MATHEMATICAL BIOSCIENCES http://www.mbejournal.org/
AND ENGINEERING
Volume x, Number 0x, x XxxXxXX pp. 1-4

SOME MECHANISTICALLY DERIVED FUNCTIONAL
RESPONSES

YaNG KuaNG

Department of Mathematics and Statistics
Arizona State University, Tempe, AZ 85287-1804

(Lecture note for Th., Oct. 25, 2007)

ABSTRACT. The purpose of this lecture note is to mechanistically formulate
Holling type II, Beddington-DeAngelis, and ratio-dependent functional re-
sponses.

1. Holling type II functional response. The previous section shows that logis-
tic growth model is a predator-prey model in disguise. However, in logistic growth
model, the total resource amount is constant, even though the amount of free nutri-
ent is dynamic. In addition, it is assumed that the nutrient can neither be produced,
nor destroyed.

In most models commonly labeled as predator-prey models, the preys or re-
sources are usually allowed to grow and die in highly dynamical ways. The simplis-
tic examples of such ways for growth dynamics include exponential growth for the
classical Lotka-Volterra predator-prey model,

d d
ditc = ax — bxy, d—z = cxy — dy, (L.1)
the logistic growth for Holling type II predator-prey model (also called Rosenzweig-

MacArthur predator-prey model)
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The death dynamics is usually dominated by the predation and such terms are
frequently expressed in the form of yp(z) and f(z) is called the predator’s functional
response function, or simply, functional response. In the Lotka-Volterra predator-
prey model, p(xz) = bz while in Holling type II predator-prey model p(x) = %.
This begs the question of how to mechanistically derive f(z). The so-called Gause-
type predator-prey model is a more general and also classical form for predator-prey
models (Gause 1934, Freedman 1980)

Y vg) o), Y= yota)—dy. (13)
In such form, g(x) is referred as the predator’s numerical response function, or sim-
ply, numerical response. In most of the existing model, ¢(z) = ¢p(x) where ¢ is the
conversion or yield constant. Both notions of functional and numerical responses
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are coined by Holling (1959), who studied predation of small mammals on pine
sawflies. He found that predation rates increased with increasing prey population
density. This resulted from two distinct effects: (1) each predator increased its
consumption rate when its prey density is increased, and (2) predator density in-
creases after prey density is increased. Holling considered these effects as two kinds
of responses of predator population to prey density: (1) the functional response
and (2) the numerical response.

Holling (1959) suggested a model of functional response which is often called
“disc equation” because Holling used paper discs to simulate the area examined
by predators. It is equivalent to the model of enzyme kinetics developed by Lenor
Michaelis and Maude Menten in 1913 (Sharov 1996). This model illustrates the
principal of time budget in behavioral ecology. It assumes that a predator spends
its time on two kinds of activities:

1. Searching for prey
2. Prey handling which includes: chasing, killing, eating and digesting.

Consumption rate of a predator is limited in this model because even if prey are
so abundant that no time is needed for search, a predator still needs to spend time
on prey handling. Total time T equals to the sum of time spent on searching T
and time spent on handling T}.

Assume that a predator captured H, prey during time 7. Handling time should
be proportional to the number of prey captured

Ty, = Hoh

where h is time spent on handling of one prey.
We also assume that a predator searches area a (search rate) per unit of time
and catch a fixed proportion p of all prey in there. Let x be the prey density, then

H, = apxT;.
Hence o
T, = —
apx
Therefore
H,
T=Ts+1Ty = + Hyh
apx
and hence
_apxT
“ 14aphx’
This gives the functional response of the form of
(2) = ;oo
z)=—""—.
p 1+ aphx

Clearly, at low prey densities, predators spend most of their time on search,
whereas at high prey densities, predators spend most of their time on prey handling.

Holling (1959) considered three major types of functional response:

Type I functional response is found in passive predators like spiders. The number
of flies caught in the net is proportional to fly density. Prey mortality due to
predation is constant (right graph on the previous page).

Type II functional response is most typical and corresponds to the equation
above. Search rate is constant. Plateau represents predator saturation. Prey mor-
tality declines with prey density. Predators of this type cause maximum mortality
at low prey density. For example, small mammals destroy most of gypsy moth
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pupae in sparse populations of gypsy moth. However in high-density defoliating
populations, small mammals kill a negligible proportion of pupae.

Type III functional response occurs in predators which increase their search
activity with increasing prey density. For example, many predators respond to
kairomones (chemicals emitted by prey) and increase their activity. Polyphagous
vertebrate predators (e.g., birds) can switch to the most abundant prey species by
learning to recognize it visually. Mortality first increases with prey increasing den-
sity, and then declines. If predator density is constant (e.g., birds, small mammals)
then they can regulate prey density only if they have a type III functional response
because this is the only type of functional response for which prey mortality can
increase with increasing prey density. However, regulating effect of predators is
limited to the interval of prey density where mortality increases. If prey density
exceeds the upper limit of this interval, then mortality due to predation starts de-
clining, and predation will cause a positive feed-back. As a result, the number of
prey will get out of control. They will grow in numbers until some other factors
(diseases of food shortage) will stop their reproduction. This phenomenon is known
as “escape from natural enemies” discovered first by Takahashi.

Numerical Response means that predators become more abundant as prey
density increases. Reproduction rate of predators naturally depends on their pre-
dation rate. The more prey consumed, the more energy the predator can allocate
for reproduction. Mortality rate also reduces with increased prey consumption.
The simplest model of predator’s numerical response is based on the assumption
that reproduction rate of predators is proportional to the number of prey consumed.
This is like conversion of prey into new predators.

2. Beddington-DeAngelis type functional response. Many predators com-
pete for prey. This can result in time wasted in interfering each other’s effort of
capturing and consuming prey. This consideration suggests that we may extend
the principal of time budget to include predator interference time T;. Let y be the
predator density. It is plausible to think this interference time is proportional to the
predator density y and the amount of prey captured H,, but inversely proportional
to the prey density. Hence

T, =byH,/x.
Therefore " bl
T =T, 4T, +T, = =% + Hyh+ -
apx x
and hence
_ apxT
“ 1+ aphx + abpy’
This gives the functional response of the form of
apx
pla,y) = —— (2.1)

1+ aphx + abpy’

The above functional response is called the Beddington-DeAngelis type func-
tional response (Beddington 1975, DeAngelis et al. 1975). Predator-prey models
employing such form of functional response are called Beddington-DeAngelis type
predator-prey models. Some important Beddington-DeAngelis type predator-prey
models are systematically studied by Hwang (2003, 2004). It is known that such
models behalf more or less like the classical Holling type II predator-prey models.
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When aphx >> 1 and abpy >> 1, then the above expression of p(x,y) can be

approximated by
apx

aphx + abpy’
This type of functional response is referred as (pure) ratio-dependent functional
response. Predator-prey models employing such form of functional response are
called ratio-dependent type predator-prey models.This maybe appropriate in sit-
uations where the predator-prey interaction takes place in an ever decreasing en-
vironment (patch size) while the predators are capable of searching a very large
area in a unit of time such as eagles, tigers, wolves and whales. Ratio-dependent
models are well-known for its ability to exhibit the often observed deterministic
mutual extinctions of both prey and predator that often characterize the extinction
of many predator and prey species (Kuang and Beretta 1998, Kuang 1999, Jost et
al. 1999).

p(z,y) = (2.2)
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