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Abstract

Motiv ated by the work of Angeli and Sontag [1] and Enciso and Sontag [7] in
control theory, we show that certain ¯nite and in¯nite dimensional semi-dynamical
systemswith \negativ e feedback" can be decomposedinto a monotone \op en loop"
system with \inputs" and a decreasing\output" function. The original system is
reconstituted by \plugging the output into the input". Employing a technique of
Gouz¶e [9] and Cosner[5] of imbedding the systeminto a larger symmetric monotone
system, we are able to obtain information on the asymptotic behavior of solutions,
including existenceof positively invariant setsand global convergence.

1 In tro duction

In [1], Angeli and Sontag construct a theory of monotone control systemsof the
form

x0= f (x; u) (1)
y = h(x)

where the state spaceis partially ordered, the function spaceof controls u = u(t)
is partially ordered,and the output spaceis partially ordered.Monotonicity of this
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input-output system meansthat increasingthe input control function and/or the
initial conditions leadsto a larger output. The property of monotonicity is preserved
under cascadesof such systemswhereby the output of one system is the input of
the next system.Angeli and Sontag say that the system(1) has an input-to-state
characteristic if for each constant input u, there is a steady state x = kx (u) of the
systemwhich is globally attracting; wewill usethis terminology simply to meanthat
there exists a unique steady state x = kx (u), adding the modi¯er \globally stable"
in that case.Angeli and Sontag usethe theory of monotonecontrol systemsto show
that certain (uncontrolled) systemsof nonlinear ordinary di®erential equations

v0 = F (v); (2)

not necessarilymonotone(see[24,11]),cansometimesbedecomposedinto two mono-
tone control subsystems,each with scalar inputs and scalaroutputs,

x0= f 1(x; w); y = h1(x) (3)
z0= f 2(z; y); w = h2(z)

wherev = (x; y). If each subsystemhasglobally stable input-to-state characteristics
ki ; i = 1; 2 with certain monotonicity properties and the output functions hi have
certain monotonicity properties, then the original systemis globally convergent pro-
vided that the scalar,discretedynamical systemuk+1 = (K 2 ±K 1)(uk) hasa globally
attracting ¯xed point, where K i = hi ± ki . See[1] for further details of this result,
referredto as the Small Gain Theorem.This theorem,and its extensionin [7], have
remarkableapplications[27,2,13,14,8]to biologicaland chemicalmodels.The recent
work of Encisoand Sontag [7] extendsthe theory to abstract dynamical systems,in-
cluding certain in¯nite dimensionalsystemssuch asdelay-di®erential equations,and
relaxesthe restriction to scalar inputs and outputs. They also give a nice strategy
for decomposingsystemsinto subsystemsof the required type.

Inspired by this work, we considerthe input-output system(1) as a tool to study
the asymptotic behavior of the closedloop system

x0 = f (x; h(x)) (4)

where we make the following assumptions:(1) for each ¯xed u 2 U ½ Rm , x0 =
f (x; u) generatesa monotone system in the usual sense[24,11], (2) f (x; u) is in-
creasing in u, relative to an order relation · U , for each ¯xed x, and (3) h is a
decreasingmapping of the state spaceinto the input spaceU. Theseconditions will
bemademoreprecisein the following section.Westressthat theseconditionsdo not
meanthat (4) is a monotonesystem;in fact, it is not becauseof the negative feed-
back u = h(x). Following Gouz¶e [9] and Cosner[5], we imbed (4) into the symmetric
monotonesystem

x0= f (x; h(y))
y0= f (y; h(x)) (5)
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which reducesto (4) on the invariant diagonalx = y. This trick allows us to obtain
information, such asthe existenceof invariant regionsand conditions for global con-
vergence,for the dynamics of (4) without assumingthat (1) has an input-to-state
characteristic. In someof our results, we do assumethat a characteristic x = kx (u)
existsfor (1) but wedo not assumethat kx (u) is a globally attracting equilibrium for
the open-loop system(1), nor do werequireconditionsassuringcontinuity of kx . Fur-
thermore,our analogof a Small Gain-type theorem,which givesglobal convergence,
requiresonly that the mapping k = h ± kx has no strict, order-related,period-two
points. Remarkably, the existenceand uniquenessof the globally attracting equi-
librium comesas a consequenceof the result, not as part of the hypotheses.Our
framework, using systems(1) and (4), includes(3) as a special caseas follows:

x0= f 1(x; w)
z0= f 2(z; h1(x)) (6)

W = h2(z)

More precisely, the input is w, the state of the system is (x; z) and the output is
W. It has the input-to-state characteristic (x; z) = (k1(w); (k2 ± h1)(x)) and input-
to-output characteristic K 2 ±K 1.

As a simpleexampleof the kinds of resultsobtained,considerthe classical\Go odwin
Model" of a negative feedback, generegulatory systemmodeledby the equations

x0
1 = g(xn) ¡ ®1x1 (7)

x0
j = x j ¡ 1 ¡ ®j x j ; 2 · j · n

where®j > 0 and g : R+ ! R+ is continuously di®erentiable and satis¯es g(0) > 0
and g0 < 0. SeeSmith [23] for references.The open loop systemis given by

x0
1 = u ¡ ®1x1

x0
j = x j ¡ 1 ¡ ®j x j ; 2 · j · n

y = h(x) := g(xn )

Let k : [0; g(0)] ! [0; g(0)] be de¯ned by

k(u) = g(¯ u); ¯ = (®1®2 ¢¢¢®n )¡ 1:

It is readily seenthat k has a unique ¯xed point ¹u. Our main result for (7) is the
following, which also follows from methods developed in [27].

Prop osition 1 If k has no period-two point other than ¹u, then (19) has a globally
attracting equilibrium. In particular, this holds if

maxf¡ g0(u) : 0 · u · g(0)=
nY

i =1

®i g <
nY

i =1

®i (8)
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Sharper results are obtained in [29] in casef is of Hill type. See[16] for a more
completetreatment of the dynamicsof (7).

The theory extendsaswell to delay di®erential equations,to reaction-di®usionsys-
tems,and to discretedynamicalsystems,although wetreat the latter caseelsewhere.
For example,Proposition 1 holds if delayed arguments are introducedinto the ¯rst
terms on the right hand sideof (7) and di®usionis included. We develop the theory
for ordinary di®erential equations,delay di®erential equations,and reaction-di®usion
systemsin the following sections.

