11212. Proposed by David Beckwith, Sag Harbor, NY. Show that for an arbitrary positive integer n
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Solutions by Christopher Carl Heckman, Arizona State Univeristy, Tempe, AZ:
(1) The first proof combines the Pigeonhole Principle and the Inclusion-Exclusion formula.

Let
S={1,2,...,n} x {1,2},

T.={TCS:|T|=n+1and (i,1),(¢,2) € T}, and

T:O%
i=1

The Inclusion-Exclusion formula implies that

TI=[RUBU-UT = Y = 3 [BOT|++ )" AT 0T,
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To find [Ty N7 N ---N7,|, note that if T' € 7, N 7N ---N 7, then (1,1),(1,2),...,(r,1),(r,2) € T. The

rest of the elements of T have to be chosen from the set {r + 1,...,n} x {1,2}, which has 2n — 2r elements.
2n — 2
There are < J:Ll ; ) ways to choose the remaining elements of T'; note that this formula works even if
n —2r

2n — 2
2r > n + 1, since in that case, ( _7: " ) = 0. Thus
n
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LN | <n+12r> ((2n2r)(n+127")) (nl)
and
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The Pigeonhole Principle states that, if 7" is a subset of S with n+ 1 elements, there will be at least one
2 2n — 2
integer k such that (k, 1), (k,2) € T. This implies that |7| = ( " ) =(-1)° (n> ( " (O)), that is:
n
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which can be rearranged into
2 n\ [(2n — 2r
—1)" =0.
() (o) -0

(2) The second proof uses Sister Celine’s method, as described in A=B, written by Marko Petkovsek,
Herbert Wilf and Doron Zeilberger. In fact, this is problem 3(a) in Section 4.6 (p. 72) with a = —1. Let
A1) [(2n —2r =
F(n,r)=(-1) (r) ( S ) and f(n) = ;F(n,r). Then
Fn—-2r—-1) (n—2)r and Fin—1,7) (m—r)(n—1)(n+1-2r)
F(n,r) ©2n(2r —2n+ 1) F(n,r)  n@n—1-2r)2n—-2r)




It is easy to check that

(n—2)r
2n(2r —2n+1)

(n—=r)(n—1)(n+1-2r)

(4n? — 4n) - n(2n —1—2r)(2n — 2r)

+ (2n — 4n?) - +(n?—1) =0,

which means that
(4n? —4n)F(n — 2,7 — 1)+ (2n — 4n*)F(n — 1,7) + (n® — 1)F(n,r) = 0.
Summing up this equation from r = —3 to r = n, we find out that
(4n? —4n)f(n —2) + 2n —4n*) f(n — 1) + (n* = 1) f(n) = 0, (E1)

for all n > 1.

Now the proposition f(n) = 0 can be proved by mathematical induction. It is easily checked that
f(1)=0and f(2) =0. If n > 3, f(n —2) = 0 and f(n — 1) = 0, then (E1) implies that (n? — 1)f(n) = 0,
which implies that f(n) =0 as well.



