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Abstract

Motivated by the work of Angeli and Sortag [1] and Enciso and Sortag [7] in
cortrol theory, we show that certain nite and in nite dimensional semi-dynamical
systemswith \negativ e feedba&" can be decomposedinto a monotone\op enloop"
system with \inputs" and a decreasing\output” function. The original system s
reconstituted by \plugging the output into the input". Employing a technique of
Gouz [9] and Cosner[5] of imbedding the systeminto a larger symmetric monotone
system, we are able to obtain information on the asymptotic behavior of solutions,
including existenceof positively invariant setsand global corvergence.

1 Intro duction

In [1], Angeli and Sortag construct a theory of monotone cortrol systemsof the
form

x%= f (x; u) 1)
y = h(x)

where the state spaceis partially ordered,the function spaceof cortrols u = u(t)
is partially ordered,and the output spaceis partially ordered.Monotonicity of this
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input-output system meansthat increasingthe input cortrol function and/or the
initial conditionsleadsto a larger output. The property of monotonicity is presened
under cascadesof sud systemswherely the output of one systemis the input of
the next system.Angeli and Sortag say that the system (1) has an input-to-state
characteristic if for ead constant input u, there is a steady state x = ky(u) of the
systemwhich is globally attracting; we will usethis terminology simply to meanthat
there exists a unique steady state x = ky(u), adding the modi er \globally stable"
in that case.Angeli and Sortag usethe theory of monotonecorirol systemsto show
that certain (uncortrolled) systemsof nonlinear ordinary di®eretial equations

Vo= F(v); (2)

not necessarilymonotone(see[24,11]),cansometimese decompsedinto two mono-
tone cortrol subsystemsgad with scalarinputs and scalaroutputs,

x°=f1(x; w); y = hy(x) 3)
7%= f5(z;y); W = hy(2)

wherev = (x;y). If ead subsystemhasglobally stable input-to-state characteristics
ki; i = 1;2 with certain monotonicity properties and the output functions h; have
certain monotonicity properties, then the original systemis globally convergen pro-
vided that the scalar,discretedynamical systemuy.; = (K,xK1)(ux) hasa globally
attracting xed point, whereK; = h; £k;. See[1] for further details of this result,
referredto asthe Small Gain Theorem. This theorem, and its extensionin [7], have
remarkable applications[27,2,13,14,8}o biologicaland chemicalmodels. The recern
work of Encisoand Sortag [7] extendsthe theory to abstract dynamical systems,in-
cluding certain in nite dimensionalsystemssud asdelay-di®eretial equations,and
relaxesthe restriction to scalarinputs and outputs. They also give a nice strategy
for decomposing systemsinto subsystemsof the required type.

Inspired by this work, we considerthe input-output system (1) asa tool to study
the asymptotic behavior of the closedloop system

x°= f (x; h(x)) (4)

where we make the following assumptions:(1) for eath xed u 2 U %2 R™, x° =
f (x; u) generatesa monotone systemin the usual sense[24,11],(2) f (x; u) is in-
creasingin u, relative to an order relation - y, for eathh xed x, and (3) h is a
decreasingnapping of the state spaceinto the input spaceU. Theseconditions will
be mademore precisein the following section.We stressthat theseconditionsdo not
meanthat (4) is a monotonesystem;in fact, it is not becauseof the negative feed-
bad u = h(x). Following Gouzg [9] and Cosner[5], we imbed (4) into the symmetric
monotonesystem

x°=f (x; h(y))
y°= f (y;h(x)) (5)



which reducesto (4) on the invariant diagonalx = y. This trick allows usto obtain

information, sud asthe existenceof invariant regionsand conditions for global con-
vergence for the dynamics of (4) without assumingthat (1) has an input-to-state

characteristic. In someof our results, we do assumethat a characteristic x = ky(u)

existsfor (1) but we do not assumethat k, (u) is a globally attracting equilibrium for

the open-loop system(1), nor do we require conditionsassuringcortinuity of k. Fur-

thermore, our analogof a Small Gain-type theorem, which givesglobal corvergence,
requiresonly that the mapping k = h £k, hasno strict, order-related, period-two

points. Remarkably, the existenceand uniquenessof the globally attracting equi-
librium comesas a consequencef the result, not as part of the hypotheses.Our

framework, using systems(1) and (4), includes(3) as a special caseas follows:

x%= f1(x; W)
7°= f,(z; hi(X)) (6)
W = hy(2)

More precisely the input is w, the state of the systemis (x; z) and the output is
W. It hasthe input-to-state characteristic (x; z) = (ky(w); (k> £h;)(x)) and input-
to-output characteristic K, £ K.

As a simpleexampleof the kinds of resultsobtained, considerthe classicalGo odwin
Model" of a negative feedba&, generegulatory systemmodeledby the equations

X1 = g(Xn) i ®rxy (7)
X=X 1i ®%;2- j-n

where® > 0andg:R. ! R. is cortinuously di®erettiable and satis es g(0) > 0
and g°< 0. SeeSmith [23] for referencesThe open loop systemis given by

X{=Uj ®x
X=X 1i ®%;2-j-n
y= h(x) := g(xn)
Let k: [0;g(0)] ! [0;g(0)] be de ned by

k(u) = g(" u);

It is readily seenthat k hasa unique xed point 4. Our main result for (7) is the
following, which also follows from methods deweloped in [27].

= (®,®, ¢00®,) &

Prop osition 1 If k hasno period-two point other than b, then (19) hasa glolally
attracting equilibrium. In particular, this holdsif

¥ v
maxfi g{u):0- u- g(0)=._ ®g< @ (8)
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Sharper results are obtained in [29] in casef is of Hill type. See[16] for a more
completetreatment of the dynamicsof (7).