2 Ordinary Di®eren tial Equations

Let Rn be orderedby · generatedby a coneK with non-empty interior. Recall that
x · y meansy ¡ x 2 K . Denote by K ¤ the conedual to K . If a;b 2 Rn , we let
[a;b] = f x 2 Rn : a · x · bg denotethe order interval. It is well known that order
intervals in ¯nite dimensionalspacesare bounded(see[6]). Let X ½ Rn .

Our focus is on the asymptotic behavior of the system

x0 = f (x; h(x)) ´ F (x) (9)

which we view asthe closedloop systemobtained from the open loop, input/output
system

x0= f (x; u); u 2 U (10)
y = h(x)

by identifying input and output: y = u.

Assumethat f : X £ U ! Rn and h : X ! U are continuousand satisfy

(a) 8u 2 U; x ! f (x; u) is quasimonotonein the senseof condition (QM).

(b) 8x 2 X ; u1 · U u2 ) f (x; u1) · f (x; u2).

(c) x1 · x2 ) h(x2) · U h(x1).

Vector ¯eld f (x; u) satis¯es the quasimonotonecondition in X if for all x; y 2 X , all
u 2 U, and Á 2 K ¤ we have:

(QM) x · y and Á(x) = Á(y) implies Á(f (x; u)) · Á(f (y; u)).

Seethe reviewsby Hirsch and Smith [12,11].A consequenceof the quasimonotonicity
assumptionis that the open loop system(10) gives rise to an order preserving,or
monotonesystemin the sensethat, with constant input, larger initial data give rise
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to larger statesat time t > 0. The closedloop system(9) doesnot have this property
sincethe input is not constant. In fact, the input is a nonincreasingfunction of the
output. In this sense,(9) is decomposableinto the monotoneopen loop systemwith
negative feedback.

We assumethat solutions of initial value problems for (9) are unique and write
x(t; x0) for the maximally de¯ned solution of the associated initial value problem
x(0) = x0. Denoteby ! F (A) the omegalimit set of set A ½ X in caseit exists.

The closedloop system(9) can be imbeddedin the larger symmetric system

x0= f (x; h(y))
y0= f (y; h(x)): (11)

We assumeunique solutions of initial value problems in X £ X , write z = (x; y)
and usethe notation z(t; z0) = (x(t); y(t)) for the solution satisfying z(0; z0) = z0.
Symmetry ensuresthat (x(t); y(t)) is a solution if and only if (y(t); x(t)) is a solution.
By uniquenessof solutions, the diagonal

D = f (x; x) : x 2 X g

is invariant under (11). If z0 = (x0; x0), then z(t; z0) = (x(t; x0); x(t; x0)) where
x(t; x0) satis¯es (9) and x(0; x0) = x0.

The larger system (11) generatesa monotonesystem on X £ X ½ Rn £ Rn with
respect to the coneC := K £ (¡ K ) aswe will show below. C givesrise to the order
relation

(x; y) · C ( ¹x; ¹y) ( ) x · ¹x and ¹y · y

The dual coneC¤ can be represented asK ¤ £ (¡ K ¤) where(Á;¡ Ã)(x; y) = Á(x) ¡
Ã(y) holds for x; y 2 R2n and Á;Ã 2 K ¤.

Lemma 2 (11) generatesa monotonesystemon X £ X with respect to · C .

Pro of: Weneedonly verify the quasimonotonecondition for the vector ¯eld G(x; y) :=
(f (x; h(y)); f (y; h(x))) relative to the coneC; see[11]. Given (x; y) · C ( ¹x; ¹y) and
(¸; ¡ ¹ ) 2 C¤ with (¸; ¡ ¹ )(x; y) = (¸; ¡ ¹ )( ¹x; ¹y), we must verify that

(¸; ¡ ¹ )G(x; y) · (¸; ¡ ¹ )G(¹x; ¹y): (12)

Now, (¸; ¡ ¹ )(x; y) = (¸; ¡ ¹ )( ¹x; ¹y) and ¸; ¹ 2 K ¤ imply that 0 · ¸ ( ¹x ¡ x) =
¹ ( ¹y ¡ y) · 0 so ¸ ( ¹x) = ¸ (x) and ¹ ( ¹y) = ¹ (y). As x · ¹x and ¹y · y, we have

(¸; ¡ ¹ )G(x; y) = ¸ (f (x; h(y))) ¡ ¹ (f (y; h(x)))
· ¸ (f (x; h( ¹y))) ¡ ¹ (f (y; h(¹x)))
· ¸ (f ( ¹x; h( ¹y))) ¡ ¹ (f ( ¹y; h(¹x))) = (¸; ¡ ¹ )G(¹x; ¹y):
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wherethe secondline follows from monotonicity of f and h and the third line follows
from the quasimonotonicity assumption(QM) for f .

Lemma2 may alsobe proved by appealing to the theory of monotoneinput/output
systems[1]: the composition of monotoneinput/output systemsis monotone.

We now return to the closedloop system(9). In the following, we give conditionson
the open loop systemthat have important implications for the asymptotic behavior
of the closedloop system.

Prop osition 3 Let u0; v0 2 U satisfy u0 · U v0 and supposethere exist x0; y0 satis-
fying x0 · y0, f (y0; v0) · 0 · f (x0; u0) with [x0; y0] ½ X and

u0 · U h(y0) · U h(x0) · U v0: (13)

Then [x0; y0] is positively invariant for (9). There exist x¤; y¤ 2 [x0; y0] with x¤ · y¤

suchthat ! F ([x0; y0]) 6= ; is compact, invariant and

! F ([x0; y0]) ½ [x¤; y¤]: (14)

Moreover, f (x¤; h(y¤)) = 0 = f (y¤; h(x¤)) .

