

Γ

(bFdy − bGdx) =
∫ ∫

S

∂(bF )
∂x

+
∂(bG)

∂y
dx dy 6= 0.

This contradiction proves the Dulac’s Criterion.

Dulac’s criterion is a generalization of Bendixson’s criterion, which corresponds
to b(x, y) = 1 in the above result. These criteria can be useful for showing that a
periodic orbit does not exist in a region of phase space.

If we apply Dulac criterion to the following Kolmogorov population model with
b(x, y) = 1

xy ,

{
dx
dt = xf(x, y), x(0) = x0 > 0,
dy
dt = yg(x, y), y(0) = y0 > 0,

(2.3)

then we can conclude that (2.3) has no nontrivial periodic solution if

1
y

∂f

∂x
+

1
x

∂g

∂y
6= 0.

In particular, if ∂f
∂x ≤ 0 and ∂g

∂y ≤ 0, then (2.3) has no nontrivial periodic solution.
This implies that both the Lotka-Volterra modified predator-prey with logistic prey
growth and competition models have no nonconstant periodic solutions.

3. Elementary Liapunov Stability Theory. This lecture is adapted from
Section 2.6 of Waltman, Second Course in Elementary Differential Equations, Dover,
2004.

The most often quoted Liapunov stability theorem in elementary differential equa-
tion textbooks and engineering applications take the form of

Theorem 3.1. Let V (x, y) be a differentiable function that satisfies
i). V (x, y) > 0, (x, y) 6= (0, 0),
ii). V (0, 0 = 0
iii). V̇ = dV/dt ≤ −kV
for some constant k > 0. Then every solution of

x′ = f(x, y), y′ = g(x, y)

satisfies

lim
t→∞

(x(t), y(t)) = (0, 0).
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This is a theorem with very limited application in mathematical biology, since
the hypotheses on iii) on V (x, y) is very strong and inconvenient. Here is a slightly
nontrivial application of this theorem. Consider

x′ = y − x, y′ = −y − x3.

and the function V (x, y) = (1/2)y2 + (1/4)x4. Then

dV/dt = x3y − x4 − x3y − y2 = −x4 − y2 ≤ −2V.

The above theorem applies, and all solutions tend to zero as t tends to infinity.
The more modern, popular and general Liapunov-LaSalle theorem presented be-

low, provides a setting appropriate for the applications in studying the global dynam-
ics of many interesting population models.

Let

x′ = f(x), x ∈ Rn. (3.1)

be an n-dimensional system of differential equations. Let f(x) be defined on G∗, an
open set in Rn, and let G be a subset of G∗. A function V (x) : G→R is said to be a
Liapunov function for (3.1) on G if
1. V is continuously differentiable at each point x ∈ G, and
2. V̇ = dV/dt|(3.1) = ∇ · V ≤ 0 on G.

The power of the Liapunov method is that the derivative of V with respect to
t can be computed along but without a knowledge of solutions of the differential
equation.

In order to state the celebrated Liapunov-LaSalle theorem, it is necessary to
introduce several definitions. First, a set Ω is said to be positively invariant with
respect to (3.1) if the trajectory through x0 ∈ G at t = 0 remains in Ω for all t ≥ 0.
Negatively invariant is defined by replacing t ≥ 0 by t ≤ 0. A set is invariant if
it is positively and negatively invariant. Critical points, for example, are positively
and negatively invariant; the set of points on a periodic orbit is also invariant. The
distance between a point p and a closed set A, both in Rn, is defined by

d(p,A) = min
x
{|x− p| : x ∈ A}.

Here | · | is a norm. Notice that a trajectory may approach a set of points without
approaching any specific point of the set as illustrated by the trajectories that spiral
toward a periodic trajectory (limit cycle).

The following Liapunov-LaSalle theorem is a special case of what is commonly
called the LaSalle corollary to the Liapunov stability theorem. (Note that G means
the closure of G.)

Theorem 3.2. (Liapunov-LaSalle) Let V be a Liapunov function for (3.1) on a
region G. Let E = {x|V̇ (x) = 0, x ∈ G

⋂
G∗} and let M be the largest invariant set

in E. Then every bounded (for t ≥ 0) trajectory of (3.1) that remains in G tends to
the set M as t→∞.

The proof of this theorem can be found in the popular reference book by Hale
(page 316, Theorem 1.3 in J. K. Hale, Ordinary Differential Equations, Krieger Pub-
lishing Co., 1980). We illustrate it with several examples.
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Consider

x′ = −xy2, y′ = −x4y. (3.2)

and let V = x2 + y2 and G = G∗ = R2. Then,

V̇ = 2xx′ + 2yy′ == −2x2y2(1 + x2) ≤ 0.

E = {(x, y) : x = 0or y = 0}, and all of Eis invariant. Therefore, M = E and every
bounded trajectory approaches a subset of the x- or the y-axis (or possibly both).

Consider the system

x′ = −y, y′ = −y + g(x). (3.3)

Here xg(x) > 0, x 6= 0. Let

V (x, y) =
y2

2
+

∫ x

0

g(s)ds

and let G = G∗ = R2. Then

V̇ = yy′ + g(x)x′ = −y2 + yg(x) + g(x)(−y) = −y2 ≤ 0.

Therefore, E = {(x, y) : y = 0}. Let (s, 0) ∈ M , the largest invariant set in E. Then,
for a trajectory through (s, 0) to remain in M, it must satisfy the system

x′ = 0, y′ = g(x) = 0,

since to remain in E it must be the case that y(t) = 0 and hence y′(t) = 0. By the
first equation, x′(t) = 0 or x(t) = C, a constant. Therefore, g(C) = 0, but the only
value of x where g(x) = 0is x = 0. Thus, the only invariant set in E is the point (0, 0)
and by the Liapunov-LaSalle theorem, all bounded solutions tend to the origin.

Sometimes the Liapunov-LaSalle theorem can be used to determine the region of
attraction for a critical point. Consider the system

x′ = −y, y′ = x + y3 − y. (3.4)

The only critical point is the origin. Let V (x, y) = x2 + y2 and compute

V̇ = −2xy + 2xy + 2y4 − 2y2 = 2y2(y2 − 1).

Therefore, V (x, y) will be a Liapunov function for (3.4) if |y| < 1. Consider the
interior of the level curve x2 + y2 = 1 (the largest level curve in the region |y| ≤ 1)
as the region G). Along any solution that starts in this region, V̇ (x, y) < 0 if y 6= 0.
The set E = {(x, y) : y = 0 or y = ±1} and M = {(0, 0)}; so all solutions that start
in G tend to the origin. Thus, G represents a set of points “attracted” to the origin.

In the next lecture, we will introduce a simple yet effective way of constructing
custom-made Liapunov functions for some popular population models.
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