The theory extendsaswell to delay di®erertial equations,to reaction-di®usionsys-
tems,andto discretedynamical systemsalthough wetreat the latter caseelsewhere.
For example,Proposition 1 holds if delayed argumerts are introducedinto the rst
terms on the right hand side of (7) and di®usionis included. We dewelop the theory
for ordinary di®erertial equations,delay di®erenial equations,and reaction-di®usion
systemsin the following sections.

2 Ordinary Di®erential Equations

Let R" beorderedby - generatedby a coneK with non-empty interior. Recallthat
X - ymeansyi x 2 K. Denoteby K* the conedual to K. If a;b2 R", we let
[a;b= fx 2 R":a- x - bgdenotethe order interval. It is well known that order
intervals in "nite dimensionalspacesare bounded (see[6]). Let X 2 R".

Our focusis on the asymptotic behavior of the system
x°=f(x;h(x)) © F(x) 9)

which we view asthe closedloop systemobtained from the openloop, input/output
system

x%=f(x;u); u2 U (10)
y=h(x)

by idertifying input and output: y = u.

Assumethat f : X £ U! R"andh:X ! U arecontinuousand satisfy

(@ 8u2 U; x! f(x;u)isquasimonotonen the senseof condition (QM).

(b) 8x2 X; up-yux) F(xup) - f(x uy).

(€) X1+ X2) h(x2) - uy h(xy).

Vector eld f (x; u) satis esthe quasimonotonecondition in X if for all x;y 2 X, all
u2 U, and A2 K* we have:

QM) x - yandA(x) = Aly) implies A(f (x; u)) - A(f (y; u)).

Seethe reviewsby Hirsch and Smith [12,11].A consequencef the quasimonotonicily
assumptionis that the open loop system(10) givesrise to an order preserving,or
monotonesystemin the sensethat, with constart input, larger initial data give rise



to larger statesat time t > 0. The closedloop system(9) doesnot have this property
sincethe input is not constart. In fact, the input is a nonincreasingfunction of the
output. In this sense(9) is decompsableinto the monotoneopen loop systemwith
negative feedbagk.

We assumethat solutions of initial value problems for (9) are unique and write
X(t; Xo) for the maximally de ned solution of the assaiated initial value problem
x(0) = xo. Denoteby ! ¢ (A) the omegalimit setof setA %2 X in caseit exists.

The closedloop system(9) can be imbeddedin the larger symmetric system

x°=f (x; h(y))
y°= f (y;h(x)): (11)

We assumeunique solutions of initial value problemsin X £ X, write z = (X;y)
and usethe notation z(t; zp) = (x(t);y(t)) for the solution satisfying z(0; zg) = zo.
Symmetry ensureghat (x(t);y(t)) isasolution if andonly if (y(t); x(t)) is a solution.
By uniquenessf solutions, the diagonal

D=1f(x;x):x2Xg

is invariant under (11). If zg = (Xo;Xo), then z(t; zo) = (X(t; Xo); X(t; Xo)) wWhere
X(t; Xo) satis es(9) and x(0; Xo) = Xo.

The larger system (11) generatesa monotonesystemon X £ X ¥ R" £ R" with
respect to the coneC = K £ (j K) aswe will shav below. C givesriseto the order
relation

Xy)-c(¥() x- xandy - y

The dual coneC® canbe represetied asK ° £ (j K ®) where(A;j A)(x;y) = AX) i
A(y) holdsfor x;y 2 R and A;A 2 K=,

Lemma 2 (11) geneatesa monotonesystemon X £ X with respct to - ¢.

Pro of: Weneedonly verify the quasimonotonecondition for the vector eld G(x;y) :
(f (x; h(y)); T (y; h(x))) relative to the coneC; see[11]. Given (X;y) - ¢ (X;¥) and
(yit)2Cowith (,; i 1)(xy) = (i 2)(%Y), we must verify that

(i DGyY) - (i PG Y): (12)

Now, (,; i 2)(y) = (,;it)%xy) and ;1 2 K® imply that 0 - (X x) =
1(yiy)- 0so,(X)=,(x)and*(y)=1(y). Asx- xandy- y, wehave

Gii DGGy) =, (F(xh(y) i *(f(y:h(x)))
L (FOSh®)) i+ (F(ysh(Xx)
L (EGh®)) i 2 h) = (i PG Y):



wherethe secondine follows from monotonicity of f and h and the third line follows
from the quasimonotoniciyy assumption(QM) for f . 1

Lemma2 may alsobe proved by appealingto the theory of monotoneinput/output
systems[1]: the composition of monotoneinput/output systemsis monotone.

We now return to the closedloop system(9). In the following, we give conditions on
the open loop systemthat have important implications for the asymptotic behavior
of the closedloop system.

Prop osition 3 Let ug; Vo 2 U satisfy ug - y Vo and suppsethere exist Xo; yo satis-
fying Xo - Yo, f (Yo;Vo) - 0+ f (Xo;Uo) with [Xo;Yo] ¥2X and

Uo - u h(Yo) - u h(Xo) - u Vo: (13)

Then [Xo; Yo] is positively invariant for (9). There exist Xq; Ya 2 [Xo; Yo] With Xz = Va
suchthat ! ¢ ([Xo;Yo]) & ; is compact, invariant and

I £ ([Xo; Yol) ¥2 [Xa; Yal: (14)

Moreover, f (Xo; h(Ys)) = 0= f (Ya; h(X)).