Pro of: Inequality x0 · y0 implies that (x0; y0) · C (y0; x0). De¯ne the C-order
interval

I := f (x; y) : (x0; y0) · C (x; y) · C (y0; x0)g = f (x; y) : x0 · x; y · y0g

and observe that
I \ D = f (x; x) : x 2 [x0; y0]g:

Using (13), we have
f (x0; h(y0)) ¸ f (x0; u0) ¸ 0

and
f (y0; h(x0)) · f (y0; v0) · 0

This implies that

(f (y0; h(x0)) ; f (x0; h(y0))) · C (0; 0) · C (f (x0; h(y0)) ; f (y0; h(x0))) ;

which, together with quasimonotonicity of G, imply that the order interval I is
positively invariant for (11) (see[11], sec.3, Prop. 3.3). Moreover, becauseof mono-
tonicit y of (11) and (x0; y0) · C ¹z · C (y0; x0) if ¹z 2 I , we have

(x0; y0) · C z(t; (x0; y0)) · C z(t; ¹z) · C z(t; (y0; x0)) · C (y0; x0)

for all t ¸ 0 and for all ¹z 2 I . Furthermore,z(t; (x0; y0)) % (x¤; y¤) andz(t; (y0; x0)) &
(y¤; x¤), wherethe monotonicity implied by the inclination of the arrows is relative
to · C , and (x¤; y¤); (y¤; x¤) are equilibria of (11). SeeFigure 1. Put ¹z = (¹x; ¹x)
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(x0, y0)

(y0, x0)

(x* , y*)

(y* , x*)

Fig. 1. Converging orbits z(t; (x0; y0)) % (x¤; y¤) and z(t; (y0; x0)) & (y¤; x¤) and their
limits; ! F ([x0; y0]) belongsto the dashedbox.

where ¹x 2 [x0; y0], write z(t; (x0; y0)) = (x(t; x0; y0); y(t; x0; y0)) so z(t; (y0; x0)) =
(y(t; x0; y0); x(t; x0; y0)), to obtain

(x0; y0) · C (x(t; x0; y0); y(t; x0; y0)) · C (x(t; ¹x); x(t; ¹x))
· C (y(t; x0; y0); x(t; x0; y0)) · C (y0; x0)

or, on taking the ¯rst components,

x0 · x(t; x0; y0) · x(t; ¹x) · y(t; x0; y0) · y0

wherex(t; x0; y0) % x¤ and y(t; x0; y0) & y¤ relative to · . This implies the positive
invarianceof [x0; y0] for (9) and the remaining assertions.

Remark 4 Proposition 3 could be stated more concisely by replacing the assump-
tions concerning x0; y0; u0; v0 including (13) by the existence of x0 · y0 such that
f (y0; h(x0)) · 0 · f (x0; h(y0)) . This amounts to taking u0 = h(y0) and v0 = h(x0).
Howeverin applications, it may be easier to identify x0; y0; u0; v0 satisfying the hy-
pothesesof Proposition 3 than to determinesuchx0; y0.

We observe that the positive invarianceof [x0; y0] for (9) assertedin Proposition 3
implies the existenceof an equilibrium for (9) in [x¤; y¤]. Seee.g.Hale, [10],Chapter
1, Theorem8.2.

An immediate consequenceof the ¯nal assertionof Proposition 3 is the following
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result.

Corollary 5 Let the hypothesesof Proposition 3 hold and supposethat

a;b2 [x0; y0]; a · b; f (a;h(b)) = 0 = f (b;h(a)) ) a = b (15)

holds.Then x¤ = y¤, F (x¤) = 0 and

! F ([x0; y0]) = f x¤g:

Symmetry dictates that equilibria of (11) comein pairs (a;b) and (b;a); if a = b,
we say the equilibrium is symmetric. Since a · b if and only if (a;b) · C (b;a),
hypothesis(15) just says that (11) doesnot have a C-ordered,non-symmetricpair
(a;b); (b;a) of equilibria in the order interval I := [(x0; y0); (y0; x0)]C .

Remark 6 Hypothesis (13) is key: we require that corresponding to two ordered
inputs u0; v0 there are corresponding ordered sub-and super-equilibria x0; y0 of (10)
with the restriction that the corresponding outputs h(x0); h(y0) should fall between
the given inputs. This requirement is trivial ly satis¯ed in casethat U = [u0; v0]U =
f u 2 Rm : u0 · U u · U v0g since h(X ) ½ U and h is decreasing.

The open loop system is said to have an input-to-state characteristic if to each
u 2 U, f (x; u) = 0 has a unique solution x := kx (u) 2 X . In that case,k : U ! U
de¯ned by k(u) = h(kx (u)) is called the input-to-output characteristic.

Corollary 7 Suppose that U = [u0; 1 ) := f u 2 Rm : u0 · U ug and that (10)
has an input-to-state characteristic kx satisfying kx (u0) · kx (u) for u ¸ u0, and
X 0 := [ u¸ u0 [kx (u0); kx (u)] ½ X . If the input-to-output characteristic k : U ! U has
no pair u; v 2 U, u < U v suchthat k(u) = v; k(v) = u, then (9) hasan equilibrium
x¤ 2 [kx (u0); kx (h(x0))] and

! F (x) = x¤; x 2 X 0:

Pro of: The assertionfollows from Proposition 3 and Corollary 5 applied to [u0; v0]U
for each v0 chosenas follows: put x0 = kx (u0) and let v0 satisfy h(x0) · U v0. Recall
that h is assumedto map X into U so u0 · U h(x0). If y0 = kx (v0), then y0 ¸ x0

becausev0 ¸ u0 and u0 · U h(y0) · U h(x0) · U v0. Therefore, the hypothesesof
Proposition 3 are satis¯ed. If a;b 2 [x0; y0]; a < b, and f (a;h(b)) = 0 = f (b;h(a))
then a = kx (h(b)) and b = kx (h(a)) and consequently h(a) 6= h(b) so h(b) < U

h(a) by hypothesis (c). Applying h, we have h(a) = k(h(b)) and h(b) = k(h(a)),
contradicting our hypothesis.Thus, Corollary 5 implies the result.
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Remark 8 The assumptionthat h is decreasinggivesa negative feedback character
to the closed loop system (9). One could instead modify (c) to assumethat h is
increasing, i.e., that x1 · x2 implies that h(x1) · U h(x2). However, in this case,
the closed loop system(9) satis¯es the quasimonotonecondition (QM) and therefore
generates a monotonesystemin its own right. As there is already a well-developed
theory for monotonesystems,especially regarding convergence to equilibria, we do
not pursuethis direction here.

A simple family of examplesof the theory is given by systemsof the form

x0 = Ax + h(x) (16)

on Rn
+ , whereA is a Hurwitz stable, quasi-positive matrix (aij ¸ 0; i 6= j ). In that

case,it is well-known that ¡ A ¡ 1 =
R1

0 eAt dt ¸ 0 in the sensethat all entries are
nonnegative.In casethat A is irreducible,which wedo not assume,then eAt À 0; t >
0 so¡ A ¡ 1 À 0 (all entries positive). Let s(A) denotethe stabilit y modulus of matrix
A, the maximum real part of any eigenvalue; s(A) is the dominant eigenvalue of A
in caseA is quasipositive. Assumethat h : Rn

+ ! Rn
+ is continuously di®erentiable

and decreasing:x · ¹x implies h(¹x) · h(x) (so Dh(x) · 0). With thesehypotheses,
Rn

+ is positively invariant for (16).

Our assumptionsimply that any solution x(t) of (16) with x(0) ¸ 0 satis¯es

x0 · Ax + h(0)

soby standard comparisontheorems,0 · x(t) · y(t), wherey(t) satis¯es the linear
inhomogeneousdi®erential equationand y(0) = x(0). As A is a stablematrix, y(t) !
¡ A ¡ 1h(0) and hencethe omegalimit set of x(t) belongsto X := [0; ¡ A ¡ 1h(0)]. We
may as well restrict (16) to X .

The open loop system,given by

x0= f (x; u) := Ax + u (17)
y = h(x)

wherewemay aswell restrict u to belongto U := [0; h(0)]. The openloop systemhas
a globally stable, non-decreasinginput-to-state characteristic kx : U ! X de¯ned
by kx (u) := ¡ A ¡ 1u. We employ the standard ordering generatedby Rn

+ on both X
and U.

In order to apply Corollary 7 we let u0 = 0 and observe that input to output
characteristic k : U ! U is de¯ned by

k(u) = h(¡ A ¡ 1u)

Prop osition 9 Supposethat there doesnot exist u; v 2 U, u < v suchthat k(u) = v
and k(v) = u. Then (16) hasa globally attracting equilibrium in Rn

+ .
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Alternativ ely, we could apply Lemma 3 and Corollary 5 to obtain the following
result.

Prop osition 10 Suppose that whenevera;b 2 X satisfy a < b and h(b) < h(a),
then A ¡

R1
0 Dh(sb+ (1 ¡ s)a)ds is irr educibleand

s

2

4A ¡
1Z

0

Dh(sb+ (1 ¡ s)a)ds

3

5 6= 0: (18)

Then (16) hasa globally attracting equilibrium in Rn
+ .

Pro of: Choosex0 = u0 = 0 and let v0 = h(0); y0 = ¡ A ¡ 1v0. Then the hypothesesof
Proposition 3 are satis¯ed: f (x0; u0) = 0 = f (y0; v0) and u0 · h(y0) · h(x0) = v0.
But we would like to concludeglobal stabilit y. Corollary 5 requires consideration
of a;b 2 [0; y0] satisfying a · b and f (a;h(b)) = 0 = f (b;h(a)). Equivalently,
Aa + h(b) = 0 = Ab + h(a) or, if v := b¡ a, then

0 = Av ¡ [h(b) ¡ h(a)] = [A ¡
1Z

0

Dh(sb+ (1 ¡ s)a)ds]v

If v 6= 0, then h(b) 6= h(a) by the equality above sinceA is nonsingular so v > 0.
SinceA ¡

R1
0 Dh(sb+ (1 ¡ s)a)ds is irreducible by hypothesis, it follows that the

quasi-positive matrix [A ¡
R1

0 Dh(sb+ (1 ¡ s)a)ds] is singular and that its stabilit y
modulus (eigenvalue of largest real part) is zeroby the Perron-Frobeniustheory [4].
But this contradicts (18).

A particular exampleof (16), treated in [23], is the generegulatory systemmodeled
by the equations

x0
1 = g(xn) ¡ ®1x1 (19)

x0
j = x j ¡ 1 ¡ ®j x j ; j ¸ 2

where®j > 0 and g : R+ ! R+ is continuously di®erentiable and satis¯es g(0) > 0
and g0 < 0. The matrix A is clearly stable and quasi-positive. Sincethe open loop
system, obtained by replacing g(xn ) by u, has scalar input and scalar output, we
modify slightly our notation from the generalcase.Let h(x) := g(xn ) denote the
output. The open loop systemhas input-to-state characteristic given by

kx (u) = u(®¡ 1
1 ; (®1®2)¡ 1; ¢¢¢; (®1®2 ¢¢¢®n )¡ 1)T

for u 2 U = [0; g(0)]. We may take X := [0; ¡ A ¡ 1(g(0); 0; ¢¢¢; 0)T ] = [0; kx (g(0))].
The input-to-output characteristic k = h ±kx : U ! U is given by

k(u) = g(¯ u); ¯ = (®1®2 ¢¢¢®n )¡ 1:
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Obviously, k hasa unique¯xed point ¹u > 0 sinceit is strictly decreasing.The unique
equilibrium of (19) is

¹x = kx ( ¹u)

Applying Proposition 9 we get the following result.

Prop osition 11 Assumethat k ± k(u) = u for u 2 [0; g(0)] implies that u = ¹u.
Then ¹x is globally attracting for (19).

Pro of: Follows from Corollary 7.

A necessarycondition that k hasa nontrivial period-two point is that k0(u) = ¡ 1 for
someu 2 [0; g(0)]. Sincek : [0; g(0)] ! [0; g(0)] satis¯esk(0) = g(0) and k(g(0)) > 0,
by the Mean Value Theorem k0(u) > ¡ 1 for someu. Therefore, if we assumethat
k0(u) > ¡ 1 for all u 2 [0; g(0)] then k has no nontrivial period-two points. As
k0(u) = ¯ g0(¯ u), Proposition 11 implies Proposition 1.

Alternativ ely, we may apply Proposition 10 to get Proposition 1 of the introduction.
For this, we need to revert to the notation of the general caseand take h(x) =
(g(xn ); 0; ¢¢¢; 0). Indeed, using the mean value theorem to evaluate the integral,
considerthe matrix

A ¡
1Z

0

Dh(sb+ (1 ¡ s)a)ds =

2

6
6
6
6
6
6
6
6
4

¡ ®1 0 ¢¢¢0 ¡ g0(´ )

1 ¡ ®2 ¢¢¢0 0
...

...
. . .

...
...

0 0 ¢¢¢1 ¡ ®n

3

7
7
7
7
7
7
7
7
5

(20)

where ´ 2 [0; g(0)¯ ]. It is quasipositive so its dominant eigenvalue is real; its char-
acteristic equation is given by

(®1 + ¸ )(®2 + ¸ ) ¢¢¢(®n + ¸ ) + g0(´ ) = 0:

If ¡ g0(´ ) 6=
Q n

i=1 ®i holds, then the stabilit y modulus of the above matrix cannot
vanish.