Pro of: Inequality Xo - Yo implies that (Xo;Yo) - ¢ (Yo;Xo). De ne the C-order
interval

L= f(xy) 1 (Xo;¥0) - ¢ (5Y) - ¢ (Yo;Xo)9= F(X;y) 1 Xo- X;¥y - Yod

and obsene that
I\ D =f(x;x):X2 [Xo;Yo]g:
Using (13), we have
f (Xo;N(yo)) , f(Xo;Uo), O
and
f (Yo;h(Xo)) - f(Yo;Vo) - O
This implies that

(f (Yo: h(Xx0)): f (Xo; N(Y0))) - ¢ (0;0) - ¢ (f (Xo; N(Yo)); f (Yo; h(Xo))):

which, together with quasimonotoniciy of G, imply that the order interval | is
positively invariant for (11) (see[11], sec.3, Prop. 3.3). Moreover, becauseof mono-
tonicity of (11) and (Xo;Yo) - ¢ Z - ¢ (Yo;Xo) If 22 I, we have

(Xo0;Yo) - ¢ z(t; (Xo;Yo0)) - ¢ Z(t; 2) - ¢ z(t; (Yo X0)) - ¢ (Yo; Xo)

forallt , Oandforall £ 2 | . Furthermore, z(t; (Xo; Yo)) % (Xs;Ya) and z(t; (Yo; Xo)) &
(Y=; Xa), Wherethe monotonicity implied by the inclination of the arrows is relative
to - ¢, and (Xsq;Ya); (Ya; Xa) are equilibria of (11). SeeFigure 1. Put 2 = (%;%)



(Xo Yo)

Yo Xo)

Fig. 1. Converging orbits z(t; (Xo;Yo)) % (Xo;Ya) and z(t; (Yo; Xo)) & (Ys; Xa) and their
limits; ! g ([xo; Yo]) belongsto the dashedbox.

whereX 2 [Xo; Yo], write z(t; (Xo;Yo)) = (X(t; Xo; Yo); Y(t; Xo; Yo)) SO Z(t; (Yo; Xo)) =
(Y(t; Xo; Yo); X(t; Xo; Yo)), to obtain

(X0; Yo) - ¢ (X(t; Xo; Yo); Y(1; Xo0; Yo)) - ¢ (X(t; X); x(t; %))
- ¢ (Y(t; Xo; Yo); X(t; Xo0; Yo)) - ¢ (Yoi Xo)

or, on taking the rst componerts,

Xo © X(t Xo;Yo) - X(t; %) - y(t; Xo:Yo) - Yo

wherex(t; Xo; Yo) % Xa and y(t; Xo; Yo) & Ya relativeto - . This implies the positive
invarianceof [Xo; Yo] for (9) and the remaining assertions.

Remark 4 Proposition 3 could be stated more concisely by replacingthe assump-
tions concerning Xo; Yo; Uo; Vo including (13) by the existene of Xo - Yo suchthat
f (Yo;h(Xo)) - 0 f(Xo;h(Yo)). This amountsto taking up = h(yp) and vo = h(Xp).
Howeverin applications, it may be easier to identify Xo; Yo; Uo; Vo Satisfying the hy-
pothesesof Proposition 3 than to determine such Xg; Yo.

We obsene that the positive invariance of [Xg; yo] for (9) assertedin Proposition 3
implies the existenceof an equilibrium for (9) in [X.; Yo]. Seee.g.Hale, [10], Chapter
1, Theorem8.2.

An immediate consequencef the nal assertionof Proposition 3 is the following



result.
Corollary 5 Let the hypothesesof Proposition 3 hold and suppsethat

;b2 [Xo;Yo]; @+ b; f(ajh(b)) = 0= f(bsh(a))) a=b (15)

holds. Then X, = y., F(Xs) = 0 and

! ([Xo0; Yo) = fXa0:

Symmetry dictates that equilibria of (11) comein pairs (a;b) and (b;a); if a = b,
we sa the equilibrium is symmetric. Sincea - b if and only if (a;b) - ¢ (b;a),
hypothesis(15) just says that (11) doesnot have a C-ordered, non-symmetric pair
(a;b); (b;a) of equilibria in the order interval | := [(Xo; Yo); (Yo; Xo0)]c-

Remark 6 Hypothesis (13) is key: we require that correspnding to two ordered
inputs uo; Vo there are correspnding ordered sub-and super-equilibria Xo; yo of (10)
with the restriction that the correspnding outputs h(x,); h(yo) shouldfall between
the giveninputs. This requirementis trivial ly satis ed in casethat U = [ug;Vo]u =
fu2 R™:up- yu- y Vg since h(X) ¥2U and h is decreasing.

The open loop systemis said to have an input-to-state characteristic if to eah
u2 U, f(x;u) = 0 hasa unique solution x := ky(u) 2 X. In that case,k : U! U
de ned by k(u) = h(k(u)) is called the input-to-output characteristic.

Corollary 7 Supmsethat U = [ug;1 ) := fu 2 R™ : ug - y ug and that (10)
has an input-to-state characteristic k, satisfying ky(ug) - ky(u) for u , ug, and
Xo = [ u, uolkx(Uo); kx(u)] ¥2 X . If the input-to-output characteristick : U ! U has
no pair u;v 2 U, u <y v suchthat k(u) = v; k(v) = u, then (9) hasan equilibrium
Xa 2 [kx(Uo); kx(h(X0))] and

FE(X) = Xo) X 2 Xo:

Pro of: The assertionfollows from Proposition 3 and Corollary 5 appliedto [ug; Vo]u
for eath v chosenasfollows: put xo = ky(Up) and let vo satisfy h(xg) - y Vo. Recall
that h is assumedto map X into U soug - y h(Xo). If yo = kg(Vo), thenyy ., Xo
becausevg , ug and up - y h(yo) - v h(Xo) - u Vo. Therefore, the hypothesesof
Proposition 3 are satis ed. If a;b2 [Xo;yo]; a< b, and f (a;h(b)) = 0= f (b;h(a))
then a = ky(h(b) and b = ky(h(a)) and consequetty h(a) 6 h(b) so h(b) <y
h(a) by hypothesis(c). Applying h, we have h(a) = k(h(b)) and h(b) = k(h(a)),
cortradicting our hypothesis.Thus, Corollary 5 implies the result. '



Remark 8 The assumptionthat h is decreasing givesa negative feedback character
to the closal loop system(9). One could instead modify (c) to assumethat h is
increasing, i.e., that x; - X implies that h(x;) - v h(xz). However,in this case,
the closal loop system(9) satis es the quasimonotonecondition (QM) and therefore
geneates a monotone systemin its own right. As there is already a well-develogd
theory for monotone systems,espcially regarding convelgene to equilibria, we do
not pursuethis direction here.

A simple family of examplesof the theory is given by systemsof the form

x°= Ax + h(x) (16)

on R, whereA is a Hurwitz stable,lguasi-msitive matrix (a; , 0; 1 6 j). In that

case,it is well-known that j Ait = "J e*dt, 0in the sensethat all ertries are
nonnegatiwe. In casethat A isirreducible, which wedo not assumethene® A O; t >

0soj Ai 1 A 0(all ertries positive). Let s(A) denotethe stability modulus of matrix

A, the maximum real part of any eigervalue; s(A) is the dominart eigervalue of A

in caseA is quasipositive. Assumethat h : R} ! R? is cortinuously di®erertiable

and decreasingx - % impliesh(X) - h(x) (soDh(x) - 0). With thesehypotheses,
R} is positively invariant for (16).

Our assumptionsimply that any solution x(t) of (16) with x(0) , O satis es
x%. Ax + h(0)

soby standard comparisontheorems,0 - x(t) - y(t), wherey(t) satis esthe linear
inhomogeneousli®ererial equationandy(0) = x(0). As A is astablematrix, y(t) !

i Al *h(0) and hencethe omegalimit setof x(t) belongsto X := [0;; Ai th(0)]. We
may aswell restrict (16) to X .

The open loop system, given by

x%=f (x;u) := AX + U (17)
y=h(x)
wherewe may aswell restrict u to belongto U := [0; h(0)]. The openloop systemhas
a globally stable, non-decreasingnput-to-state characteristick, : U! X de ned

by ky(u) := j Ai lu. We employ the standard ordering generatedby R} on both X
and U.

In order to apply Corollary 7 we let up = 0 and obsene that input to output
characteristick : U! U is de ned by

k(u) = h(j Al tu)

Prop osition 9 Supmsethat there doesnot existu;v 2 U, u < v suchthat k(u) = v
and k(v) = u. Then (16) hasa glokally attracting equilibrium in RY.



Alternativ ely, we could apply Lemma 3 and Corollary 5 to obtain the following
result.

Prop ositilgn 10 Supmsethat whenevera;b 2 X satisfy a < b and h(b < h(a),
then A j O1Dh(sb+ (i s)a)dsis irreducibleand

2 7 3

s4Aj Dh(sb+ (1 s)a)ds® 6 O: (18)
0

Then (16) hasa glokally attracting equilibrium in R .

Pro of: Choosexg = ug = Oandlet vo = h(0); Yo = i Al 1vp. Then the hypothesesof
Proposition 3 are satis ed: f (Xg;Ug) = 0= f (yo; Vo) and ug - h(yo) - h(Xo) = Vo.
But we would like to conclude global stability. Corollary 5 requires consideration
of a;b 2 [0;yo] satisfyinga - band f (a;h(b) = 0 = f(b;h(a)). Equivalertly,
Aa+ h(b = 0= Ab+ h(a) or, if v:= bj a, then

71
O=Avj [h(bhi h(a]=T[A] Dh(sb+ (1| s)a)dsjv
0

If v 6 0, tl}gn h(b) 8 h(a) by the equality above sinceA is nonsingularsov > 0.
SinceA j 01Dh(sb+ [ F{s)a)ds is irreducible by hypothesis, it follows that the
guasi-positive matrix [A j 01Dh(sb+ (1 s)a)ds] is singular and that its stability
modulus (eigervalue of largestreal part) is zeroby the Perron-Fobeniustheory [4].
But this cortradicts (18). '

A particular exampleof (16), treated in [23], is the generegulatory systemmodeled
by the equations

X]=g(Xn) i ®X; (19)
XX= X510 |, 2

where® > 0andg: R: ! R is cortinuously di®erertiable and satis es g(0) > 0
and g° < 0. The matrix A is clearly stable and quasi-positive. Sincethe open loop
system, obtained by replacing g(x,) by u, has scalarinput and scalar output, we
modify slightly our notation from the generalcase.Let h(x) := g(x,) denotethe
output. The open loop systemhasinput-to-state characteristic given by

Ke(U) = U(®] % (B1®,)' L; 60¢; (B, ®, ¢00®y) ' )T

for u 2 U = [0;g(0)]. We may take X := [0;j Al 1(g(0);0; ¢¢¢; 0)"] = [0; ky(g(0))].
The input-to-output characteristick = htk, : U! U is given by

k(uy= g(Cu); = (&4®, C0e®y)

10



Obviously, k hasa unique xed point & > 0 sinceit is strictly decreasingThe unique
equilibrium of (19) is
X = Kky(tn)

Applying Proposition 9 we get the following result.

Prop osition 11 Assumethat k £ k(u) = u for u 2 [0;g(0)] implies that u = &.
Then X is glolally attracting for (19).

Pro of: Follows from Corollary 7. 1

A necessancondition that k hasa nontrivial period-two point is that k{u) = j 1 for
someu 2 [0; g(0)]. Sincek : [0;9(0)] ! [0; g(0)] satis esk(0) = g(0) andk(g(0)) > 0,
by the Mean Value Theoremkqu) > i 1 for someu. Therefore,if we assumethat
kqu) > j 1 for all u 2 [0;g(0)] then k has no nontrivial period-two points. As
kYu) = “gq u), Proposition 11 implies Proposition 1.