2.1 An Alternative Formulation

The e®ectof our assumptions(a)-(c) is that f (x; h(y)) is quasi-monotonein x for
¯xed y and nonincreasingin y for ¯xed x. Consequently, we may remove the control
theoretic aspectsof our theory by simply considering

x0 = F (x) := f (x; x) (21)

wheref : X £ X ! X satis¯es
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(i) 8y 2 X ; x ! f (x; y) is quasimonotonein the senseof condition (QM).

(ii) 8x 2 X ; y1 · y2 ) f (x; y2) · f (x; y1).

In that case,the symmetric system

x0= f (x; y)
y0= f (y; x)

is quasimonotonewith respect to the ordering · C and a somewhatmore elegant
versionof Proposition 3 holds

Prop osition 12 Supposethere exist x0; y0 satisfying x0 · y0, [x0; y0] ½ X , and

f (y0; x0) · 0 · f (x0; y0) (22)

Then [x0; y0] is positively invariant for (21). There exist x¤; y¤ 2 [x0; y0] with x¤ · y¤

suchthat ! F ([x0; y0]) 6= ; is compact, invariant and

! F ([x0; y0]) ½ [x¤; y¤]: (23)

Moreover, f (x¤; y¤) = 0 = f (y¤; x¤).

In fact, the two formulations are equivalent. As noted above, if f and h satisfy (a)-
(c), then f̂ (x; y) := f (x; h(y)) satis¯es (i) and (ii). Conversely, if f satis¯es (i)-(ii),
let U = ¡ X with K U = K , de¯ne g : X £ U ! X by g(x; u) := f (x; ¡ u) and
h : X ! U by h(x) = ¡ x. Then g and h satisfy (a)-(c) and F (x) = g(x; h(x)). It is
a matter of taste which approach to take.

3 Functional Di®eren tial Equations

As in the previoussection,let K be a conein Rn with nonempty interior generating
a partial order · on Rn and let K ¤ denote the dual cone.The coneK inducesa
coneCK in the Banach spaceC := C([¡ r; 0]; IRn ), wherer > 0, de¯ned by

CK = f Á 2 C : Á(µ) ¸ 0; ¡ r · µ · 0g:

We usethe samenotation · for the order relation in Rn and C sinceno confusion
should result. Let K U be a conein Rm generatingthe partial order · U . K U induces
a coneCUK U in the Banach spaceCU := C([¡ r; 0]; IRm ) in the sameway. Again, we
usethe notation · U for both order relations generatedby K U . It will be convenient
to have notation for the natural imbedding of IRn into C (IRm into CU). If x 2 IRn ,
let x̂ 2 C be the constant function equal to x for all values of its argument. Let
X ½ C and U ½ CU and let X = f x 2 Rn : x̂ 2 X g and U = f u 2 Rm : û 2 Ug.

12



We considerthe closedloop system

x0 = f (x t ; h(x t )) ´ F (x t ) (24)

obtained from the open loop system

x0= f (x t ; Ã); Ã 2 U (25)
y = h(x t )

by identifying input and output: Ã = h(x t ).

Assumethat f : X £ U ! Rn and h : X ! U are continuousand satisfy

(a) 8Ã 2 U; Á ! f (Á;Ã) is quasimonotonein senseof (QMD).

(b) 8Á 2 X ; Ã1 · U Ã2 ) f (Á;Ã1) · f (Á;Ã2).

(c) 8x 2 X ; 9u := h(x) 2 U such that h(x̂) = û; Á1 · Á2 ) h(Á2) · U h(Á1).

Hypothesis(c) says that h maps constant functions into constant functions and is
decreasing.

The quasimonotonecondition is:

(QMD) Á;Â 2 X , Ã 2 U, Á · Â and ´ (Á(0)) = ´ (Â(0)) for some´ 2 K ¤, implies
´ (f (Á;Ã)) · ´ (f (Â;Ã)).

This assumptionimplies that for each ¯xed Ã, the open loop system(25) is mono-
tone.

We assumethat solutions of initial value problemsassociated with (24) are unique
andwrite x(t; Á) (x t (Á)) for the maximally extendedsolution (state) of the associated
initial value problem x0 = Á. Denoteby ! F (A) the omegalimit set of set A ½ X in
caseit exists.

As for ODEs, we imbed (24) into the symmetric delay system

x0= f (x t ; h(yt ))
y0= f (yt ; h(x t )) : (26)

Weassumeuniquesolutionsof initial valueproblemsin X £ X , write z = (x; y); zt =
(x t ; yt ) and use the notation z(t; ´ ) = (x(t; ´ ); y(t; ´ )) for the solution satisfying
z0(´ ) = ´ = (Á;Ã) 2 X £ X . Assumealso that G(Á;Ã) := (f (Á;h(Ã)); f (Ã; h(Á))),
the right hand sideof (26), is completelycontinuous.Symmetry of (26) ensuresthat
(x(t; ´ ); y(t; ´ )) is a solution with initial value´ = (Á;Ã) if and only if (y(t; ´ ); x(t; ´ ))
is a solution with initial value » = (Ã; Á). Uniquenessof solutions implies that the
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diagonal

D = f (Á;Á) : Á 2 X g

is invariant under (26). If ´ = (Á;Á), then z(t; ´ ) = (x(t; Á); x(t; Á)) where x(t; Á)
satis¯es (9).

The symmetric system(26) generatesa monotonesystemon X £ X ½ C£ C with
respect to the coneP := CK £ (¡C K ), generatedby the coneK £ (¡ K ) on R2n , as
we will show below. P givesrise to the order relation

(Á;Ã) · P ( ¹Á; ¹Ã) ( ) Á · ¹Á and ¹Ã · Ã

Lemma 13 (26) generatesa monotonesystemon X £ X with respect to · P . More
precisely, if ´ ; » 2 X £ X satisfy ´ · P », then zt (´ ) · P zt (») for all t ¸ 0 for which
both solutions are de¯ned.