Alternativ ely, we may apply Proposition 10to get Proposition 1 of the introduction.
For this, we needto revert to the notation of the generalcaseand take h(x) =
(9(xn); 0; ¢¢¢; 0). Indeed, using the mean value theorem to ewaluate the integral,
considerthe matrix

2 3
i ® 0 ¢¢¢0; g¥’)

z 1 j®ee0 0

Aj Dh(sb+ (1 s)a)ds= _ S . (20)

0O 0 ¢eel j ®,

where” 2 [0;g(0) ]. It is quasipositive soits dominart eigervalue is real; its char-
acteristic equationis given by

(®+ ,)(®+,) 0@ +,)+gY) =0
If i o) 6 Qi”:l ® holds, then the stability modulus of the above matrix cannot
vanish.

2.1 An Alternative Formulation

The e®ectof our assumptions(a)-(c) is that f (x; h(y)) is quasi-monotonein x for
xed y and nonincreasingin y for xed x. Consequetly, we may remove the cortrol
theoretic aspects of our theory by simply considering

x%= F(x) = f (x;x) (21)
wheref : X £ X | X satis es

11



() 8y 2 X; x! f(x;y) isquasimonotonein the senseof condition (QM).

(i) 8x2 X5 y1- y2) F(Xy2) - f(Xya).

In that case,the symmetric system

x%=f (x;y)
yo=f (y;x)

is quasimonotonewith respect to the ordering - ¢ and a somewhatmore elegarn
version of Proposition 3 holds

Prop osition 12 Supmsethere exist Xq; Yo satisfyingXo - Yo, [Xo;Yo] ¥2 X, and

f (YorXo0) = O f(Xo;Yo) (22)

Then [Xo; Yo] is positively invariant for (21). There existXq; Ya 2 [Xo; Yo] With Xg + Ya
suchthat ! ¢ ([Xo;Yo]) & ; IS compact, invariant and

Ik ([X0; Yol) %2 [Xa; Yal: (23)

Moreover, f (Xa;Ya) = 0= f (Ya; Xa).

In fact, the two formulations are equivalert. As noted above, if f and h satisfy (a)-
(c), then f(x;y) = f (x; h(y)) satis es (i) and (ii). Conversely if f satis es (i)-(ii),

let U = j X with Ky = K,deneg: X £U! X byg(x;u) = f(x;j u) and
h:X ! Ubyh(x) =i x. Then g and h satisfy (a)-(c) and F (x) = g(x; h(x)). It is
a matter of taste which approad to take.

3 Functional Di®erential Equations

As in the previoussection,let K be a conein R" with nonemply interior generating
a partial order - on R" and let K® denote the dual cone.The coneK inducesa
coneC in the Banad spaceC:= C([j r;0];IR"), wherer > 0, de ned by

G =fA2C: A, O ir- p- Og:

We usethe samenotation - for the order relation in R" and C sinceno confusion
shouldresult. Let K, be a conein R™ generatingthe partial order - . Ky induces
aconeCU,, in the Banad spaceCU := C([j r;0;IR™) in the sameway. Again, we
usethe notation -  for both order relations generatedby K . It will be corveniert
to have notation for the natural imbeddingof IR" into C (IR™ into CU). If x 2 IR",
let 2 C be the constart function equalto x for all valuesof its argumert. Let
X¥%CandU»%CUandlet X =fx2R":22 XgandU=fu2 R™:02 Ug.
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We considerthe closedloop system

x0= f (xe;h(x) ~ F(x) (24)
obtained from the open loop system

x%=f (x;;A); A2 U (25)
y=h(x)

by identifying input and output: A = h(x,).

Assumethat f : X £ U! R" andh : X ! U are cortinuousand satisfy

(@) 8A2 U; Al f(A;A) is quasimonotonein senseof (QMD).

(b) 8A2 X; Al " U A2) f(A;Al) : f(A;Az)-

() 8x2 X;9u:= h(x) 2 U sudthat h(®) = 0; A, - A) h(A) - y h(A).

Hypothesis(c) says that h mapsconstart functions into constart functions and is
decreasing.

The quasimonotonecondition is:

(QWD) AA2 X,A2U,A- Aand (A(0) = "(A(0)) for some” 2 K °, implies
“(FAA) - T (F(AA)).

This assumptionimplies that for ead xed A, the open loop system(25) is mono-
tone.

We assumethat solutions of initial value problemsassaiated with (24) are unique
andwrite x(t; A) (x.(A)) for the maximally extendedsolution (state) of the assa@iated
initial value problem xo = A Denoteby ! (A) the omegalimit setof setA % X in
caseit exists.

As for ODEs, we imbed (24) into the symmetric delay system

x%= f (X¢; h(yy))
y°=f (yi; h(xy)): (26)

We assumeunique solutionsof initial valueproblemsin X £ X, write z = (X;y); z =
(X¢;yt) and use the notation z(t;") = (x(t;");y(t; ")) for the solution satisfying
20(") =~ = (A;A) 2 X £ X. Assumealsothat G(A;A) := (f (A;h(A));f (A; h(A)),
the right hand sideof (26), is completely continuous. Symmetry of (26) ensureshat
(x(t;7);y(t; ")) is asolutionwith initial value” = (A;A) if andonly if (y(t; " ); x(t; "))
is a solution with initial value » = (A;A). Uniquenessof solutions implies that the
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diagonal

D=f(AA:A2 Xg
is invariant under (26). If = = (A;A), then z(t;") = (x(t; A); x(t; A)) where x(t; A)
satis es(9).

The symmetric system(26) generatesa monotonesystemon X £ X % CE£ C with
respect to the coneP = G £ (iC k), generatedby the coneK £ (j K) on R?", as
we will show below. P givesrise to the order relation

AA - » (AR () A- AandA. A
Lemma 13 (26) geneatesa monotonesystemon X £ X with resggct to - p. More
precisely, if “;»2 X £ X satisfy” - p », thenz(") - p z(») for all t , 0 for which
both solutions are de ned.
Pro of: We needonly verify the quasimonotonecondition for

G(AA) = (f (Ah(A));f (A;h(A)
relative to the coneP; see[11], sec.4.Given (A;A) - » (A;A) and (; i 1) 2 K°£
(i K®) with (; i 1)(A0);AQ)) = (,; i *)(A0); A(0)), we must verify that

G i DGAA) - (i V)GAA): (27)

Now, (,; i *)(A0);A(0) = (,; i *)(A0);A(0)) and ,;* 2 K*® imply that O -
,(A0)i A©0)) =*(A(0)i A(0) - 0so, (A0)) =, (A0)) and * (A(0)) = * (A(0)).

AsA. AandA . A, we have

(i DGAR) =, (F(ARA) i (f (A h(A)
L (FARAY) T L (A hA))
L EARAY) T T ERRA)) = (i V)GAAR):

wherethe secondine follows from monotonicity of f and h and the third line follows
from the quasimonotoniciy assumption(QMD) for f . '

We now return to the closedloop system(24).

Prop osition 14 Let ug;Vp 2 U satisfy ug - y Vo and suppse there exist Xo; Yo
satisfyingXo - Yo, f ($0;%) - 0~ f(Ro; Qo) With [Ro; $o] ¥2 X, and

Uo - u h(Yo) - u h(Xo) = u Vo: (28)
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Then [Ro; Yo] is positively invariant for (24). There existXsq; Yo 2 [Xo; Yo] With X5 - Va
suchthat ! ¢ (A) 6 ; satis'es

L e (A) Y2 [Rai 9al; A2 [Ro; Yol (29)

Moreover, f (Rs; h($)) = 0= f ($s; h(Ra)).
Pro of: Inequality Xo - Yo implies that (Ro;¥0) - p (Yo;R0). De ne the P-order
interval
| = [(Ro; %0); (0; Ro)lp = F(AA) 1 (Ro;¥o) - p (AiA) - b (Y0;R0)T
=f(A:A) : %o A:A- Yog
and obsene that

I\ D=f(AA) A2 [Ro: Yolo:

Using (28), we have

f (Ro;h(Y0)) , f(Ro;00), O

and

f(Yo;h(Ro)) - F(o;%) - O

This implies that

(f ($o; h(Ro)); f (Ro;h(Y0))) - p (0;0) - o (f (Ro; N(F0)):  ($o: N (Ro)));

which, together with quasimonotoniciy of G, implies that the order interval | is
positively invariant for (26) (see[11], sec.4,Theorem 4.2). Moreover, becauseof
monotonicity, we have

(Ro;¥0) - p Zt(Ros¥0) - p (") - p Z(Fo;R0) - P (Yo;%R0)

forallt , Oandforall © 2 I. Furthermore, z,(Ro;¥o) % (Xo;Y=) and z(Yo;Ro) &
(Y=; Xa), Wherethe monotonicity implied by the inclination of the arrowsis relative to
- p,and (Ra; Yu); (Y=; Ra) areequilibria of (26). Put * = (A; A) whereA 2 [Ro; 9], write

Z(t; (Ro; Yo)) = (X(t; Ro; Yo); V(15 Ro; o)) and z(t; (Jo; Ro)) = (Y(L; Ro; Yo); X(t; Ro; Yo)),
to obtain

(Xt (Ro; 90); Ye(Ro; 90)) « p (Xe(A); Xe(B) - b (Ye(Ro; 9o); Xc (Ro; $o))
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or, on taking the rst componerts,

Ro - Xe(Roi%o) © Xe(A) - Vi(Roi%o) -+ Yo

where X;(Ro; o) % R, and y;(Xo;Yo) & ¥.. This implies the positive invariance of
[Ro; Yo] for (9) and the remaining assertions. '

An immediate consequencef the nal assertionof Lemmal4is the following result.
Corollary 15 Let the hypthesesof Lemma 14 hold and suppsethat

a;b2 [xo;yol; a- b; f(ah(®) =0=1(®;h@)) a=b (30)

holds. Then x. = y, and

e (A) = £Xug; A2 [Ro; Yol:

An especially simple exampleis given by the delayed negative feedba& equation

0ZO 1

XA = i x(O)+ h@ x(t+ Wd° (WA (31)

ir

where© is a probability measure(a positive Borel measurewith °([j r;0]) = 1),
h(0) = 0 and h®< 0. In this caseX = R and U = R with the usual ordering on
X and U. A special caseof (31) is, after a simple changeof variable, the equation
introducedby Mackey for red blood cell dynamics[15]. The correspnding openloop
equationis given by

x°=A0)i x; A2 QU
0 Z0
y=h(x) = @ x(t+ pdo(WA

ir

1

Note that h mapsinto the constart functions in CU and that (a)-(c) hold where
f (A;A) := A(0)j A(0). Our hypothesesguarartee that O is the unique equilibrium
of (31).

Prop osition 16 Assumethat there exist sqguenes 0 < a,;h, ! 1 suchthat
h([i a.;n]) %2[i a;n] for alln, 1 andthat hxh(x) = x 2 R impliesx = 0. Then
x = 0 is glokally attracting for (31).