Pro of: We needonly verify the quasimonotonecondition for

G(Á;Ã) := (f (Á;h(Ã)); f (Ã; h(Á)))

relative to the coneP; see[11], sec.4.Given (Á;Ã) · P ( ¹Á; ¹Ã) and (¸; ¡ ¹ ) 2 K ¤ £
(¡ K ¤) with (¸; ¡ ¹ )(Á(0); Ã(0)) = (¸; ¡ ¹ )( ¹Á(0); ¹Ã(0)), we must verify that

(¸; ¡ ¹ )G(Á;Ã) · (¸; ¡ ¹ )G( ¹Á; ¹Ã): (27)

Now, (¸; ¡ ¹ )(Á(0); Ã(0)) = (¸; ¡ ¹ )( ¹Á(0); ¹Ã(0)) and ¸; ¹ 2 K ¤ imply that 0 ·
¸ ( ¹Á(0) ¡ Á(0)) = ¹ ( ¹Ã(0) ¡ Ã(0)) · 0 so ¸ ( ¹Á(0)) = ¸ (Á(0)) and ¹ ( ¹Ã(0)) = ¹ (Ã(0)).
As Á · ¹Á and ¹Ã · Ã, we have

(¸; ¡ ¹ )G(Á;Ã) = ¸ (f (Á;h(Ã))) ¡ ¹ (f (Ã; h(Á)))
· ¸ (f (Á;h( ¹Ã))) ¡ ¹ (f (Ã; h( ¹Á)))
· ¸ (f ( ¹Á; h( ¹Ã))) ¡ ¹ (f ( ¹Ã; h( ¹Á))) = (¸; ¡ ¹ )G( ¹Á; ¹Ã):

wherethe secondline follows from monotonicity of f and h and the third line follows
from the quasimonotonicity assumption(QMD) for f .

We now return to the closedloop system(24).

Prop osition 14 Let u0; v0 2 U satisfy u0 · U v0 and suppose there exist x0; y0

satisfying x0 · y0, f (ŷ0; v̂0) · 0 · f (x̂0; û0) with [x̂0; ŷ0] ½ X , and

u0 · U h(y0) · U h(x0) · U v0: (28)
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Then [x̂0; ŷ0] is positively invariant for (24). There exist x¤; y¤ 2 [x0; y0] with x¤ · y¤

suchthat ! F (Á) 6= ; satis¯es

! F (Á) ½ [x̂¤; ŷ¤]; Á 2 [x̂0; ŷ0]: (29)

Moreover, f (x̂¤; h(ŷ¤)) = 0 = f (ŷ¤; h(x̂¤)) .

Pro of: Inequality x0 · y0 implies that (x̂0; ŷ0) · P (ŷ0; x̂0). De¯ne the P-order
interval

I = [(x̂0; ŷ0); (ŷ0; x̂0)]P := f (Á;Ã) : (x̂0; ŷ0) · P (Á;Ã) · P (ŷ0; x̂0)g
= f (Á;Ã) : x̂0 · Á;Ã · ŷ0g

and observe that

I \ D = f (Á;Á) : Á 2 [x̂0; ŷ0]g:

Using (28), we have

f (x̂0; h(ŷ0)) ¸ f (x̂0; û0) ¸ 0

and

f (ŷ0; h(x̂0)) · f (ŷ0; v̂0) · 0

This implies that

(f (ŷ0; h(x̂0)) ; f (x̂0; h(ŷ0))) · P (0; 0) · P (f (x̂0; h(ŷ0)) ; f (ŷ0; h(x̂0))) ;

which, together with quasimonotonicity of G, implies that the order interval I is
positively invariant for (26) (see [11], sec.4,Theorem 4.2). Moreover, becauseof
monotonicity, we have

(x̂0; ŷ0) · P zt (x̂0; ŷ0) · P zt (´ ) · P zt (ŷ0; x̂0) · P (ŷ0; x̂0)

for all t ¸ 0 and for all ´ 2 I . Furthermore, zt (x̂0; ŷ0) % (x¤; y¤) and zt (ŷ0; x̂0) &
(y¤; x¤), wherethe monotonicity implied by the inclination of the arrowsis relative to
· P , and(x̂¤; ŷ¤); (ŷ¤; x̂¤) areequilibria of (26). Put ´ = ( ¹Á; ¹Á) where ¹Á 2 [x̂0; ŷ0], write
z(t; (x̂0; ŷ0)) = (x(t; x̂0; ŷ0); y(t; x̂0; ŷ0)) and z(t; (ŷ0; x̂0)) = (y(t; x̂0; ŷ0); x(t; x̂0; ŷ0)),
to obtain

(x t (x̂0; ŷ0); yt (x̂0; ŷ0)) · P (x t ( ¹Á); x t ( ¹Á) · P (yt (x̂0; ŷ0); x t (x̂0; ŷ0))
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or, on taking the ¯rst components,

x̂0 · x t (x̂0; ŷ0) · x t ( ¹Á) · yt (x̂0; ŷ0) · ŷ0

where x t (x̂0; ŷ0) % x̂¤ and yt (x0; y0) & ŷ¤. This implies the positive invariance of
[x̂0; ŷ0] for (9) and the remaining assertions.

An immediateconsequenceof the ¯nal assertionof Lemma14 is the following result.

Corollary 15 Let the hypothesesof Lemma14 hold and supposethat

a;b2 [x0; y0]; a · b; f (â; h(b̂)) = 0 = f (b̂;h(â)) ) a = b (30)

holds.Then x¤ = y¤ and

! F (Á) = f x̂¤g; Á 2 [x̂0; ŷ0]:

An especially simple exampleis given by the delayed negative feedback equation

x0(t) = ¡ x(t) + h

0

@
0Z

¡ r

x(t + µ)dº (µ)

1

A (31)

where º is a probability measure(a positive Borel measurewith º ([¡ r; 0]) = 1),
h(0) = 0 and h0 < 0. In this caseX = R and U = R with the usual ordering on
X and U. A special caseof (31) is, after a simple changeof variable, the equation
introducedby Mackey for red blood cell dynamics[15].The correspondingopen loop
equation is given by

x0= Ã(0) ¡ x; Ã 2 CU

y = h(x t ) := ĥ

0

@
0Z

¡ r

x(t + µ)dº (µ)

1

A

Note that h maps into the constant functions in CU and that (a)-(c) hold where
f (Á;Ã) := Ã(0) ¡ Á(0). Our hypothesesguarantee that 0 is the unique equilibrium
of (31).

Prop osition 16 Assume that there exist sequences 0 < an ; bn ! 1 such that
h([¡ an ; bn ]) ½ [¡ an ; bn ] for all n ¸ 1 and that h ±h(x) = x 2 R implies x = 0. Then
x = 0 is globally attracting for (31).