Pro of: Apply Proposition 14 with ug = j a,;vo = I, and xg = Ug;yo = Vvo. Our
hypothesesregarding the sequences,; b, ensurethat (28) holds. The hypothesis
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forbidding nontrivial period-two points of h ensureshat (30) of Corollary 15 holds.
Indeed,0= f (&;h(B) = h(b); aand 0= f (B;h(8)) = h(a); bimply h(h(b) = b
sob= 0 and similarly for a. The latter result implies that ! ¢ ([; &.;%]) = f0g for
ewvery n. '

The hypothesesof the Proposition are equivalert to the requiremer that x = 0 is
globally attracting for the di®erencesquation x,, = h(Xn; 1).

Remark 17 In the special casethat © = % | is the Dirac measure with unit massat
i r, the equationis xqt) = j x(t)+ h(x(ti r)). In this case,we could take f (A;A) =
i A)+ A(j r) and h(A) = h+A; A2 CU. Thus, f (A;h)(A) = | A) + h(A(j r))
and hyptheses(a)-(c) hold.

The open loop systemis said to have an input-to-state characteristic if to eah
u2 U, f(%0) = 0hasa unique solution x := ky(u) 2 X. The following result is
proved exactly as Corollary 7.

Corollary 18 Supmsethat U = [0:1 ) := fA: 0o - y Ag, for each vy with ug - y
Vo, Ke(Uo) = Kx(Vo), and Xo := [ v, uo[kx(Uo); Ry(Vo)] 2 X. If k: U ! U dened by
k(u) = h(ky(u)) hasno pair u;v 2 U, u <y v suchthat k(u) = v; k(v) = u, then
(24) hasan equilibrium R4 2 [Ry(Uo); Ky (h(ug))] suchthat

Le(A) = TR0, A2 Xt

Considerthe delayed generegulatory system

X9=g(LnXp) i ®Xy (32)
=L 1Xf 10 ®X;; 2. j-n
where® > 0Oandg: R, ! R. is cortinuously di®erettiable and satis es g(0) > 0O
and g°< 0. See[23] for details of model interpretation. Let

20
Lixi = xi(t+ W do(w; 1- i- n

ir

where eath ©; is a positive Borel measureon [j r; 0] sud that °;([j r;0]) = 1. We
employ the notation x; = (x}; ¢¢¢; x.,) for the state of the systemastime t.

De ne the open loop systemby
x9=A0)j ®x;; A2 CU
=L X 10 ®%; 0, 2 (33)
y=h(x) = g(Lnxy)
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It may be usefulto stressthat CU = C([j r;0];R+); X = C([j r;0];R}) and that
h:X ! CUisdenedby h(A) = g(L,A,), that is, h(A) is a constart function.

We note that (a)-(c) hold with, asin the casewithout delays,

ke(U) = U(® L (®y®,) 1; C6E; (@1 ®; 000®y)T 1T

Indeed, the open loop systemis atne and its solutions, which may be solved recur-
sively beginningwith xi, can be shavn to satisfy x(t; A;A) | k,(A(0)) ast! 1 .
The samedi®erettial inequality argumen that we usedin the non-delgy caseshows
that limit setsbelongto X = [0; k«(g(0)]. We may take U = [0; g(0)] with the usual
orderingon X and U. Thus, k : [0;g(0)] ! [0;g(0)] is given by

k(u) = h(kx(u)) = g(" u);

= (®,®, ¢00®,) &

k hasa unique xed point &4 > 0 and the unique equilibrium of (32) is
X = ky ()

Prop osition 19 Assumethat k +k(u) = u impliesu = 4. Then X is glokally at-
tracting for (32).

Pro of: Follows from Corollary 18 and the fact that Xy = X. 1

Proposition 19 axzrms that Proposition 1 remainstrue when delays are introduced.

B&lair and Buono [3], extending work of Siegeland Pitt [21], considera system of
delay di®erenial equationsmodeling the cortrolled delivery of a drug from a cham-
ber partially boundedby a semi-permeablemenbrane whosepermeability depends
on the concenration of a product producedin the chamber via an enzymecatalyzed
reactionusing substrate. The strategy is to chooseproduct and membrane sud that
the permeability of the menbraneto drug oscillateswith a cortrolled period sothat
the drug delivery can be pulsatile. This may be achieved if the product negatively
e®ectgpermeability sothat whenproduct is low permeability increasesllowing sub-
strate from the exterior to di®useinto the chamber and form product which then
reducespermeability and so on. The equationsfor substrate x and product y are
given by

x{)=©y(ti @i x(t)i x(t)
yA) = x(t) + 2 y(ti r)(Y i y(t) (34)

whereY and 1 denotethe constart external concenrations of product and substrate,
respectively, and r is the delay in the responseof permeability to product. Y;r
0, ©;2 :R, ! R, arepositivewith ©< 0; 2 °. 0.In orderto simplify the algebra,
we assumeasin [21],that @ = c¢> 0Oisconstart. The domainX := [0;1]£ [Y;1 ) %
R? is positively invariant and attracts all solutionswith nonnegatiw initial data.
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The open loop systemcan be chosento be the linear systemwithout delays given
by:

x{t)=AG )i x()i x(t)
yAt) = x(t) + (Y i y(t)) (35)
z=h(y) = ©(y:(i 1))

One seethat (a)-(c) holdswith U = [0;1 ) and X with the usual orderings. For
eat u, 0 (35) hasa unique equilibrium

u 1 u

X = ke(u) = (u+ 1 cu+1

+Y):

The mapk :U! U de ned by k(u) = hxk,(u) is given by

u
u+1

k(u) = ©(% Y)

is monotonedecreasingand has a unique xed point &4 > 0.
We have the following conditions for the failure of oscillatory drug release.

Prop osition 20 Assumethat k £ k(u) = u implies u = 4. Then X = ky(d) is
glokally attracting for (34).