Pro of: Apply Proposition 14 with u0 = ¡ an ; v0 = bn and x0 = u0; y0 = v0. Our
hypothesesregarding the sequencesan ; bn ensurethat (28) holds. The hypothesis
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forbidding nontrivial period-two points of h ensuresthat (30) of Corollary 15 holds.
Indeed, 0 = f (â; h(b̂)) = h(b) ¡ a and 0 = f (b̂;h(â)) = h(a) ¡ b imply h(h(b)) = b
so b = 0 and similarly for a. The latter result implies that ! F ([¡ ân ; b̂n ]) = f 0̂g for
every n.

The hypothesesof the Proposition are equivalent to the requirement that x = 0 is
globally attracting for the di®erenceequation xn = h(xn¡ 1).

Remark 17 In the special casethat º = ±¡ r is the Dirac measure with unit massat
¡ r , the equation is x0(t) = ¡ x(t) + h(x(t ¡ r )) . In this case,wecould take f (Á;Ã) =
¡ Á(0) + Ã(¡ r ) and h(Á) = h ± Á; Á 2 CU. Thus, f (Á;h)(Á) = ¡ Á(0) + h(Á(¡ r ))
and hypotheses(a)-(c) hold.

The open loop system is said to have an input-to-state characteristic if to each
u 2 U, f (x̂; û) = 0 has a unique solution x := kx (u) 2 X . The following result is
proved exactly as Corollary 7.

Corollary 18 Supposethat U = [û0; 1 ) := f Ã : û0 · U Ãg, for each v0 with u0 · U

v0, kx (u0) · kx (v0), and X0 := [ v0 ¸ u0 [k̂x (u0); k̂x (v0)] ½ X . If k : U ! U de¯ned by
k(u) = h(kx (u)) has no pair u; v 2 U, u < U v such that k(u) = v; k(v) = u, then
(24) hasan equilibrium x̂¤ 2 [k̂x (u0); k̂x (h(u0))] suchthat

! F (Á) = f x̂¤g; Á 2 X 0:

Considerthe delayed generegulatory system

x0
1 = g(L nx t

n ) ¡ ®1x1 (32)
x0

j = L j ¡ 1x t
j ¡ 1 ¡ ®j x j ; 2 · j · n

where®j > 0 and g : R+ ! R+ is continuously di®erentiable and satis¯es g(0) > 0
and g0 < 0. See[23] for details of model interpretation. Let

L i x t
i =

0Z

¡ r

x i (t + µ)dº i (µ); 1 · i · n

where each º i is a positive Borel measureon [¡ r; 0] such that º i ([¡ r; 0]) = 1. We
employ the notation x t = (x t

1; ¢¢¢; x t
n ) for the state of the systemas time t.

De¯ne the open loop systemby

x0
1 = Ã(0) ¡ ®1x1; Ã 2 CU

x0
j = L j ¡ 1x t

j ¡ 1 ¡ ®j x j ; j ¸ 2 (33)

y = h(x t ) := ĝ(L nx t
n )
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It may be useful to stressthat CU = C([¡ r; 0]; R+ ); X = C([¡ r; 0]; Rn
+ ) and that

h : X ! CU is de¯ned by h(Á) = ĝ(L nÁn ), that is, h(Á) is a constant function.

We note that (a)-(c) hold with, as in the casewithout delays,

kx (u) = u(®¡ 1
1 ; (®1®2)¡ 1; ¢¢¢; (®1®2 ¢¢¢®n )¡ 1)T :

Indeed,the open loop systemis a±ne and its solutions,which may be solved recur-
sively beginning with x1, can be shown to satisfy x(t; Á;Ã) ! kx (Ã(0)) as t ! 1 .
The samedi®erential inequality argument that we usedin the non-delay caseshows
that limit setsbelongto X = [0; kx (g(0)]. We may take U = [0; g(0)] with the usual
ordering on X and U. Thus, k : [0; g(0)] ! [0; g(0)] is given by

k(u) = h(kx (u)) = g(¯ u); ¯ = (®1®2 ¢¢¢®n )¡ 1:

k hasa unique ¯xed point ¹u > 0 and the unique equilibrium of (32) is

¹x = kx ( ¹u)

Prop osition 19 Assumethat k ± k(u) = u implies u = ¹u. Then ¹x is globally at-
tracting for (32).

Pro of: Follows from Corollary 18 and the fact that X0 = X .

Proposition 19 a±rms that Proposition 1 remainstrue when delays are introduced.

B¶elair and Buono [3], extending work of Siegeland Pitt [21], considera systemof
delay di®erential equationsmodeling the controlled delivery of a drug from a cham-
ber partially boundedby a semi-permeablemembrane whosepermeability depends
on the concentration of a product producedin the chamber via an enzymecatalyzed
reactionusingsubstrate.The strategy is to chooseproduct and membranesuch that
the permeability of the membraneto drug oscillateswith a controlled period sothat
the drug delivery can be pulsatile. This may be achieved if the product negatively
e®ectspermeability sothat whenproduct is low permeability increasesallowing sub-
strate from the exterior to di®useinto the chamber and form product which then
reducespermeability and so on. The equationsfor substrate x and product y are
given by

x0(t) = ©(y(t ¡ r ))(1 ¡ x(t)) ¡ x(t)
y0(t) = x(t) + ª( y(t ¡ r ))( Y ¡ y(t)) (34)

whereY and 1 denotethe constant external concentrations of product and substrate,
respectively, and r is the delay in the responseof permeability to product. Y; r ¸
0; ©; ª : R+ ! R+ arepositivewith ©0 < 0; ª 0 · 0. In order to simplify the algebra,
we assume,asin [21], that ª ´ c > 0 is constant. The domain X := [0; 1]£ [Y; 1 ) ½
R2 is positively invariant and attracts all solutions with nonnegative initial data.

18



The open loop systemcan be chosento be the linear systemwithout delays given
by:

x0(t) = Ã(¡ r )(1 ¡ x(t)) ¡ x(t)
y0(t) = x(t) + c(Y ¡ y(t)) (35)

z = h(yt ) := ©(yt (¡ r ))

One seethat (a)-(c) holds with U = [0; 1 ) and X with the usual orderings. For
each u ¸ 0 (35) hasa unique equilibrium

x = kx (u) = (
u

u + 1
;
1
c

u
u + 1

+ Y):

The map k : U ! U de¯ned by k(u) = h ±kx (u) is given by

k(u) = ©(
1
c

u
u + 1

+ Y)

is monotonedecreasingand hasa unique ¯xed point ¹u > 0.