Pro of: Follows from Corollary 18 and the fact that X, = X. 1

We remark that (a)-(c) cortinue to hold without the assumptionthat @ =~ c. How-
ewer, the characteristic is dixcult to express.

4 Reaction-Di®usion Systems

Rather than give the most generalresults possible,we specializeto the casethat

R" is given the standard ordering generatedby the coneR] . Other orthant cones
may be substituted for this oneand generalpolyhedral conesmay be usedfollowing

[20,19]. We assume(a)-(c) of the ODE sectionholdsfor f : X £ U ! R" and
h:X ! U. The orderingon U ¥2R™ may be givenby a generalconeK asin that

section.Let - %4 R¥ be a boundeddomainwith smaoth boundaryand C:= C(- ;R")

orderedin the usualway by w; - ws if and only if wi(x) - wy(x) for all x 2 -.

Let X = fw2 C:w(x)2 X; x2 -g. Fora2 R", we write 4 for the elemen of C
satisfyinga(x) = a; x 2 -.

The reaction-di®usionsystemof interest is given by
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w;=D4 w+ f(w;h(w)); x2 - (36)

@v

—=0;x2 @

@
where D is a positive diagonal matrix. Given wg 2 X, denote by w(t; x; wg) the
solution of (36) satisfyingw(0; x; wg) = wo(X); X 2 -. Weassumehat (36) generates
a completely cortinuouslocal semi®ow on X. Let ! £ (wp) be the omegalimit set of
Wp 2 X if it exists.

System(36) can be imbeddedinto the symmetric system

wi=D4w+ f(w;h(W)); x2 -

W;=D4 W + f (W; h(w)) (37)
@ _@av _
@_@1 0 x2 @

We assume(37) has unique solutions of initial value problemsin X £ X, write
z = (w;W) and usethe notation z(t; x; zg) = (w(t; x); W(t; x)) for the solution
satisfying z(0; x; zg) = zo(X). Symmetry ensuresthat (w(t; x); W (t; X)) is a solution
if and only if (W (t; x); w(t; X)) is a solution. By uniquenesof solutions,the diagonal

D = f(wo;wp) :Wp 2 Xg

is positively invariant under (37) and

z(t; X; zo) = (W(t; X; Wo); W(t; X; Wo)); Zo = (Wo; W)

wherew(t; X; wg) satis es (36).

When z; is a constart function z, = 2 = (W; W), then z(t; x; 2) is independen of
X so we drop the x and write z(t; 2) for the solution of the ordinary di®erertial
equation (11).

The symmetric system(37) generatesa monotonesystemon X £ X with respect to
the order relation

(W, W) - p (W, W) () w(x) - w(x) and W(x) - W(x); x2-:

Lemma 21 (37) geneatesa monotonesystemon X £ X with resggct to - p. More
precisely, if zy - p %y, then z(t;2;z9) - p z(t;2;2%) for all t , 0 for which both
solutions exist.

Pro of: Weneedonly verify the quasimonotonecondition for the vector eld G(x;y) :=
(f (x; h(y)); f (y; h(x))) relative to the coneC de ned in the ODE section. Seee.g.
[24], Proposition 1.3, chapt. 8. But this wasdonein Lemma 2. '

As in the previous sections,our main result is stated in terms of the input/output
systemwhich, in this section, we have omitted. Notice that the hypothesesof the
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result are precisely those of Proposition 3 with only a change of notation. Thus,
Proposition 3 remainstrue when di®usionis added.

Prop osition 22 Letug; Vo 2 U satisfyug - y Vo and suppsethat there exist wg; Wy
satisfyingwg - Wo, f (Wo; Vo) - 0 f (wWp; ug) with [wg; Wo] %2 X and

Uo - u h(Wo) - u h(wo) - u Vo (38)
Then [Wo; W] is positively invariant for (36). There exist Wa; Wa 2 [Wo; Wo] with
Wa - W, suchthat for eachw 2 [Wo; W], ! £(w) 6 ; is compact, invariant and

I e (W) Y2 [Wa; Wa): (39)

Moreover, f (Wg; h(Wy)) = 0= f (W;; h(wy)).

Pro of: By Proposition 3, the solutionsz(t; (wo; Wop)) = (w(t); W (1)) and z(t; (Wo; Wp)) =
(W(t); w(t)) satisfy

(Wo; Wo) - ¢ z(t; (Wo; Wo)) - ¢ z(t; (Wo; Wp)) - ¢ (Wo; Wp)

and z(t; (wWo; Wp)) % (Wo; W) and z(t; (Wo; W) & (Wi W), the monotonicity
relative to - ¢. By Lemma 21, for zo 2 [(Wo; Wo); (Wo; Wo)], we have

z(t; (Wo; Wo)) - p 2(t;X; 20) - p 2(t; (Wo;Wo)); X2 -5 t, O
Putting zo = (W;W) with W 2 [Wo; Wo] and taking only the st componerts, we
‘nd that

w(t) - w(t;x; W) - W(t); t>0;x2-:
The result follows immediately sincew(t) % w, and W (t) & W.. 1
Corollary 23 Let the hypothesesof Proposition 22 hold and supmsethat

a;b2 [wo;Wo]; a- b; f(ajh(b) = 0=f(bsh(a))) a=b (40)

holds. Then wy = W, f (Wa; h(ws)) = 0 and

e (W) = fwag; W2 [Wo; Wol:

The obviousanalogof Corollary 7 holds. Furthermore, this result impliesthat Propo-
sition 1 holds even when di®usionis addedto the Goodwin systemto (7).
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The ideas here may be extendedto reaction-di®usionsystemswith more general
elliptic part and to systemswith time delays. See[17,18].
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