We have the following conditions for the failure of oscillatory drug release.

Prop osition 20 Assume that k ± k(u) = u implies u = ¹u. Then ¹x := kx ( ¹u) is
globally attracting for (34).

Pro of: Follows from Corollary 18 and the fact that X0 = X .

We remark that (a)-(c) continue to hold without the assumptionthat ª ´ c. How-
ever, the characteristic is di±cult to express.

4 Reaction-Di®usion Systems

Rather than give the most general results possible,we specializeto the casethat
Rn is given the standard ordering generatedby the coneRn

+ . Other orthant cones
may be substituted for this oneand generalpolyhedral conesmay be usedfollowing
[20,19]. We assume(a)-(c) of the ODE section holds for f : X £ U ! Rn and
h : X ! U. The ordering on U ½ Rm may be given by a generalconeK U as in that
section.Let ­ ½ Rk bea boundeddomainwith smooth boundaryand C := C(­ ; Rn )
ordered in the usual way by w1 · w2 if and only if w1(x) · w2(x) for all x 2 ­ .
Let X = f w 2 C : w(x) 2 X ; x 2 ­ g. For a 2 Rn , we write â for the element of C
satisfying â(x) = a; x 2 ­.

The reaction-di®usionsystemof interest is given by
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wt = D4 w + f (w; h(w)); x 2 ­ (36)
@w
@n

= 0; x 2 @­

where D is a positive diagonal matrix. Given w0 2 X , denote by w(t; x; w0) the
solution of (36) satisfyingw(0; x; w0) = w0(x); x 2 ­. Weassumethat (36) generates
a completely continuous local semi°ow on X . Let ! F (w0) be the omegalimit set of
w0 2 X if it exists.

System(36) can be imbeddedinto the symmetric system

wt = D4 w + f (w; h(W)); x 2 ­
Wt = D4 W + f (W; h(w)) (37)
@w
@n

=
@W
@n

= 0; x 2 @­

We assume(37) has unique solutions of initial value problems in X £ X , write
z = (w; W) and use the notation z(t; x; z0) = (w(t; x); W(t; x)) for the solution
satisfying z(0; x; z0) = z0(x). Symmetry ensuresthat (w(t; x); W(t; x)) is a solution
if and only if (W(t; x); w(t; x)) is a solution. By uniquenessof solutions,the diagonal

D = f (w0; w0) : w0 2 X g

is positively invariant under (37) and

z(t; x; z0) = (w(t; x; w0); w(t; x; w0)) ; z0 = (w0; w0)

wherew(t; x; w0) satis¯es (36).

When z0 is a constant function z0 = ẑ = (ŵ; Ŵ ), then z(t; x; ẑ) is independent of
x so we drop the x and write z(t; ẑ) for the solution of the ordinary di®erential
equation (11).

The symmetric system(37) generatesa monotonesystemon X £ X with respect to
the order relation

(w; W) · P ( ¹w; ¹W) ( ) w(x) · ¹w(x) and ¹W(x) · W(x); x 2 ­ :

Lemma 21 (37) generatesa monotonesystemon X £ X with respect to · P . More
precisely, if z0 · P ¹z0, then z(t; ² ; z0) · P z(t; ² ; ¹z0) for all t ¸ 0 for which both
solutions exist.

Pro of: Weneedonly verify the quasimonotonecondition for the vector ¯eld G(x; y) :=
(f (x; h(y)); f (y; h(x))) relative to the coneC de¯ned in the ODE section.Seee.g.
[24], Proposition 1.3, chapt. 8. But this was donein Lemma 2.

As in the previoussections,our main result is stated in terms of the input/output
systemwhich, in this section, we have omitted. Notice that the hypothesesof the
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result are precisely those of Proposition 3 with only a change of notation. Thus,
Proposition 3 remainstrue when di®usionis added.

Prop osition 22 Let u0; v0 2 U satisfy u0 · U v0 and supposethat there exist w0; W0

satisfying w0 · W0, f (W0; v0) · 0 · f (w0; u0) with [w0; W0] ½ X and

u0 · U h(W0) · U h(w0) · U v0: (38)

Then [ŵ0; Ŵ0] is positively invariant for (36). There exist w¤; W¤ 2 [w0; W0] with
w¤ · W¤ suchthat for each w 2 [ŵ0; Ŵ0], ! F (w) 6= ; is compact, invariant and

! F (w) ½ [ŵ¤; Ŵ¤]: (39)

Moreover, f (w¤; h(W¤)) = 0 = f (W¤; h(w¤)) .

Pro of: By Proposition 3, the solutionsz(t; (w0; W0)) = (w(t); W(t)) andz(t; (W0; w0)) =
(W(t); w(t)) satisfy

(w0; W0) · C z(t; (w0; W0)) · C z(t; (W0; w0)) · C (W0; w0)

and z(t; (w0; W0)) % (w¤; W¤) and z(t; (W0; w0)) & (W¤; w¤), the monotonicity
relative to · C . By Lemma 21, for z0 2 [(ŵ0; Ŵ0); (Ŵ0; ŵ0)], we have

z(t; (w0; W0)) · P z(t; x; z0) · P z(t; (W0; w0)) ; x 2 ­ ; t ¸ 0:

Putting z0 = ( ¹w; ¹w) with ¹w 2 [ŵ0; Ŵ0] and taking only the ¯rst components, we
¯nd that

w(t) · w(t; x; ¹w) · W(t); t > 0; x 2 ­ :

The result follows immediately sincew(t) % w¤ and W(t) & W¤.

Corollary 23 Let the hypothesesof Proposition 22 hold and supposethat

a;b2 [w0; W0]; a · b; f (a;h(b)) = 0 = f (b;h(a)) ) a = b (40)

holds.Then w¤ = W¤, f (w¤; h(w¤)) = 0 and

! F (w) = f w¤g; w 2 [ŵ0; Ŵ0]:

The obviousanalogof Corollary 7 holds.Furthermore, this result implies that Propo-
sition 1 holds even when di®usionis addedto the Goodwin systemto (7).
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The ideas here may be extended to reaction-di®usionsystemswith more general
elliptic part and to systemswith time delays. See[17,18].
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